MIT OpenCourseWare
http://ocw.mit.edu

Haus, Hermann A., and James R. Melcher. Solutions Manual for Electromagnetic
Fields and Energy. (Massachusetts Institute of Technology: MIT OpenCourseWare).
http://ocw.mit.edu (accessed MM DD, YYYY). License: Creative Commons
Attribution-NonCommercial-Share Alike.

Also available from Prentice-Hall: Englewood Cliffs, NJ, 1990. ISBN: 9780132489805.

For more information about citing these materials or our Terms of Use, visit:

http://ocw. mit.edu/terms.


http://ocw.mit.edu
http://ocw.mit.edu
http://ocw.mit.edu/terms

SOLUTIONS TO CHAPTER 14

14.1 DISTRIBUTED PARAMETER EQUIVALENTS AND

14.1.1

14.1.2

MODELS

The fields are approximated as uniform in each of the dielectric regions. The
integral of E between the electrodes must equal the applied voltage and D is con-
tinuous at the interface. Thus,

Eia+ Ebp = -V; B, = e Ey (1)
and it follows that v

Ei=————F7F—— 2
[0+ Blearen)] ®)

so that the charge per unit length on the upper electrodes is

weg

M= —we B, =CV; C=i—F———+ 3
! o+ b{eafeo)] )

where C is the desired capacitance per unit length. Because the permeability of the
region is uniform, H = I/w between the electrodes. Thus,

A= (a+b)u.H = LI, L=po(a+b)/w (4)

where L is the inductance per unit length. Note that LC # ue (which permittivity)
unless €5 = €.

The currents at the node must sum to zero, with that through the inductor
related to the voltage by V == Ldiconductor/dt

L 3
1) ~ e+ A2) =V (1)

and C times the rate of change of the voltage drop across the capacitor must be
equal to the current through the capacitor.

C 3

In the limit where Az — 0, these become the given backward-wave transmission
line equations.

14.2 TRANSVERSE ELECTROMAGNETIC WAVES



14.2.1

14.2.2

14-2

(a)

(b)

Solutions to Chapter 14

From Ampére’s integral law, (1.4.10),
Hy = I/2nr (1)
and the vector potential follows by integration

1 34,

Hy = o Or

—A,(a) = -L;o?Iln(r/a) (2)

and evaluating the integration coefficient by using the boundary condition on
A, on the outer conductor, where r = a. The electric field follows from Gauss’
integral law, (1.3.13),

E, = \/2mer (3)
and the potential follows by integrating.
E = -52 = o) - ¥(a) = 2 in(2) )

Using the boundary condition at r = a then gives the potential.

The inductance per unit length follows from evaluation of (2) at the inner
boundary.

=7 == = Bin(aft) (5)

Similarly, the capacitance per unit length follows from evaluating (5) at the
inner boundary.
2re

A
C=% = Inlaf) (©)

The capacitance per unit length is as given in the solution to Prob. 4.7.5. The

inductance per unit length follows by using (8.6.14), L = 1/Cc?.

14.3 TRANSIENTS ON INFINITE TRANSMISSION LINES

14.3.1

(a)

(b)

From the values of L and C given in Prob. 14.2.1, (14.3.12) gives

Z, = \/u/eln(a/b) /2%

From p = p, = 47 X 1077 and € = 2.5¢, = (2.5)(8.8.5 x 10712), Z,

(37. Q)In(a/b) Because the only effect of geometry is through the ratio a/b
and that is logarithmic, the range of characteristic impedances encoutered in
practice for coaxial cables is relatively small, typically between 50 and 100
ohms. For example, for the four ratios of a/b, Z, = 26,87,175 and 262 Ohms,
respectively. To make Z, = 1000 Ohms would require that a/b = 2.9 x 101!
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14.8.2 The characteristic impedance is given by (14.3.13). Presuming that we will
find that /R » 1, the expression is approximated by

Z, =\/u/ein(2l/R)/x
and solved for I/R.

