16 Sampling

Solutions to
Recommended Problems

S16.1
If w, = w X 10°, then
cos(won X 1073) = cos(an) = (—1)*
Similarly, for w, = 37 X 107 and w, = 57 X 1072,
cos(wym X 107%) = (—1)
$16.2

The sampling function

pt)= Y &t —nl), T=}

n=-—o

has a spectrum given by
P(w) = _;_r Z (w - @c_)

=6r » &w — 6k),

shown in Figure S16.2-1.
P(w)
6m
1 i 1 ] w
—127 —6m 0 6m 127
Figure S16.2-1

cos(wot) has a spectrum given by 7é(w — wy) + md(w + o), shown in Figure
S16.2-2.

cos (wy)

Figure S16.2-2

S$16-1
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From the convolution theorem

X, (w) = %P(w) * [70(w — wp) + w8(w + wy)]

Hence, it is straightforward to find X, ().
(@) (D) For wy, = =

3n
-Tn —6T1r -5n “‘1; m Sn 6;7 Tm

Figure S16.2-3

(ii) For w, = 2=

3n
—8n *6’11 -4z -2 27 4r 6;1 8n

Figure S16.2-4

(iii) For w, = 3=

6m
t }
-9n —67 -3 I 3 6n I

Figure S16.2-5
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(iv) For w, = b=

4‘; 1 | 1 w

~Tm —67 -5 - ™ Sm 6n Im

Figure S16.2-6

(b) From part (a), it is clear that (i) and (iv) are identical.

S16.3

The signal x(t) = cos(wet + ), where w, = 2xf;, can be written as
x(t) = je’’e’ + le g It
and the spectrum of x(?) is given by
X(w) = me’(w — wy) + me 3w + w,)
The spectrum of p(?) is given by

o & 2k
P(w)=77r a(w——;',—)

k=—00
Therefore, the spectrum of x,(?) is
1 [2x* d . 2nk ) 27k
= — [ = 38, - —Jb _—
X (w) ZW(T)[k.Z_me B(w T wo)-i-e 5(w T +wo)]
and the spectrum of X,(v) is given by
X () = H@)X,(w)

N

(a) wy = 27 X 250, 0 ) T =103

o«

X, @) =7 3 [e"( — 2r X 10% — 2r X 250)

k=—o

+ e %(w — 27 X 10’k + 27 X 250))]

Hence, only the ¥ = 0 term is passed by the filter:

X, (w) = w[e”8(w — 27 X 250) + e 6(w + 27 X 250)]
and

x (t) = l ejoej21r)<250t + l e—joe —Jj2x X250t
7 2 2
= cos (27 X 250t + 6)

cos (21r X 250t + E)

4
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®) wy = 2m >< 750 Hz, = 1073,
X, () = = Z [e”8(w — 27 X 10°%k — 27 X 750)
k—foo
+ e 5w — 27 X 10°k + 27 X 750)]
Only the k = t1 term has nonzero contribution:

X(w) = %[e”ﬁ(w + 27 X 250) + € 3(w — 27 X 250)]

Hence,

x,(t) = cos (2r X 250t — §)

cos (2« X 250t — ’2—’)

(o) wy = 27 X 500, 0 = T =107

Ll

2’

X (w) = Z [e”8(w — 27 X 10°%k — 27 X 500)
k-—oo

+ e ’%5(w — 27 X 10°k + 27 X 500)]
Since H(w) = 0 at w = 27 X 500, the output is zero: x,(t) = 0.

S16.4

fe. e} [e.2]

@) x,(t) = D ()6t — 2an) — > x(t) 8t — A — 2An)

n=—oo n=-co

=x()| D 81t —28n)— D> &t —A— 2An)]

n=-—oo n=—-—0o0

By the convolution theorem,

X, (w) = LX(w)*— > 5<w—n2—7r)

Bt 2A
(w)*—— i (S(cu—né——>e‘“A
1 < _nx
)
=X(w)*[ Z(l—( 1)”)6( ’Z’”

X,(w) is sketched in Figure S16.4-1 and ¥(w) is sketched in Figure S16.4-2.
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X, )

l_/\_I

w

1
A

F
>l:’w>

3 v Al v 7 1’
'y _2_: —3 2 ateya
Figure S16.4-1
Y (w)
1
N ud D ks ]
_3n _x | P 3
A A A A
Figure $16.4-2
(b)
A
xp (1) > x(1)
Wy Wy
cos (—"3'—
Figure S16.4-3
©
2A
y(t) p—— x (1)
Wy Wy
cos ( l’Ai )
Figure S16.4-4

(d) A is maximum when /A is minimum. From part (a) we see that aliasing is

avoided in X, (w) if wy < 7/A. Hence, A,,, = 7/wy.
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S16.5

(a) The transform of the sampled function appears as in Figure S16.5-1.

