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SOLUTIONS TO CHAPTER 11


11.0 INTRODUCTION


11.0.1	 The Kirchhoff voltage law gives 

di 
v=v	 + L-+ R'~ (1)

c dt 

where 

i = C 
dvc (2)
dt 

Multiplying (1) by i we get the power flowing into circuit 

vi = vi + ~(~Li2) + Ri2	 (3)
c dt 2 

But 

(4) 

and thus we have shown 
. d '2Rtn = -w+~	 (5)

dt 

where 

(6) 

Since w is under a total time derivative it integrates to zero, when the excitation i 
starts from zero and ends at zero. This indicates storage, since the energy supplied 
by the excitation is extracted after deexcitation. The term i 2 R is positive definite 
and indicates power consumption. 

11.1	 INTEGRAL AND DIFFERENTIAL CONSERVATION 
STATEMENTS 

11.1.1	 (a) IT S = S",ix , then there is no power flow through surfaces with normals per­
pendicular to x. The surface integral 

t S·da 

1 
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because Ss is independent of y and z.

(b) Because Wand Pd, are also independent of y and z, the integrations transverse
to the x-axis are simply multiplications by A~ Hence from (11.1.1)

ass aw
--=-+Pd,ax at

We have to use partial time derivatives, because W is also a function of x.

(c) The time rate of change of energy and the power dissipated must be equal to
the net power flow, which is equal to the difference of the power flowing in
and the power flowing out.

11.2 POYNTING'S THEOREM

11.2.1 (a) The power flow is

y ==-b

The EQS field is

Ex B = -EsH.l~

Figure Sll.Z.!

E
_ Vd,

s-
a

aHa aEs--=e--ay at

(1)

(2)

(3)
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and thus 
8Es

H. = 7Jf0/it (4) 

since H. = 0 at 7J = O. From (I), (2), and (4) 

• Vet d (Vet) 7Jfo dYet
Ex H = -l)"Yfo -; dt -; = -i)"~Vet dt	 (5) 

(b)	 The power input is:


- / ExH·da


over the cross-section at 11 = -b where da = -i)" and therefore,


bfo dYet d (1 2)
- Ex H . da = -awVet - = - -CVet (6)
/ a2 dt dt 2 

with 
C= fobw 

a 

(c) The time rate of change of the electric energy is 

(7) 

(d) The magnetic energy is 

(8) 

Now 
d Vet
-Vet .... ­
dt 1" 

where 1" is the time of interest. Therefore, 

if 
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11.2.2 (a)

From Faraday's law

Solutions to Chapter 11

(1)

(2)

and therefore

(3)

,.------------oo-~. iy

Fleur. 811.3.3

(b) The input power is - f S·da, integrated over the crosB-section at 'J = -b with
da " -1,.. The result is

-f S· da = Pobaw!!!~ = !!!L~
ufJ dt 2 dt 2

with
L = poab

w

(c) The magnetic energy is

with the same L as defined above. Thus the magnetic energy by itseH balances
the conservation equation.

(d) The electric energy storage is
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where dld/dt ~ Id/r, with r equal to the characteristic time over which Id 
changes appreciably. Thus, 

as long as 

11.3	 OHMIC CONDUCTORS WITH LINEAR POLARIZATION 
AND MAGNETIZATION 

11.3.1 (a) The electric field of a dipole current source is 

E =	 ipd_ [2 cosfJi r + sin Oi9 ] (1)
411'0'r

q 

The H-field is given by Ampere's law 

v x H=J =O'E (2) 

Now, by symmetry it appears that H must be t/J directed 

(3) 

and thus 
1 a . 1 a v x H	 = i r -.-0 aO(H~smO) - i9-- (rH~) (4)rsm r ar 

By inspection of the O-component of (4), with the aid of (1) and (2), one finds 

ipd.	 0H.; = --sm	 (5)
411'r2 

The same result is obtained by comparing r components. Therefore, 

(6) 

The density of dissipated power is 

Pd =E· J = O'E2 = (ipd)2_1_[4cos2 0+ sin2 0]
411' ur6 

(7)
i p d)2 1 2= ( - --[1 + 3cos 0]
411' O'r6 
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(c) Poynting's theorem requires 

(8) 

Now V . S in spherical coordinate is 

1 a(2) 1 a( . )V· S = 2"-a r Sr + -.-0 ao SfJ smO 
r r rsm 

Now 

V· (E x H) = (ip d)2 ~1-3 sin2 0 - 4cos2 0 + 2sin2 OJ 
4'1t' ar (9) 

= ( i d)2 1 2 OJ_..£- -11 + 3 cos 
4'1t' ar6 

Thus, (8) is indeed satisfied according to (7) and (9). 

(d) 

V· (~J) = (ip d)2V . ~ 12cos2 Oi.. + sin 0cos OifJJ
4'1t' a.,­

( i d)2 1 2 2. 2 = _..£- -616cos 0 - 2 cos 0 + sm OJ
41f ar 

=_(ip d)2_1_ 11 + 3cos2 OJ = v· (E x H)
4'1t' ar6 

(e)	 We need not form the cross-product to obtain flow density. The power flow 
density is the current density weighted by local potential ~. 