1
I/R = 2 exp[nZ,/+/ /€| = exp[n(300)/377]
Evaluation then gives [/R = 6.1.

14.3.3 The solution iz analogous to that of Example 14.3.2 and shown in the figure.
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Figure S14.3.3

14.3.4 From (14.3.18) and (14.3.19), it follows that
Vi = V,exp(—22/24%) /2
Then, from (9) and (10)

V = SVelexpl—(z - ct)?/20%) + expl (s + ct)?/267])



14.3'5

14.3.6

14-4 Solutions to Chapter 14

I= %{exp[—(z — ct)?/24%] — exp[—(z + ct)?/24%]}

1
22,

In general, the voltage and current can be represented by (14.3.9) and (14.3.10).
From these it follows that

1 1
VI= (V4 + V_)Z-(V+ -V)= Z(Vj -v3)

By taking the 8()/8t and 3()/8=z of the second equation in Prob. 14.1.2 and
substituting it into the first, we obtain the partial differential equation that plays
the role played by the wave equation for the conventional transmission line

v

LCoaaa =

4 (1)

Taking the required derivatives on the left amounts to combining (14.3.6). Thus,
substitution of (14.3.3) into (1), gives

cvin=v

By contrast with the wave-equation, this expression is not identically satisfied.
Waves do not propagate on this line without dispersion.

14.4 TRANSIENTS ON BOUNDED TRANSMISSION LINES

14.4.1

When t = 0, the initial conditions on the line are
V=V, I=0 for O0<z<l

From (14.4.4) and (14.4.5), it follows that for those characteristics originating on
the ¢ = 0 axis of the figure

Ve=V,/% V_=V,/2

For those lines originating at z = I, it follows from (14.4.8) with R, = oo('z = 1)
that
V_ = V+

Similarly, for those lines originating at z = 0, it follows from (14.4.10) with I'; = 0
V+ =0

Combining these invarients in accordance with (14.1.1) and (14.1.2) at each location
gives the (z,t) dependence of V and I shown in the figure.
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V.=V, = 0/2

' —

Vo Vy = V,/2
/ AN
V. =V,j2

S
=
|
°

1=-V,/22,

Figure S14.4.1

14.4.2 When ¢ = 0, the initial conditions on the line are
V=0 I=V,/Z, for 0<z<l

1=V,/2, Vo=-V,

/

V= 0/2 -

V.=-V, /2 -

-V

1=V.)22, \ Vi=0
- 012

Figure S14.4.2
From (14.4.4) and (14.4.5), it follows that for those characteristics originating on



14.4.3

1444

14-6 Solutions to Chapter 14

the t = 0 axis of the figure
Vi =V,o/2; Vo =-V,/2

For those lines originating at z = [, it follows from (14.4.8) with R, =0 (I', = —1)
that

V_ = '—V+
Similarly, for those lines originating at z = 0, it follows from (14.4.10) that
V+ =0

Combining these invarients in accordance with (14.4.1) and (14.4.2) at each location
gives the (z,t) dependence of V and I shown in the figure.

If the voltage and current on the line are initially zero, then it follows from
(14.4.5) that V_ = 0 on those characteristic lines z + ¢t = constant that originate
on the ¢t = 0 axis. Because R = Z,,, it follows from (14.4.8) that V_ = 0 for all of
the other lines £ + ct = constant, which originate at 2 = l. Thus, at z = 0, (14.4.1)
and (14.4.2) become

V=V I1=V,/2,

and the ratio of these is the terminal relation V/I = Z,, the relation for a resistance
equal in value to the characteristic impedance. Implicit to this equivalence is the
condition that the initial voltage and current on the line be zero.

R, V. =0
V.=0 \
Ry R.
¢ =0, _, O=VoRG-UGH
18 / _
Z,
— 1
r 7
B8 PN ) wram 2% 7 -
*v - V4 /
’ (10) =V, = lV
—
V(O=t) = V“H!'* T J T
| Vo/2 j | -,
lfc 2l/c A
1., (z_ - 1)
5v.,[l + &7 1)]

Figure S14.4.4



14.4.5

14.4.8

Solutions to Chapter 14 14-7
The solution is constructed in the z —t plane as shown by the figure. Because
the upper transmission line is both terminated in its characteristic impedance and
free of initial conditions, it is equivalent to a resistance R, connected to the ter-
minals of the lower line (see Prob. 14.4.3). The values of V; and V_ follow from
(14.4.4) and (14.4.5) for the characteristic lines originating when ¢ = 0 and from
(14.4.8) and (14.4.10) for those respectively originating at z =1 and 2 =0.

When ¢t < 0, a steady current flows around the loop and the initial voltage
and current distribution are uniform over the length of the two line-segments.

