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so that

1
Z; (21)

== (22)

PROBLEMS

Section 7-1
1. For the following electric fields in a linear media of
permittivity ¢ and permeability x4 find the charge density,
magnetic field, and current density.
(a) E = Eq(xi, +yi,) sin wt
(b) E= Eq(yix —qcii) cos wt
(&) E=Re[E, /™45
related so that J =0?

yJ. How must k., k, and o be

2. An Ohmic conductor of arbitrary shape has an initial
charge distribution po(r) at ¢t =0,

(a) What is the charge distribution for all time?

(b) The initial charge distribution is uniform and is
confined between parallel plate electrodes of spacing d. What
are the electric and magnetic fields when the electrodes are
opened or short circuited?

(c) Repeat (b) for coaxial cylindrical electrodes of inner
radius a and outer radius b.

(d) When does a time varying electric field not generate a
magnetic field?

3. (a) For linear media of permittivity £ and permeability u,
use the magnetic vector potential A to rewrite Faraday's law
as the curl of a function.

(b) Can a scalar potential function V be defined? What is
the electric field in terms of V and A? The choice of V is not
unique so pick V so that under static conditions E=-VV.,

() Use the results of (a) and (b) in Ampere's law with
Maxwell’s displacement current correction to obtain a single
equation in A and V. (Hint: VX(VXA)=V(V-:A)-V?A)

(d) Since we are free to specify V - A, what value should we
pick to make (c) an equation just in A? This is called setting
the gauge.

(e) Use the results of (a)-(d) in Gauss’s law for D to obtain a
single equation in V.
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.(f) Consider a sinusoidally varying point charge at r =0,
Q ™. Solve (e) for r>0.

Hint:

13 2aV) Fh
{2 )= 1%
rar(r or a_r§" )

Define a new variable (rV). By symmetry, V only dependson r
and waves can anly propagate away from the charge and not
towards it. As r » 0, the potential approaches the quasi-static
Coulomb potential.

Section 7-2

4. Poynting's theorem must be modified if we have a
hysteretic material with a nonlinear and double-valued rela-
tionship between the polarization P and electric field E and
the magnetization M and magnetic field H.

KP M

(a) For these nonlinear constitutive laws put Poynting’s
theorem in the form

0
v-s+a—':’=—P,,—P,—PM

where Pp and Py are the power densities necessary to
polarize and magnetize the material.

(b) Sinusoidal electric and magnetic fields E=E; cos wt and
H=H, cos wt are applied. How much energy density is dis-
sipated per cycle?

5. An electromagnetic field is present within a superconduc-
tor with constituent relation

i)
-l!= w“;eE
ot

(a) Show that Poynting’s theorem can be written in the
form

v.s+2_
ot

What is w?
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(b) What is the velocity of the charge carriers each with
charge q in terms of the current density J;? The number
density of charge carriers is n.

(c) What kind of energy does the superconductor add?

(d) Rewrite Maxwell’s equations with this constitutive law
for fields that vary sinusoidally with time.

(e) Derive the complex Poynting theorem in the form

V- BE@) xH*(r)]+ 2jo<w>=0
What is <w>?

6. A paradoxical case of Poynting's theorem occurs when a
static electric field is applied perpendicularly to a static
magnetic field, as in the case of a pair of electrodes placed
within a magnetic circuit.

(a) What are E, H, and §?
(b) What is the energy density stored in the system?
(c) Verify Poynting’s theorem.

7. The complex electric field amplitude has real and
imaginary parts

E(r)=E, +jE;

Under what conditions are the following scalar and vector
products zero:

(a) l}:-l}:;o
(b) E-E*20
(c) EXE10
(d) EXE*20

Section 7.3
8. Consider a lossy medium of permittivity £, permeability u,
and Ohmic conductivity o.

(a) Write down the field equations for an x-directed elec-
tric field. '
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(b) Obtain a single equation in E,.
(c) If the fields vary sinusoidally with time,

E,=Re[E.(z) ¢™']

what are the spatial dependences of the fields?

(d) Specialize (c) to the (i) low loss limit (o/we « 1) and (ii)
large loss limit (o/we > 1).

(e) Repeat (a)—(c) if the medium is a plasma with constitu-
tive law
a = wﬁs E

ot

(f) A current sheet Ky cos wti, is placed at z =0. Find the
electric and magnetic fields if the sheet is placed within an
Ohmic conductor or within a plasma.

9. A uniformly distributed volume current of thickness 24,
Jo cos wti,, is a source of plane waves.

€0, Ho €0, Mo

<—2d—>

(a) From Maxwell's equations obtain a single differential
equation relating E, to J..

