19 Discrete-Time Sampling

Solutions to
Recommended Problems

S19.1

S19.2

x[n] is given by
x[n] = (1) = e

Hence, the Fourier transform of x[n] is

X = > &Q—x— 2xk)

k=—-—o

Now p[n] can be written as
_ 1+
pln] = 5
Hence, its Fourier transform is given by

P(Q)=% > 6(9—2#’6)-’;—% > ¥R — 7 — 27k)

k= k=—o0

It is clear that x,[n] = p[n]. Hence

X,(Q) = P(@)

(a) x[n) is x[n] “stretched” by interspersing with zeros, as indicated in Figure
S19.2-1.

Figure S19.2-1

oo

X = Y znle ™

n=—00
oo

= Z x[2n]e %" + Z x2n + 1l]e % +D

n=-—-0a n=—0o0
=)

= > xnle 7" +0

n=—00

= X(2Q)
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() xn] = x[2n],

oo

X = > zmnle ™

n=-—o
oo

= Z x[2n]e ™

n=-o0

1
=3 Z (@[n] + (—1'z[nDe 7

l\D

—j(2/2)n =jl(@/2)—=)n
; x[nle + 5 Z x[nle

o n=—0o

Aoy 2ot

(o) X, () = X(20)

DO = l\DIi—‘

X5(82)
/\ A . /\ Q
m
Figure S19.2-2

1 Q
X (Q) = EX(ﬁ) + 2X<§ — 1r>
3X(Q/2) is indicated in Figure S19.2-3. Therefore, X,(Q) is as shown in Figure

S19.2-4.
1y
1x@)
1
2
: "/\ — Q
n -7 z i
Figure S19.2-3
X,(Q)
1
\ : /
} L } T T : T + Q
_ _ o 0 n '
21 s 3 3 ﬂ 2m
Figure S19.2-4
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S19.3

(a) For N = 1, p[n] = 1. Hence

PQ) = 2r > &Q — 2xk),

k=—o0

as shown in Figure S19.3-1.

P(S2)
27
9/
=27 0 2m
Figure S19.3-1
For N = 2,
plnl = Y on — 2k]
k=—o0
Hence
PO == > &Q— k),
k=—o0
shown in Figure S19.3-2.
1 [ ﬂ
1 Q
—m 0 b4
Figure S19.3-2
For N = L,
plnl = > o4n — Lk)
k=—o0
Hence
21 & 2nk
PQ) = A 2 6(9 - —L—> ,
shown in Figure S19.3-3.
2n
L
Q
_.am 0 2n
L L

Figure S19.3-3
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(b) X,(Q), the spectrum of x,[n], is proportional to the periodic convolution of P(2)
and X(Q). Consequently, with P(Q) as indicated in Figure S19.3-3 and X(Q) as
indicated in Figure S19.3-4, X,(Q) is shown in Figure S19.3-5. In order that x[n]
be reconstructible from x,[n] using an ideal lowpass filter, aliasing must be
avoided, which requires that

27 T
QM<F_'QM, or 9M<1_V
X(82)
1
AN /.\Q
-27 -y 0 Qu 27
Figure S19.3-4
X, ()
! | Q
-y Q, ‘\% 27
27
(K -)
Figure S19.3-5

) Qy = 37/10. Therefore, to avoid aliasing,

T _ 3 10
N>ﬁ or N<?

Since N must be an integer, we require that N < 3. For N = 3, the cutoff
frequency of the lowpass filter must be greater than 37/10 and less than

2r 3z _ (1) =

3 10 \38/10
(i) Qy = 37/5. To avoid aliasing,
T 3r 5
N '5— or N < §

Since N must be a positive integer, this requires that N = 1, i.e., x[n]
cannot be sampled.
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S19.4
(a) The sampling period T, is 3 ms for the system in Figure P19.4-2 to be equivalent
to the one in Figure P19.4-1.
(b) X(Q) is sketched in Figure S19.4-1.
1X(€)|
A £ | . 4\ Q
-2 *—'2- —2— 2n
Figure S19.4-1
From the result of part (a), Y(Q) is as shown in Figure S19.4-2.
Y ()l
; +— Q
Figure $19.4-2
S$19.5

(a) Consider x,[n] and x,[n], and let

Zyn] = xg[n] + axgyfn]

Then
xdl[n/N] + axdz[n/N]’ n = 0) .-tN’ M}
Zpn] = .
0, otherwise
But
x4 [n/N), n =0, xN, ...,
xm[n] = l .
0, otherwise
And

ax g n/NJ, n =0,%N,...,

0, otherwise
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Hence,

Zgln/N] + ax,[n/N], n =0, N, ...
Zpln] + ax,[n] = .
0, otherwise
and

Xpln] = Zpy[n] + ax,[n]
So system A is linear.
(b) Take x,[n] as shown in Figure S19.5-1, with N = 4.