_R¥o = Yo
R, + Ry’ R, + Ry

In the upper segment, shown in the figure, it follows from (14.4.5) that V_ = 0.
Thus, for these particular initial conditions, the upper segment is equivalent to a
termination on the lower segment equal to Z, = R,. In the lower segment, V; and
V_ originating on the z axis follow from the initial conditions and (14.4.4) and
(14.4.5) as being the values given on the z — ¢ diagram. The conditions relating the
incident to the reflected waves, given respectively by (14.4.8) and (14.4.10), are also
summarised in the diagram. Use of (14.4.1) to find V(0,t) then gives the function
of time shown at the bottom of the figure.

Vi = L

R, V=0
v o Y i
"R+ R N
. v, V N
TR R (% -1)
LN Vo=V, B —
Za v. =0 &+
T —_— \
v.ow YelRe— R)
2 (R Rs) Jd
A /’
v = VelRe~ Ri)
T (R R) ¢
. | 4 !
> ; -
R, v, ! w(t) 1 V=0 ]
i >
D | |
v, 4 V(0,t) | |
! |
A
" S — —
— 1
1 2l
Vo(R, ~ Ri) /e Vo(R— RY re
2 (R.+ Ry} 2 (R, - R,)

Figure S14.4.5

From (14.4.4) and (14.4.5), it follows from the initial conditions that V,, and
V_ are gzero on lines originating on the ¢t = 0 axis. The value of V; on lines coming
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from the z = O axis is determined by requiring that the currents at the input
terminal sum to gero.

. 1 1
g = E(V.{. +V...) + Z(V+ —V..)

or

i (1/Z, — 1/Ry)
Ve = (R, +1/Z) T V- (1/2, + 1/R,)

It follows that for 0 < t < T,V, = I,R,/2 whilefor T < t,V; = 0. At 2 = |,
(14.4.8) shows that V;, = —V_. Thus, the solution is as summarised in the figure.
Vi=-V.=0 V.=-LRJ/2 V.=0

r— - 2 S o~

\s
\

R{ £
w =T R,J2 <V, =0
_@_ ] V+= 1o + = -
R LR,/2
= - -
!
LEp e 2/c Afc+T

Figure S14.4.6

(a) By replacing V; /Z, — I,V_[/Z, — —I_, the general solutions given by
(14.4.1) and (14.4.2) are written in terms of currents rather than voltages.

1
I=L+1; V=g(li-L) (1)

where Y, = 1/Z,. When ¢t = 0, the initial conditions are zero, so on char-
acteristic lines originating on the ¢ = 0 axis, I, and I_ are zero. At z = I,
it follows from (1b) that I, = I_. At z = 0, summation of currents at the

terminal gives
g = (Gy/Yo)(Iy — L) + (14 + I.) (2)

which, solved for the reflected wave in terms of the incident wave gives

L =I,+I.T, ®)
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where

I, _
Tegry  Te=lG/Y) —U/(Ge/Y)+1 (4)

I,

From these relations, the wave components I, and I_ are constructed as
summarized in the figure. The voltage at the terminals of the line is

I, N—1 l l
T ——————— . —_ - - 5
V(o,¢t) GiT (Yo/G’g)]r" i 2(N-1)-<t<2N- (5)
radre 13
| v .
Ix10 I T 0+T) Tl T 20T

] f\ YAVAYD

Tl T Tgli+Ig) I,(|+I:,+I;5 " I
oh %:z‘_ N= ! 2 3 I
20

t

[

3 EM?

Filgure $14.4.7

It follows that during this same interval, the terminal current is

N-1
09 =4(1- ) ®

(b) In terms of the terminal current I, the circuit equation for the line in the limit
where it behaves as an inductor is

. daI
g = lLGg'E + I (7)
Solution of this expression with 3, = I, and I(0) =0 is

I(0,t) = L{1 —¢*"); r=ILG, (8)
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(c) In the limit where G,/Y, is very large
Ty —~1-2(Y,/Ry) (9)
Thus,

I(O,t)—-bIo[l—(l—ng)N ‘], 2(N -1)- <t<gﬂ (10)

Following the same arguments as given by (14.4.28)—(14.4.31), gives
I{0,) — I[1 — e~ W-1(3/Gs)|. (N — 1)% <t< 2N£ (11)

which in the limit here, (14.4.31) holds the same as (8) where (Y,/Gg)(c/!) =
VC/L/WLCG, = 1/ILG,. Thus, the current reponse (which has the same
stair-step dependence on time as for the analogous example represented by
Fig. 14.4.8) becomes the exponential response of the circuit in the limit where
the inductor takes a long time to “charge® compared to the transit-time of an
electromagnetic wave.

