10 Discrete-Time Fourier Series

Solutions to
Recommended Problems

S10.1

The output of a discrete-time linear, time-invariant system is given by
ylnl = ) hiklxin — K],
k=—o0

where h[n] is the impulse response and x[n] is the input. By substitution, we have
the following.

k .\ k
—~ (1) ; = —j*
@) ylnl =) (5) e b = gin 3" (92 )

k=0 k=0

e’™ 2 N
=1- 7~ 3D

= (1) A © [ g-itxi9]*
(b) y[n] Z (5) Jlx(n—k)/4] — e](rn/'l) Z [ 2 ]

k=0 k=0
ej(rn/‘i)

1 — _é.e —J(x/4)

k
iy | ) ) 1 . )
©) y[n] = Z (§> [%em/s)em(n—kmn + Ee —i(x/8)g —Jlr(n—k)/‘ll], where we have used
k=0 Euler’s relation

1. i g0l 1 i ik
= —gitx/®)giten/4) + —g —ia/8)g —ixn/)
2 prord 2 2 L 2

1,71(x/8)+(xn/H)] L, —jl(x/8)+(xn/4)]
2€ + 2€
- 1 — %e —j(x/4) 1 — %ej(x/‘t)

S10.2

N . [2mn
) Zn]l=1+ sm( 10 )
To find the period of Z,[n], we set &,[r] = &,(n + N] and determine N. Thus

. [2mm)\ _ .| 2w
1+51n(10)—1+sm[10(n+N)]

{27 2w
1 +sm(10n + ION)

Since

. [ 2n _ . [27
sm(wn + 21) = sm(mn>,
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the period of #,[n] is 10. Similarly, setting &,[n] = &j[n + NJ], we have
. (207 T .| 20x n
1+sm<12n+2) 1+sm[12<n+N)+z]

1+sin(&n+z+go—7rN)

12 2 12
Hence, for #xN to be an integer multiple of 2x, N must be 6.
2mn
(b) Zn] =1 + sin | —
10
Using Euler’s relation, we have
1 . 1 .
xn]=1+ -z—J- e’/ — Z g ~I2n/100m (S10.2-1)
Note that the Fourier synthesis equation is given by

En] = ) aeten
k=(N)

where N = 10. Hence, by inspection of eq. (5§10.2-1), we see that

-1
a, =1, a ., = 2—]"
1
a, =2_j’ and
a, =0, 2=<k=8,
—-8<k<-2

Similarly,
. 1 o i 1 .
Ton] = 1 + — eIF/Dgi0x/12n _ ___ o —i(x/2)g ~i(205/12)n
27 27
Therefore, N = 12.

e I/

_1 Ay, = 1 eI*/D) = 1
27 2’ 27 2’

Az, .-, 8241; =0

and

(¢) The sequence a,, is periodic with period 10 and a,, is periodic with period 12.

$10.3

The Fourier series coefficients can be expressed as the samples of the envelope
1 ) sin[(2N, + 1)Q/2]
N sin (Q/2)

1 sin (3%2/2)

N sin (2/2)
(a) For N = 6,

where N, = 1 (see Example 5.3 on
page 302 of the text)

k

Q=2xk/N

Q=2rxk/N

| =
@, 5
=]
| —



(b) For N = 12,
sin
ao L
12
sin
(¢) For N = 60,
sin
ool
7 60
sin
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M— sin k
12)] 1 4
(2_1@' 12 in (™
12 )| 12
2L‘ sin i
60/1 _ 1 _ \20)
ZL") 60 n (™
0/ 60

(a) The discrete-time Fourier transform of the given sequence is

oo

X = > z[nle ™
=4+ 1+
=1+ cos

X(Q) is sketched in Figure S10.4.

X

2

14

}
% m

Figure S10.4

(b) The first sequence can be thought of as

Fi[n] = x[n] * [ > dn — 3k1]

Hence

k=—o0

Y, (Q) = X(Q) 231 > 5(9 - gg—k)

k=—o0

Therefore, the Fourier series of y,[n] is given by

1 27
ak = -é; Yl(—3_k)

3 3

1 (1 + cos Eﬂ), for all k
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The second sequence is given by

yin] = z[n]+ [ > on — 5kl}

k=—o

Similarly, the Fourier series of this sequence is given by

ak=—é[1+cos(g;—k)], for all k

This result can also be obtained by using the fact that the Fourier series coeffi-
cients are proportional to equally spaced samples of the discrete-time Fourier

transform of one period (see Section 5.4.1 of the text, page 314).