Figure S19.5-1

Then x,,[n] is as shown in Figure S19.5-2.

0 4 8
Figure S19.5-2

Take x4[n] = x4[n + 1]. Then x, [n] is as shown in Figure S19.5-3.

—4 0 4
Figure S19.5-3

Hence, system A is not time-invariant.
{ x4n/N], n =0 N,...,

(©) z,[n] =
? , otherwise

Hence

[ee]

XD = > xnle ™ = X(NQ),

n=-—a

as shown in Figure S19.5-4.
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X, (%)

\V4

Figure S19.5-4

wia

(d) X(Q)is as shown in Figure S19.5-5 for exact bandlimited interpolation.

X(Q)
1

Wi

w3

Figure S19.5-5

$19.6

(a) x,(t) is sketched in Figure S19.6-1, and Y,(w) is sketched in Figure S19.6-2.

%, (1)
—_— 1l ——
— ~ -
——5—— 1 F~——a—-
_2T0 —TO TO 2TO
Figure S19.6-1
Yp(w)
—— - 1 — — —_—
—3———f =
—2wy —wy wo 2wy
Figure S19.6-2
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(b) X,(v) is sketched in Figure S19.6-3, and y,(t) is sketched in Figure S19.6-4.

X, (@)
1
Ty
m ' L 7‘7 2’77
T, T, T, 7,
Figure S19.6-3
yp(t)
1
2TWo
' a 2
2wy -Z;B
Figure S19.6-4

(¢) Yes, y,(t) is periodic and this is reflected in ¥,(w), which contains impulses.

Solutions to
Optional Problems

S19.7

x[n], n
@) x,[n] = [

n

?

0,2, +4,...,
t1, £3, £5,...

This is sketched in Figure S19.7-1.

xp ]

Figure S§19.7-1

Similarly, x,[n] = x[2n], as shown in Figure S19.7-2.
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e

0

Figure $19.7-2

n

(b) X,(Q) is obtained as follows:

x,[n] = fx[n] + {(—1)"x[n)
X, () = 3X(Q) + 1X(Q — =)

1 Q 1 Q
Xd(Q) = §X<§) + EX(E - 1!'),

and

which are shown in Figures S19.7-3 and S19.7-4. See Problem P19.2(b).

Xp(2)
Q
Figure S19.7-3
_ Q
Xy (@) =X, ()
1
2
= : + +— +—@
- 4 s T
2 2
Figure $19.7-4

(a) We know that the Fourier transform of p{n] is given by

2r & 2rk
- Q_.__
w2 o(e-%)

k=—00

S19-9
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S$19-10

Aliasing will be just avoided when the sampled spectra will look as shown in
Figure S19.8-1.

1 f Q2
3m b
11 11

w
El

|
|

—
-

Figure S19.8-1

Hence, we require that

271 671' 22
—_ <
N>ll’ or N<6aN_3

Consequently, aliasing is avoided if 1 < N < 3. X,(Q@) for N = 1, 2, and 3 are
shown in Figure S19.8-2.

Xp(82)
N=1
I } Q
_ _3n | 3 5
m 11 11 =T
X, (82)
1
he /\ / /\ /\
= = 3n | 3n } = «
—2r - ~I1 11 T 2w
Xp(82)
1
3
N=3
| } |- } } ; Q
—2r _4n 2 _ 3m 3 2n An 2n
3 3 1 0o 1 3 3

Figure S19.8-2




(b) An appropriate H(Q) is shown in Figure S19.8-3.

Discrete-Time Sampling / Solutions

H(Q)
N
_3m 3 2
11 11
Figure S19.8-3
S$19.9
@ ylnl = x[3n] + x[3n -;1] + x[3n + 2]
y[—-41=0
y[-31=10
1 1
yl—2] = gx[-4] =3
—3] + x[—2] + x[-1 2
y[_ll = .’L‘[ ] x[3 ] .’L‘[ ] = 5
_ 0] + x[1] + x[2] _ 4
y[0] = 3 =3
_x[8] + x[4] + «[5] _ 1
yll] = 3 =3
y[2] =0
y[3]=10
Hence, y[n] can be sketched as in Figure S19.9.
4
—Mr
2
3
1 1
3 I 3 T
*—o . i * ®
-4 -3 =2 -1 0 1 2 3
Figure S19.9
) If
2[n] = Hz[n] + x[n + 1] + z[n + 2], forallm

S19-11
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and
y[n] = 2[3n],

we have expressed the processing as a combination of filtering and decimati

S19.10

If h[0] = 1 and k[rn] = O for n = kN, k # 0, it is easy to see that the samples
xn] that came from x[n] will be unaffected. Hence,

ylkN] = x[k], for all k
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