11.3.2 (a) The potential is a solution of Laplace's equation 

t) 

~ = --,l! In(r/a)	 (1)
n b 

E= t) i ..	 (2)
In(a/b) r 

at) I.. 
VxH= J =aE = In(a/b) r (3) 

from Ampere's law. By symmetry 

(4) 

and 
aH. at) 1 

- az = In(a/b) r (5) 
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and thus 
H _ _ av ~ (6)

'" - In(a/b) r 

+ 
v( t) 

z =-l 

Figure 511.3.2. 

(b) The Poynting vector is 

av 2 z 
S = E X H = -illln2 (a/b) r2 (7) 

(c) The Poynting flux is 

f S . da = - (r=a Sz21rrdr\ 
Jr=b z=-I (8)
21rav2 l 21ral 2 

= -ln2 (a/b)ln(a/b) = -In(a/b)V 

(d) The dissipated power is 

! ! lr=a av2 21rr 

(9) 

2
dvPd = dvaE = /0 

1 2( /b) 2 drdz
z=-I r=b n a r 

21ral 2 
v 

In(a/b) 

(e) The alternate form for the power flow density is 

(10) 

f S· da = -[Sr(r = b) - Sr(r = a)]21rbl 
(11)

21rC1l 2 =- v 
In(a/b) 

This is indeed equal to the negative of (9). 



11-8

ExH Cl>J

Solutions to Chapter 11

- --
- --

(f) See Fig. SU.3.2b.

(g) At z = -I,

Thus

Flpre 811.3.tb

f 21fO'lv.
B . ds = In(a/b) = I (12)

11.S.S (a) The electric field is

From Ampere's law:

. 21fO'I 2

VI = In(a/b) v Q.E.D. (13)

(1)

z

z=dI
I

V I V
r

I- Z=O

+ +
Figure 811.3.3

(2)
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2'11"rH _ {'II",-2 [~ + Etc (tl/d)] for r < b ( 
• - 'Il"b2[0'~ + Etc (tl/d)] + 'II"(r2 - 62)Eott (tI/d) for b < r < a 3) 

and thus 
. 

forr<6 
(4)

for 6 < r < a 

The Poynting flux density 

Ex H = i. X i.EIIH. 

-iI'HO'~ + Etc(tI/d»~ for r < 6 (5) 
= { -il'ir { ~ [Eb2 + Eo(~ - 62)] ~ (tI) + ~~3 tI} ~ for 6 < r < a 

(b) 

(6)
r<6 

6<r<a 

For r < 6, 

For 6 < r < a: 

Q.E.D. 

(76) 
(e) 

(8) 
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The potential ~ is given by 

tI 
~= --(z- d)

d 

and 

(9) 

Therefore, 
s = {-i.(a; + ~~~)(z - d)~ forr<b (10)

-i !A.U(z - d)!!. forb<r<a 
• d dt d 

(d) The integral is 

r-f S . da =l 211"rdr[S,.(z = 0) - S,.(z = d)] (11) 

For r < b: 
O'U E dU) U _2 O'U E dU)=l

r 

211"rdrd(-+-- -=11""--(-+-- tI (12a)
o d ddt d d ddt 

For a < r < b: 

Equations (12) agree with (6). 

(e) The power input at r = a is from (12b) 

2(O'tI Edtl) (2 2)EO dtl .1I"b - + -- tI + 11" a - b --tI = til (13)
d ddt ddt 

where 
. [O'tI d] 2 d, = d 

2 d + Edt (tI/d) + 1I"(a2 
- b )Eo dt (tI/d) 

which is the sum of the displacement current and convection current between 
the two plates. 

11.3.4 (a) From the potentials (7.5.4) and (7.5.5) we find the E-field 

E =- V~ = i rEoCOSf(1 + (R)20'b - O'a) 
r eTb + eTa 

- i4>Eo sin f (1- (R) 2eT
b - O'a) r < R 

(la) 

r eTb + eTa 
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and 
2ua E (. -1."-1.)o II' cos Y' - I", sIn Y' 

Ub + Ua 
r< R (1b) 

Figure Sl1.3.4 

The H-field is z-directed by symmetry and can be found from Ampere's law using 
a contour in a z - x plane, symmetrically located around the x-axis and of unit 
width in z-direction. If the contour is picked as shown in Fig. 811.3.4, then 

£H . ds = 1J . da = 2Hz = 21'" Jrrd4J 

2ru E sin-l.(1+ (!1.)2 CTb - CTfl ) for r > R 
(2) 

== a 0 'f' r O"b+O'a. 

{ 2rUbEo 2+CT4 sin 4J for r < R 
O'b (T a. 