14.4.8
b ° V. =0 V. = 1V, (1 — el
A’ZL ;‘F A 2 (
V,=0
AN
v.=0
Z,
- |
< v
Rg = Za ‘Eo_ g T Vo
+ Uy~ _
Ao,y (0 =V.=Vy/2 2
V,/2 : VI,,
[ ' ~ LV
le 2/e
r=Cr(Ry+ 2Z,) V,=(1- %e—(!—l/c)/r)

Figure S14.4.8

The initial conditions on the voltage and current are zero and it follows from
(14.4.4) and (14.4.5) that V; and V_ on characteristics originating on the t = 0
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axis are zero. It follows from (10) that on the lines originating on the z = 0 axis,
V4 = Vo/2. Then, for 0 < ¢ < I/e, the incident V. at z = [ is gero and hence from
the differential equation representing the load resistor and capacitor, it follows that
V- = 0 during this time as well. For I/c < ¢,V = V,/2 at z = . In view of the
steady state established while ¢t < 0, the initial capacitor voltage is zero. Thus, the
initial value of V_.(l,0) is zero and the reflected wave is predicted by

dv_ V.
CL(RL + Zo)— +V_.= —20_1(t - l/c)
dt 2
The appropriate solution is
V_(l,8) = %Vo(l — G-, = OL(RL + Z)

This establishes the wave incident at z = 0. The solution is summarized in the
figure.

14.5 TRANSMISSION LINES IN THE SINUSOIDAL STEADY

14.5.1

14.5.2

STATE

From (14.5.20), for the load capacitor where Z;, = 1/jwCy,

Y, Y, jwCLp

Thus, the impedance is inductive.
For the load inductor where Z1, = jwLy, (14.5.20) gives

Z(pl=-x/2) %,
Zo  jwlp

and the impedance is capacitive.

For the open circuit, Z;, = oo and from (14.5.13), 'y, = 1. The admittance at
any other location is given by (14.5.10).
Y(=l) 1-Tpe 28 128
Y,  14Tpe"28l 1428

where characteristic admittance Y, = 1/Z,. This expression reduces to

Y(-1)
_Y—

o

= 7tan Sl

which is the same as the impedance for the shorted line, (14.5.17). Thus, with
the vertical axis the admittance normalized to the characteristic admittance, the
frequency or length dependence is as shown by Fig. 14.5.2.
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14.5.3 The matched line requires that V_ = 0. Thus, from (14.5.5) and (14.5.8),

>

V=V, exp(—jpz);  I= " exp(~1P2)
(]

V.=0
s
7
Vs .
V'- = —é-sm[ﬂ(z + l)]\,,1
111 ¢
Vs
I v
|
I = _V“_ i N e
=37 sin[B(z + 1)) I
Cc

\ aadl 4

V.' = ()
Figure S14.5.3
At z = -], the circuitis described by
V,=I(-)R,+V(-))

where, in complex notation, V; = Re V,, exp(jwt), v, = —3V,. Thus, for R, = Z,,

A A
(]

and the given sinusoidal steady state solutions follow.

V = Re :%V_oe—o'ﬁ(z-fl)eiwi; I =Re .—2-7_'V2¢-J'ﬂ(l+'),iwt

(1]

14.5.4 Initially, both the current and voltage are sero. With the solution written as
the sum of the sinusoidal steady state solution found in Prob. 14.5.3 and a transient
solution,

V =V,(2,t) + Ve(z, t); I=1,(zt) + L(=,t)
the initial conditions on the transient part are therefore,

Vile,0) = ~Vi(2,0) = 22 sin{(s + 1)
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14.6.1

14.6.2

Solutions to Chapter 14 14-13

L(2,0) = —I,(z,0) = EKZO: sin[B(z + 1))

The boundary conditions for 0 < ¢t and with the given driving source are satisfied
by V,. Thus, V; must satisfy the boundary conditions that result if V; = 0. In
terms of a transient solution written as 14.3.9 and 14.3.10, these are that V_ =0
at z = 0 and [from (14.5.10) with V;, = 0 and R, = Z,| that V, =0 at 2 = —L
Thus, the initial and boundary conditions for the transient part of the solution are
as summarized in the figure. With the regions in the z — t plane denoted as shown
in the figure, the voltage and current are therefore,

V=V,+‘,t; I=I,+It

where V, and I, are as given in Prob. 14.5.3 and
1

Vi=V, +V_ L =—(Vys-V))
Z,

with (from 14.3.18-19)

Il
=]

Vy = ngsin[ﬂ(z-i- n o V-
in regions I and III, and

in regions II and IV.