(b) Find the electric and magnetic fields within and outside
the current distribution.

(c) How much time-average power per unit area is
delivered by the current?

(d) How does this generated power compare to the elec-
tromagnetic time-average power per unit area leaving the
volume current at z = +d?

10. A TEM wave (E,, H,) propagates in a medium whose
permittivity and permeability are functions of z, £(z), and
w(z).

(a) Write down Maxwell’'s equations and obtain single
partial differential equations in E, and H,,.

(b) Consider the idealized case where e(z)=¢ce and
m(z)=p e~ "' A current sheet Ko e™'i, is at z=0. What are
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the resulting electric and magnetic fields on each side of the
sheet?

(¢) For what values of a are the solutions spatially
evanescent or oscillatory?

11. We wish to compare various measurements between two
observers, the second moving at a constant velocity vi, with
respect to the first.

(a) The first observer measures simultaneous events at two
positions z, and z3 so that ¢, =¢;. What is the time interval
between the two events ¢; —¢3 as measured by the second
observer?

(b) The first observer measures a time interval At =t¢,~{;
between two events at the same position z. What is the time
interval as measured by the second observer?

(¢) The first observer measures the length of a stick as
L =z9—1z;. What is the length of the stick as measured by the
second observer?

12. A stationary observer measures the velocity of a particle
as U = yd, + u,i, + %,i,.

(a) What velocity, w'=u,i.+u;i,+u.i,, does another
observer moving at constant speed vi, measure?

(b) Find u’ for the following values of u where ¢ is the free
space speed of light:

(l) “=Coi:
(i) u = col,
(lil) u= Coiz
(iv) u=(co/V3)[ix +iy +i.]
(c) Do the results of (a) and (b) agree with the postulate
that the speed of light for all observers is co?

Section 7.4
13. An electric field is of the form
E=100 ei(?wxloet—".’rxlo"z)i* volts/m

(a) What is the frequency, wavelength, and speed of light
in the medium? ,

(b) If the medium has permeability uo =47 %X 10~ " henry/m,
what is the permittivity &, wave impedance 7, and the magnetic
field?

(c¢) How much time-average power per unit area is carried
by the wave?

14. The electric field of an elliptically polarized plane wave in
a medium with wave impedance 7 is

E=Re (E,oi, + E,o C#i,) ei(at—kg)

where E,¢ and E,q are real.
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(a) What is the magnetic field?
(b) What is the instantaneous and time-average power flux
densities?

15. In Section 3-1-4 we found that the force on one of the
charges Q of a spherical atomic electric dipole of radius R is

F= Q[E —Qd——]

_41T£oR(s)

where d is the dipole spacing.

(a) Write Newton’'s law for this moveable charge with mass
M assuming that the electric field varies sinusoidally with time
as Eq cos wt and solve for d. (Hint: Let wa = Q%/(M4meoR3).)

(b) What is the polarization P as a function of E if there are
N dipoles per unit volume? What is the frequency dependent
permittivity function ¢(w), where

D(r) = & (w)E(r)

This model is often appropriate for light propagating in
dielectric media.

(c) Use the results of (b) in Maxwell’s equations to find the
relation between the wavenumber & and frequency w.

(d) For what frequency ranges do we have propagation or
evanescencer

(e) What are the phase and group velocities of the waves?

(f) Derive the complex Poynting’s theorem for this dis-
persive dielectric.

16. High-frequency wave propagation in the ionosphere is
partially described by the development in Section 7-4-4 except
that we must include the earth’s dc magnetic field, which we
take to be Hyi,.

(a) The charge carriers have charge ¢ and mass m. Write the
three components of Newton’s force law neglecting collisions
but including inertia and the Coulomb-Lorentz force law.
Neglect the magnetic field amplitudes of the propagating
waves compared to Hj in the Lorentz force law.

(b) Solve for each component of the current density J in
terms of the charge velocity components assuming that the
propagating waves vary sinusoidally with time as ™.
Hint: Define

2_4qn quoHo
W, ="—, wo=—""—
me m
(c) Use the results of (b) in Maxwell’s equations for fields of
the form ¢’ to solve for the wavenumber & in terms of .
(d) At what frequencies is the wavenumber zero or infinite?
Over what frequency range do we have evanescence or
propagation?
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(e) For each of the two modes found in (c), what is the
polarization of the electric field?

(f) Whatis the phase velocity of each wave? Since each mode
travels at a different speed, the atmosphere acts like an aniso-
tropic birefringent crystal. A linearly polarized wave
Ep @ *%§ is incident upon such a medium. Write this field
as the sum of right and left circularly polarized waves.