S$10.5
(a) The given relation
3
x[n] - Z akejk(21/4)n
k=0
results in the following set of equations
a, +a, +a,+a;=x[0] =1,
ay + a,e’"P + a0’ + a,e’®P" = x[1] = 0,
ay + @& + a.e’* + ae” = x[2] = 2,
ay + a7 + a,e” + a,e’®P" = x[3] = —1
The preceding set of linear equations can be reduced to the form
a+a, +a+a; =1,
a, +ja, — a; — jaz; = 0,
ao_a1+a2_a3=2,
A _jal — Qg +ja3 = —1
Solving the resulting equations, we get
1 1+yg 1—34
a‘0=§’ a = — 4 ) a’2=+1) az = — 4J
By the discrete-time Fourier series analysis equation, we obtain
a, = {1 + 2¢ 7™ — ¢ BB
which is the same as eq. (§10.5-1) for 0 < k < 3.
$10.6

C))
(b)
(©

Q, = ;4 for all k is true since &[n] is periodic with period 10.
a, = a_; for all k is false since Z[n] is not even.

(S10.5-1)

a,e’***/® is real. This statement is true because it would correspond to the Four-

ier series of Z[n + 2], which is a purely real and even sequence.

(d) a, = 0 is true since the sum of the values of Z[n] over one period is zero.
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Solutions to
Optional Problems

$10.7

The Fourier series coefficients of x[n], which is periodic with period N, are given by

1= .
a = N Z x[n)e ~kEx/Nm

n=0

For N = 8,

1 <
= 5 3 alnle " $107-1)

n=0

(a) We are given that

cos (W—k-) + sin (M)
4 4 )’ (810.7-2)
1. 1 _. 1 . 1 .
_eJ(rk/4) + —e —Jj(xk/4) + — eJ(3fk/4) - — e—J(3fk/4)
2j 2%
Hence, by comparing egs. (510.7-1) and (S10.7-2) we can immediately write

x[n] = 48n — 1) + 48[n — 7] — 4jo[n — 3] + 4jé[n — B], 0 =n <7

Ay

a;

7 7
('b) aln) = Z akejk(Zr/S) = Z akejk(r/4)n
k=0 k=0

£ 1 1
= Z — gike/3) _ —_ ¢ —jkx/3) | gik(x/4)m
o LY 2y
6 1 6
PRI CVORICIED) R e /3= (/9]

2.7 k=0 2-7 k=0
1 — eﬂ(7:n/4)+(71/3)] 11— eil(7"t/4)—(71/3)]

1

2] 1 — eMEATEA T 9f ] — gllen/D=(x/)]
1

27 | 1 — elm/H+G/3l 1 — giltxn/=G/3)

[1 — @(Txn/4)+(T7/3)] 1 — ejl(7fﬂ/4)—(7r/3)l]

7
k(27 /8)n — Fk(x/4)m
a.e’ = E a.e
k=0

0
+ ei(w/‘l)n + ej(31r/4)n + ejm + ej(51/4)n + ej(7r/4)n
+

(—1)"+2cos(§n)+2cos(3%n), 0=n=<7

(e) z[n] =

I
[\/] <

(d) Using an analysis similar to that in part (c¢), we find
0

1 3
x[n]=2+2cos(§n)+$&%+écos(fn), 0=n=7

$10.8

The impulse response of the LTI system is
JORJOM
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The discrete-time Fourier transform of h[n] is

H® =) (é) et 4+ > (%) e " — 1

n=0 n=—w
_ 1 1
-l—ée‘f"+1—§ef“—
_ 3

5 —4cosQ

3r 1 . 1 )
i = qj — = — pIBr/Hm _ __ ,—jBx/4)m
(a) (i) x[n] = sin ( n n) 5 e % e

The period of x[n]is
3 3
sin (% n) = sin [f (n + N)]
Thus
sin 3—7rn = sin 3—1rn + 3—WN
4 ) 4 4
We set 3mN/4 = 2mm to get N = 8 (m = 3). Hence, the period is 8.
7
z[n] = Z akejk(Zw/S)n
k=0
Therefore,
a; = 1 al
3 = 2]- - 5

All other coefficients a, are zero. By the convolution property, the Fourier
series representation of y[n] is given by b,, where

by = a,H(Q)
Q=(2xk)/8
Thus
W SR
® 7 2§5 — 4 cos(37/4)
- bg

All other b, are zero in therange 0 < k < 7.