REFLECTION COEFFICIENT REPRESENTATION OF
TRANSMISSION LINES

The Smith chart solution is like the case of the Quarter-Wave Section exem-
plified using Fig. 14.6.3. The load is at r = 2,z = 2 on the chart. The impedance a
quarater-wave toward the generator amounts to a constant radius clockwise rota-
tion of 180° to the point where r = 0.25 and z = —70.25. Evaluation of (14.6.20)
checks this result, because it shows that

J #=—l" y; +jz; 24352 8

From (14.6.3), ' = 0.538 + 70.308 and |I'| = 0.620. It follows from (14.6.10)
that the VSWR is 4.26. These values also follow from drawing a circle through
r+ 7z = 2+ 72, using the radius of the circle to obtain |I'| and the construction of
Fig. 14.6.4a to evaluate (14.6.10).


http:14.3.10

14.6.3

14.6.4

14.6.5

14-14 Solutions to Chapter 14

The angular distance on the Smith charge from the point y = 2 + jO to the
circle where y has a real part of 1 is ! = 0.0975). To cancel the reactance, where
y = 1+ 70.7 at this point, the distance from the shorted end of the stub to the
point where it is attached to the line must be I, = 0.347).

Adjustment of the length of the first stub makes it possible to be anywhere
on the circle g = 2 of the admittance chart at the terminals of the parallel stub and
load. If this admittance can be transferred onto the circle g = 1 by moving a distance
I toward the generator (clockwise), the second stub can be used to match the line
by compensating for the reactive part of the impedance. Thus, determination of
the stub lengths amounts to finding a pair of points on these circles that are at the
same radius and separated by the angle 0.042). This then gives both the combined
stub (1) and load impedance (for the case given, y = 2 + 51.3) and combined stub
(2) and line impedance at 2 = — (for the case given, y = 1+ 51.16). To create the
needed susceptance at the load, l; = 0.04). To cancel the resulting susceptance at
the second stub, I3 = 0.38A.

The impedance at the left end of the quarter wave section is 0.5. Thus, normal-
ized to the impedance of the line to the left, the impedance there is Z/Z% = 0.25.
It follows from the Smith chart and (14.6.10) that the VSWR = 4.0.

14.7 DISTRIBUTED PARAMETER EQUIVALENTS AND
MODELS WITH DISSIPATION

14.7.1

14.7.2

The currents must sum to zero at the node. With those through the conduc-
tance and capacitance on the right,

I(z) - I(z+ Az) = GA=V + C’Az%
The voltage drop around a loop comprised of the terminals and the series resistance
and inductance must sum of zero. With the voltage drops across the resistor and
inductor on the right,

V(2) - V(z+ Az) = RAzI + LAz%

In the limit where Az — 0, these expressions become the transmission line equa-
tions, (14.7.1) and (14.7.2).

(a) If the voltage is given by (14.7.12), as a special case of (14.7.9), then it follows
that I(z,¢t) is the special case of (14.7.10)

& (c—jﬁ' - c:'ﬁ:) Jwt

I= Re Zomc
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14.7.4
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(b) The desired impedance is the ratio of the voltage, (14.7.12), to this current,

evaluated at 2 = —L.
(78 + ¢35

Z=2 (777 — ¢—38Y)

(c) In the long-wave limit, |8I] <« 1, exp(58l) — 1 + jB! and this expression

becomes

_ 2% _ (R+jwl) _ 1

T8l —-pA T [G+jwC]l

where (14.7.8) and (14.7.11) have been used to write the latter equality. (Note
that (14.7.8) is best left in the form suggested by (14.7.7) to obtain this
result.) The circuit having this impedance is a conductance /G shunted by a
capacitance IC.

z

The short requires that V' (0,t) = 0 gives V, = V_. With the magnitude ad-

justed to match the condition that V(—1,t) = V,(t), (14.7.9) and (14.7.10) become

) (e—iB= JBx
I=Re YVle +e™)

o (e3P — P3)
= Vo' (aw — =) Z, (7' — e=7AT)

|4

Thus, the impedance at z = —l is

Z = zo(ejﬂl - e—.iﬁl)/(ea'ﬁl + c—:'ﬁl)

In the limit where |8I| < 1, it follows from this expression and (14.7.8) and (14.7.11)
that because exp 78l — 1+ 581

Z — 2,58l = I(R + jwL)

which is the impedance of a resistance [R in series with an inductor IL.