Hint:

Eolx=?°(1=+11,)+—2-9(1=—11,)

(g) If the transmitted field at z = 0 just inside the medium has
amplitude E,¢**i,, what are the electric and magnetic fields
throughout the medium?

17. Nitrobenzene with u = o and £ = 35¢, is placed between
parallel plate electrodes of spacing s and length I stressed by a
dc voltage V,. Measurements have shown that light polarized
parallel to the dc electric field travels at the speed ¢, while light
polarized perpendicular to the dc electric field travels slightly
faster at the speed c_, being related to the dc electric field E,
and free space light wavelength as

1 1
———=ABE;
aq cu

where B is called the Kerr constant which for nitrobenzene is
B=43x10""%sec/V*® at A =500 nm.

(a) Linearly polarized light with free space wavelength A =
500 nm is incident at 45° to the dc electric field. After exiting
the Kerr cell, what is the phase difference between the field
components of the light parallel and perpendicular to the dc
electric field?

(b) What are all the values of electric field strengths that
allow the Kerr cell to act as a quarter- or half-wave plate?

{c) The Kerr cell is placed between crossed polarizers
(polariscope). What values of electric field allow maximum
light transmission? No light transmission?

Section 7.5
18. A uniform plane wave with y-directed electric field is
normally incident upon a plasma medium at z = 0 with consti-
tut‘ive law 8]/at = w,e E. The fields vary sinusoidally in time as
™,
(a) What is the general form of the incident, reflected, and
transmitted fields?

(b) Applying the boundary conditions, find the field
amplitudes.

(c) What is the time-average electromagnetic power density
in each region for w > w, and for w <w,?




€0, Ho
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19. A polarizing filter to microwaves is essentially formed by
many highly conducting parallel wires whose spacing is much
smaller than a wavelength. That polarization whose electric
field is transverse to the wires passes through. The incident
electric field is

E=E, cos (wt — kz)i. + E, sin (wt — kz)i,
|
|
|
i
|
Vi

|
|
|
l wires
1
|
|
I

(a) What is the incident magnetic field and incident power
density?

(b) What are the transmitted fields and power density?

(c) Another set of polarizing wires are placed parallel but a
distance 4 and orientated at an angle ¢ to the first. What are
the transmitted fields?

20. A uniform plane wave with y-directed electric field
E,=E,cos w(t—~z/c) is normally incident upon a perfectly
conducting plane that is moving with constant velocity vi,,
where v« ¢.

(a) What are the total electric and magnetic fields in each
region?

(b) What is the frequency of the reflected wave?

(c) What is the power flow density? Why can’t we use the
complex Poynting vector to find the time-average power?
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* 8;
Yy
E:
i H;
Section 7.6
21. A dielectric (3, ug) of thickness d coats a perfect conduc-
tor. A uniform plane wave is normally incident onto the
coating from the surrounding medium with properties
(51, “1) .
€1, My
x E;
3 5
y

I !

0 d

(a) Whatis the general form of the fields in the two dielectric
media? (Hint: Why can the transmitted electric field be writ-
ten as E, = Re [E, sin ko(z — d) £'i,]?)

(b) Applying the boundary conditions, what are the field
amplitudes?

(c) What is the time-average power flow in each region?

(d) What is the time-average radiation pressure on the
conductor?

Section 7.7 .

22. An electric field of the form Re (E ¢™ ¢~ ") propagates in
a lossy conductor with permittivity £, permeability u, and
conductivity o. If ¥y = a +jk, what equalities must « and k obey?
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23. A sheet of surface charge with charge density o5 sin (wt —
k.x) is placed at z =0 within a linear medium with properties

(&, ).

0; = 0o sin(wt — &k, x)

€ u

(a) What are the electric and magnetic fields?
(b) What surface current flows on the sheet?

24. A current sheet of the form Re (K, '@ %74 ) is located in

free space at z = 0. A dielectric medium (g, u) of semi-infinite
extent is placed at z =d.

Re[Kqge jlwt —kex )i, ]

A

€0, Mo

(a) For what range of frequency can we have a nonuniform
plane wave in free space and a uniform plane wave in the
dielectric? Nonuniform plane wave in each region? Uniform
plane wave in each region?

(b) What are the electric and magnetic fields everywhere?

(c) What is the time-average z-directed power flow density
in each region if we have a nonuniform plane wave in free
space but a uniform plane wave in the dielectric?

Section 7.8 .