() Z[n]= > §n — 4k
k=—c0
The Fourier series of Z[n] is

3
a, =} Z E[n)e KE/Am = L for all

n=0

And the Fourier series of §[n] is

b, = a,H()
Q=xk/2

_1 3 _3
" 45 — 4cos[(x/2)k] 20

for all k
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(iii) The Fourier series of Z[n]is

ak=%[l+2cos<§k>}, 0<k=<5

and the Fourier series of §[n] is

b, = a,H(D)

Q=(x/3)k

1 T 3
6 [1 + 2 cos (5" )]5 — 4 cos{(/3)k]

(iv) z[r]l=7"+ (D"
The period of Z[n] is 4. £[n] can be rewritten as

z[n] = [&7"/PT + (/)"
3

= Z akejk(21r/4)n
k=0

Hence,
a() = Oy al = 1)
a, =1, a; =0

Therefore, b, = by = 0 and

. S——
"7 b —4cos(r/2) 5’
b—_ 3 3
5—4cosw 9
(b) h[n]is sketched in Figure S10.8.
h[n]
1
-2 -1 I [
° T : . T n
0 1 2
-1
Figure S10.8

H@Q) = i hinle " = —e/® — /% + 1 + 7% + 7%,
HQ) = T—w2j sin @ — 27 sin 2Q
It follows from part (a):
. 1 1 . 3w . 3 .
i) b, = z—jH(Q) aesess = Z - smj — sin > = b}
All other coefficients b, are zero, in the range 0 <k < 7.
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(i) b, = {HQ)

Q=rk/2
=3 gsing 2sm1rk—4 5 Sin 3
1 T
(ii) by=—<|1+2cos|Zk||H®
6 3 Q=xk/3
(iV) b(] = 0’
b, = HQ) =1 — 2j,
Q=x/2
b2 = H(Q) e = 1’
b3 = O
S10.9
x[n] <Z> ay
(2) 2[n — ng] <> a,e IHE/Mm
(b) z[n] — x[n — 1] <Z> all — e-j(21rk/N)]
N .
(c) x[n] i [n - E:l i ak(l —_— e—]k:)’ Neven
0, k even,
- 2a,, kodd
N N
9 W/2)-1 [ [ N]:I |
0, = — xnl+x|n + = e ~Ik(4n/N)m
e =N ;) -
= 20
1 N-1 .
(e) a, = ]Tln=0 z[—nle —]k(Zr/N)n,
1 N-1 .
a; = N 2 [ —m ek
~N+1
= — x[n]e —jk(2x/N)n ak
N &
Therefore, 4, = aj.
S10.10
@ @l =2n] + gin,

W(n + NM] = &[n + NM] + §in + NM]
= Z[n] + §ln]
= W[n]

Hence, w[n] is periodic with period NM.
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1 Ni 1 NM—-1
(-b) Cp = — ,a)[,n]e —jk(2x/NM)n = — [z[,n] + g[n e—jk(Zt/NM)n
NM NM ; I
NM—1 NM =
__1_ Z .'Z‘[n]e —jk(2x/NM)n + — 1 Zl glnle —jk(2x/NM)n
NM NM ~

M-1 M-1 N-1

j [n) Z @ ~IRQ@x/NMY+IN) | NM Z gin] Z @Ik (@x/NMY(n+1M)

=0

sl:
||M

(Iif Ay + JTlfb"/”’ for k a multiple of M and N,
1 .
=N Qe for k a multiple of M,
1
u by/n, for k a multiple of N,
0, otherwise

$10.11

(a) Z[n] = sin [w(__n_4__—l)]

To find the period, we set Z[n] = Z[n + N]. Thus,
— -1 -1
n [w(n 1)] - sin [«(n + N )] _ sin [«(n ) Iﬂ

4 4 4
Let (xN)/4 = 2wi, when i is an integer. Then N = 8 and
1 1
= — pilstn=1y/41 _ L, —jix(n—1)/4)
Z{n] 27 e % e
= 1 @ ~ix/Dgitxn/e) _ 1 @ix /1) g —itxn/9)
2j 2j
Therefore,
e —J(=/4) 31(1/4)
a, = a; = —
1 zj ) 7 2]

All other coefficients a, are zero, in the range 0 < k < 7. The magnitude and
phase of a, are plotted in Figure S10.11-1.

lag|
1
——o—zl—ﬁ——o—o—o—o—l—
k
0 1 2 3 4 5 6 7
K-dk
3
z'lr
1
+ —t——t—+ k
0 l 2 3 4 5 6 7
-3
47T
Figure S10.11-1
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(b) The period N = 21 and the Fourier series coefficients are

A |
2’ 3 18 2j

The rest of the coefficients a, are zero. The magnitude and phase of a, are given
in Figure S10.11-2.

A7, = Q)4

|ak|
1
*—o—o --—o—o *—o—o—o—0—o *——eo—o *—eo— Kk
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
l—ak
jus
2
3
—o—so . —o—0—0—0—0—0—0—o —eo— K
o 1 2 1112 13 14 15 16 17 18 19 20

[S1E} Y
w e
[e))
-~ e
cc e
\=
S

|

Figure S10.11-2

(¢) The period N = 8.
a; = at = eI

The rest of the coefficients a, are zero. The magnitude and phase of a, are given
in Figure S10.11-3.

'akl

Figure S10.11-3
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