(a) The theorem is obtained by adding the negative of V times (1) to the negative

of I times (2).

(b) The identity follows from

Re Ac’“'Re Bel*t = %[ﬁe""” + ﬁ‘c‘j”']%[ﬁc:'ut + B*e9vt)
= JABA 1 e Bremmiet) 4 Z(AB" + A°B)
=Re %ﬁﬁc”m + Re %ﬁﬁ‘

(c) Each of the quadratic terms in the power theorem take the form of (1), a

time independent part and a part that varies sinusoidally at twice the driving
frequency. The periodic part time-averages to zero in the power flux term on
the left and in the dissipation terms (the last two terms) on the right. The only
contribution to the energy storage term is due to the second harmonic, and
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that time-averages to zero. Thus, on the time-average there is no contribution
from the energy storage terms.

The integral theorem, (d) follows from the integration of (c) over the length
of the system. Integration of the derivative on the left results in the integrand
evaluated at the end points. Because the current is zero where z = 0, the only
contribution is the time-average input power on the left in (d).

(d) The left hand side is evaluated using (14.7.12) and (14.7.6). First, using
(14.7.11), (14.7.6) becomes

I=-Y,0,tan B2 (2)

Thus,
lRev it
2

ReV, 1|

1
== 3 IV | Y, tan Bl (3)

=l

Nlb-d

That the right hand side must give the same thing follows from using (14.7.3)
and (14.7.4) to write

N o~ ar*
V* = juCV* -
G Jw " (4)

RI= ——d—V— —jwLf (5)

Thus,

%9
/ L Re[I* RI+VV*Gldz = / lRe[— fw_,wm*
12

+ jwCVV* -V ‘ZI

-l
- [ et 0 Ma
i

°div)
~ 1y
2 € -1 dz

1 W
= ~Re [V*
2

z=-—1

which is the same as (3).

14.8 UNIFORM AND TEM WAVES IN OHMIC CONDUCTORS
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14.8.2

Solutions to Chapter 14 14-17

In Ampere’s law, represented by (12.1.4), J,, = oE. Hence, (12.1.6) becomes

0% 2a _ A %A
V(V~A+pa¢+pea)-—v A = —uo 3c P (1)
Hence, the gauge condition, (14.8.3), becomes
04, %
V- A= £ ——po@-—pea (2)

Evaluation of this expression on the conductor surface with (14.8.9) and (14.8.11)
gives

al av
ng- = —[JO'V - LCE (3)
From (8.6.14) and (7.6.4)
uo _ poC g _
L_—_ue —CC’-G’ (4)
Thus,
aI av
35 -GV — C—é-t- (5)

This and (14.8.12) are the desired transmission line equations including the losses
represented by the shunt conductance G. Note that, provided the conductors are
“perfect”, the TEM wave represented by these equations is exact and not quasi-
one-dimensional.

The transverse dependence of the electric and magnetic fields are respectively
the same as for the two-dimensional EQS capacitor-resistor and MQS inductor.
The axial dependence of the fields is as given by (14.8.10) and (14.8.11). Thus,
with (Prob. 14.2.1)

C =2xefln(a/b); L= g—;ln(a/b); G= %C’ = 270 [in(a/b)

and hence 8 and Z, given by (14.7.8) and (14.7.11) with R = 0, the desired fields
are

Oyl 4 %)

E=Re rin(a/b)(e78 + e—3P1) &l

e Vg(e”"é“ _ ejﬁz-v) ej”‘i,,,
27r Z, (9Pl + e~78Y)

H=R



14.8.3

14.8.4
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The transverse dependence of the potential follows from (4.6.18)-(4.6.19),
(4.6.25) and (4.6.27). Thus, with the axial dependence given by (14.8.10),

ad, 9%,

E= —'a—zlx - a—yly

where

ln[j f(, 2,2 R3—z)24y? '
ViR ta) 4y | (e77P% +e7P2) 4,

_g . .
> g+ VRP 1] @)
Using (14.2.2) A, follows from this potential.