25. A uniform plane wave Re (Eq¢™™ ™% %*§) is obliquely
incident upon aright-angled perfectly conducting corner. The
wave is incident at angle 8; to the z =0 wall.
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(a) Try a solution composed of the incident and reflected
waves off each surface of the conductor. What is the general
form of solution? (Hint: There are four different waves.)

(b) Applying the boundary conditions, what are the electric
and magnetic fields?

(c) What are the surface charge and current distributions
on the conducting walls?

(d) What is the force per unit area on each wall?

(e) What is the power flow density?

Section 7.9

26. Fermat’s principle of least time states that light, when
reflected or refracted off an interface, will pick the path of least
time to propagate between two points.

¢y €2

~—hy—>

(a) A beam of light from point A is incident upon a dielec-
tric interface at angle 6; from the normal and is reflected
through the point B at angle 8,. In terms of 8;, 8,, h; and ks, and
the speed of light ¢, how long does it take light to travel from A
to B along this path? What other relation is there between 6;, 8,,
LAB, hl and hg?

(b) Find the angle 8; that satisfies Fermat’s principle. Whatis
6,?




Problems 5 63

(¢) Interms of 8;, 6, h,, hs, and the light speeds ¢, and ¢3 in
each medium, how long does it take light to travel from A to C?

(d) Find the relationship between 6; and 8, that satisfies
Fermat'’s principle.

27. In many cases the permeability of dielectric media equals
that of free space. In this limit show that the reflection and
transmission coefficients for waves obliquely incident upon
dielectric media are: E parallel to the interface

_ _sin 8;—6,) - 2 cos 0; sin 6,
sin (6; + 6,)’ sin (6; +6,)
H parallel to the interface
_tan 6; —8,) _ 2 cos 6; sin 6,
tan (6;+6,)’ sin (6; +6,) cos (8; — 6,)

28. White light is composed of the entire visible spectrum.
The index of refraction n for most materials is a weak function
of wavelength A, often described by Cauchy’s equation

n=A+B/A?

ALEITLLEXIN

:Glass n=A+ )\%

White light

A beam of white light is incident at 30° to a piece of glass with
A =1.5and B =5x%10""" m®. What are the transmitted angles
for the colors violet (400 nm), blue (450 nm), green (550 nm),
yellow (600 nm), orange (650 nm), and red (700 nm)? This
separation of colors is called dispersion.

29. A dielectric slab of thickness d with speed of light ¢y is
placed within another dielectric medium of infinite extent with
speed of light ¢,, where ¢, <¢3. An electromagnetic wave with
H parallel to the interface is incident onto the slab at angle 6;.

(a) Find the electric and magnetic fields in each region.
(Hint: Use Cramer’s rule to find the four unknown field
amplitudes in terms of E;)
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€1, Ht €1, 4

(b) For what range of incident angle do we have uniform or
nonuniform plane waves through the middie region?

{c) Whatis the transmitted time-average power density with
uniform or nonuniform plane waves through the middie
region. How can we have power flow through the middle
region with nonuniform plane waves?

Section 7.10

30. Consider the various prisms shown,

" \\
457 ny P~

2

4]

60\

BN

(a) What is the minimum index of refraction n, necessary
for no time-average power to be transmitted across the
hypotenuse when the prisms are in free space, ng = 1, or water,

ng=1.33?

(b) At these values of refractive index, what are the exiting

angles 8,?
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31. A fish below the surface of water with index of refraction
n=1.33 sees a star that he measures to be at 30° from the
normal. What is the star’s actual angle from the normal?

oc

n=133

32. A straight light pipe with refractive index n; has a dielec-
tric coating with index n; added for protection. The light pipe
is usually within free space so that #ns is typically unity.

(a) Light within the pipe is incident upon the first interface
at angle ;. What are the angles #; and 65?

(b) What value of 8, will make 65 just equal the critical angle
for total internal reflection at the second interface?

(c) How does this value differ from the critical angle if the
coating was not present so that n; was directly in contact with
ns?

(d) If we require that total reflection occur at the first
interface, what is the allowed range of incident angle 8,. Must
the coating have a larger or smaller index of refraction than
the light pipe?

33. A spherical piece of glass of radius R has refractive index
n.

(a) A vertical light ray is incident at the distance x (x <R)
from the vertical diameter. At what distance y from the top of
the sphere will the light ray intersect the vertical diameter?
For what range of n and x will.the refracted light intersect the
vertical diameter within the sphere?
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(a) (b)

(b) A vertical light beam of radius @R (e <1) is incident
upon a hemisphere of this glass that rests on a table top. What
is the radius R’ of the light on the table?
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