Passband
alnly sy
| I
l [
w
_2n - 0 _m_
T 2T 2T

Figure S16.5-1

N

Hence, (a) matches (i).

(b)

Passband

l I w
T 9

T
2T 2T T T
2

=

by

Figure S16.5-

Hence, (b) does not match any.
(c) Matches (ii).
@

Figure S16.5-3

Hence, (d) does not match any.

S16.6

Since the input x,(t) cannot be distinguished for certain values of w, the output also
should not be distinguishable for certain values of w. Hence, Q(w) must be periodic
in w. Therefore, Figure P16.6-3 is a possible candidate, but Figure P16.6-2 is not.
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S16.7
P()
bt I
_4n  _21 o 21 4n
T T T T
Xp(w)
S NANAINANA
—Am —2n 0 “1 w?k 2n 4n
T T T T
2n
T %2
Figure S16.7-1

Note that as T increases, (27/T) — w; approaches w = 0. Also, there is aliasing when
2w, — wy, < (27/T) — wy < w,. If 20, — w, = 0 (as given in the problem), then it is
easy to see that there is no aliasing when 0 < (27/T) — w; < 2w, — w,. For maximum

T, we choose a minimum allowable value of 2« /T:

2w . 2w

— =,
Tmax Wy

which is sampling at half the Nyquist rate. X, (w) for this case is given in Figure

S16.7-2.
Xp(w)
1
T M
w
_2n 0 2 2
T T %% T
Figure S16.7-2
Hence,
A=T, wp = 2m/T, W, = W
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$16.8

We are given the system shown in Figure S16.8-1.

x1(2) x3(0)

x(t) ——— Hj(w) —»@-——» x, (1)

|

eJwot p(?)

Figure S16.8-1

(a) X(w) and X,(w) are as shown in Figure S16.8-2. Xy(w) is as shown in Figure
516.8-3, and X, () is therefore as given in Figure S16.8-4.

X(w) X1(w)

il R N o B N

—w —wp | w w2

(W —wy) | (wy—wy)
2 2

Figure S16.8-2

X3 (w)

1 w
(w1 —wy) ¥ (w2 —wy)
2 2
Figure S16.8-3
Xp(w)
1
/l T A
} } w
_2n ! 20
T T
Figure S16.8-4
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() 27 /T... equals the Nyquist rate for X,(w):
2wy — @) _

2 Wy — W
Hence,
27
Tmax =
(wy — wy)
©
X, (1) ———{ 2TH;(w) Re { . } - x(1)
e —jwot
Figure S16.8-5

S16.9

The composite waveform spectrum is given in Figure S16.9-1.

124 2w

Figure S16.9-1

We can alias the noise region to get maximum 7. This corresponds to the aliased

spectrum, shown in Figure S16.9-2.

) W W W
Figure S16.9-2

4W SW

The value of T is given by

27 2r
—T- = 3W Tmax = §'ﬁ/

The value of A is T, for y(t) = x(t).
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$16.10
The spectra of x, 5(t), where T' = =/W, given in Figures S16.10-1 and S16.10-2, could
have generated x (t):
X1(w)
t U } } w
_ _5 _W _w w W 5
W 134 2 6 l 6 2 14 W
Figure S16.10-1
X (w)
T A~
I/:\‘ t $ } + 4 w
-3 — W L4 3
2 7% w > 3 w s W
Figure S16.10-2
S$16.11

(a) From the sampling theorem, 2= /T = 2W. Hence,
m™

T< = Ty = —
7

=

Since
1 & 27
5w =7 3 K- F)

k=—oc0

we require A = T for x,(1) = x(t).
The minimum value of W, is W so that we do not lose any information, and

the maximum value of W, is (2x/T) — W to avoid periodic spectral contribution.

() G X(w) = 0 for |w| > W. Hence,

A=T, W<m<%—w

Tmax = ’

Sk

(ii) X(w) = 0 for |w| > 2W. Hence,

T 2r
= — A=T W<W<——
Tmax 2W’ ) c T 2W
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(iii) X(w) = 0 for |w| > 3W. Hence,

T =—, A=T, 3W<Wc<277r—3W

3w’
(iv) X(w) = 0 for |w| > W/10. Hence,
107 w 2 w
Tmax__u7-7 A—T) 10<m<7—16
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