$ = —Re

— _1_(8A géﬁi )
dy * 9z ¥

where

— —Re llvoV \/( 2—R2—z)2+42 (e"’ﬂ‘—e“”) Gt
e

In these expressions, 8 and Z, are evaluated from (14.7.8) and (14.7.11) using the
values of C and L given by (4.6.27) and (4.6.12) with R =0 and G = (0/€)C.

(a) The integral of E around the given contour is equal to the negative rate of
change of the magnetic flux linked. Thus,

aE%(z + Az) — aE%(2) + bEb(z + Az) — bEb(z) —(a+ b)Az (p.o H,) (1)
and in the limit Az — 0,

aEa 3E® dH
a— +b—az = —po(a +b) at” (2)

Because ¢, E* = ¢, E?, this expression becomes

oE*

€a _
(a+€_bb) 8z - ”0(

(3)

If E* and Hy were to be respectively written in terms of V and I, this would

be the transmission line equation representing the law of induction (see Prob.
14.1.1).

(b) A similar derivation using the contour closing at the interface gives

dH

aE%z+ Az) — aE%*(2) + AzE, = —ap,Az Bty (4)
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and in the limit Az — 0,

dH, OE°
E, = —apo—73." ~a Ep (5)
With the use of (3), this expression becomes
E, = [apo(— - 1)b/(a+ b)] 3t (6)

Finally, for a wave having a z dependence exp(—jpz), the desired ratio follows
from (6) and (3).
1B _ Hpe), o -
|Bal  a+b

Thus, the approximation is good provided the wavelength is large compared
to a and b and is exact in the limit where the dielectric is uniform.

14.9 QUASI-ONE-DIMENSIONAL MODELS

14.9.1

From (14.9.11)
2

T xR
while, from (4.7.2) and (8.6.12) respectively

2xe B
= ; L==In|(l/a) +V/(l/a)? -1

[t/ + VW) 1 w0+ Viey =1l
To make the skin depth small compared to the wire radius

5= 2 — > R=>w < 2/d’uo
wpo

For the frequency to be high enough that the inductive reactance dominates

oL _ ST 1n[(4/a) + v/ — 1]

Thus, the frequency range over which the inductive reactance dominates but the
constant resistance model is still appropriate is

2 2
<w < ~5—
poR2in[(l/a) + \/(l/a)? — 1] a?puo
For this range to exist, the conductor spacing must be large enough compared to
their radii that !
1< ln[(;) ++/(Y/a)? - 1]

Because of the logarithmic dependence, the quantity on the right is not likely to be
very large.



14.9.2

14.9.3

14.9.4

14-20 Solutions to Chapter 14

From (14.9.11),
1

k= o2ral + omb? ;[E bz]
while, from Prob. 14.2.1

27e
in(a/b)

For the skin depth to be large compared to the transverse dimensions of the con-
ductors

= B . =
L= 2ﬂ_ln(a/b), c

65\/ ’2‘0_>A or b=>w«2/b%u0 and 2/A%uc

This puts an upper limit on the frequency for which the model is valid. To be
useful, the model should be valid at sufficiently high frequencies that the inductive
reactance can dominate the resistance. Thus, it should extend to

wkL wy o 1
7 =3 in(a/v)/ [ +3l>1
For the frequency range to include this value but not exceed the skin depth limit,
2L + ] 2 2

poln(a/b) <w<b’pa and A2u0

which is possible only if

In(a/b)
Al Pamda)

Because of the logarithms dependence of L, this is not a very large range.

Comparison of (14.9.18) and (10.6.1) shows the mathematical analogy between
the charge diffusion line and one-dimensional magnetic diffusion. The analogous
electric and magnetic variables and parameters are

H, oV, KoV, puo+-RC, beol zez

Because the boundary condition on V' at z = 0 is the same as that on H, at =0,
the solution is found by following the steps of Example 10.6.1. From 10.6.21, it
follows that the desired distribution of V is

0 _1\n 2
V= —V,,% - E 2Vp( nlﬂ_) sin (#)e"""* T = kot
n=1

P E ()2

This transient response is represented by Fig. 10.6.3a where H,/K, — V/V,, and
z/b— z/l.

See solution to Prob. 10.6.2 using analogy described in solution to Prob. 14.9.3.
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