The Poynting vector is 

Ex H = E",Hzir _ ErHzi", = -irruaE; sin2 1jJ [1 _ (R)4 (Ub - Ua ) 2] 
r Ub + Ua 

_ iq,ruaE; sin IjJ cos IjJ [1 + (R)2 (Ub - Ua )] 2 r> R 
r Ub + Ua 

• E 2 ' 2 -I. ( 2ua ) 2= -lrrUb 0 SIn Y' 
Ua + Ub 

_ i",rubE; sin IjJ cos IjJ ( 2ua ) 2 r< R 
Ua + Ub 

(b) The alternate power flow vector S = <I>J follows from (7.5.4)-(7.5.5) and (1) 

<I>J = -iruaE;rcos2 1jJ [1- (!!)4 (Ub - ua)2]
4 Ub + Ua 

+ i",uaE;r sin IjJ cos IjJ [1 _ (R)2 Ub - Ua ]2 r> R 
r Ub + Ua (4) 

• 2 2 ( 2ua ) 2= -lrUbEo r cos IjJ 
Ub + Ua


+i4>UbE;rsin4JcosljJ( 2ua )2 r < R

Ub + Ua 
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(e) The power dissipation density Pet is 

Pet = O'E2 = O'oE~ eos2 ~ [1 + (R)20'b - 0'0]2 
r O'b + 0'0 (Sa) 

+ O'o~ sin2 ~ [1 _ (R)2 O'b - 0'0]2 r> R 
r O'b + 0'0 

r.12 ( 20'0 ) 2 = O'bb= r<R (5b) 
o 0'0 + O'b 

(d) We must now evaluate V· (E XB) and V· ~J and show that they yield -Pd. 

(6a) 

for r > R, 

V. S = -20'bE~ sin2 ~( 20'0 )2
0'0 + O'b 

-(eos2~-Sin2~)O'bE~( 20'0 )2 (6b)
0'0 + O'b 

= -O'b~ ( 20'0 ) 2 
0'0 + O'b 

for r < R. Comparison of (5) and (6) shows that the Poynting theorem is 
obeyed. Now take the other form of power flow. The analysis is simplified if 
we note that V . J = O. Thus 

V· ~J =J. V~ = Jr!.-~ +J.!~~ = -O'E2 
ar ra~ 

= -O'oE~ eos2 ~ [1 + (R)2 O'b - 0'0)] 2 (7a) 
r O'b + 0'0 

_ O'aE~ sin2 ~ [1- (R) (O'b - O'a)]2 r> R 
r O'b + O'a 

and 

r<R (7b) 

Q.E.D. 
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11.4 ENERGY STORAGE 

v' 
11.4.1	 From (8.5.14)-(8.5.15) we find the H-fields. Integrating the energy density we 

find 

where we have used 

171" sinOdO(4cos2 0+sin2 0) = -171" d(cos 0)(3 cos2 0 + 1) 

= /1 dx(3x2 + 1) = (x3 + x)I~1 = 4 
-1 

Because 

we find that 

Q.E.D. 

11.4.2 The scalar potential of P9.6.3 is 

r> R 
r< R 

The field is 

H _ .!!- i cos ~ {(ir cos ~ + i", sin ~)(R/r)2; r> R 
- 2R 1 + J!. J!. (i r cos ~ - i", sin ~); r < R 

1-'0 1-'0 



Solutions to Chapter 1111-14 

The energy is 

11.4.3 The vector potential is from (8.6.32) 

r<a 

,",oB=VxA 

= -i. x VA.. = Ni i. x {[2(r j a) - 1] sin cPi.. + (.!: ­
3a a 

= - ,",oNi [(~ _ 1) cos cPlp ­ (2~ - 1) sin cPi",]
3a a a 

The energy is 

1) cos cPi",} 

(1) 

Therefore, 

11.4.4 The energy differential is 

The coenergy is 

dw'm = d(i1.\d + d(i2.\2) - dWm = .\ldi1 + .\2di2 

= (Llli1 + L 12i2)di1 + (~lil + L22i2)di2 

(1) 

(2) 
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with

-

11-15

(3)

Figure SI1.4.4

If we integrate this expression along a conveniently chosen path in the i 1 - i 2 plane
as shown in Fig 811.4.4, we get

!:~o Llli1di1 + 1':2=0 (L21i 1 + L22i2 )di2

'2=0 ,} =contt

1L '2 L .. 1L '2
= 2 ll~l + 21~1~2 + 2 22~2 (4)

1 (L '2 L .. L" L '2)= 2 ll~l + 12~1~2 + 21~2~1 + 22~2

1L (N2 '2 2N No .. N 2 '2 )=2 0 l~l+ 1 2~1~2+ 2~2

when the last expression is written symmetrically, using (3).

11.4.5 If the gap is small (a - b) <: a, the field is radial and can be evaluated using
Ampere's law with the contour shown in Fig. 811.4.5. It is simplest to evaluate the
field of stator and rotor separately and then to add. The field vanishes at ¢J = 1f/2
and thus £H· dB = -(a - b)Hr(¢J)

r/J
__ length I along

z contour

o ®

Figure SI1.4.5

(1)
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For the stator field, the integral of the current density is 

1 l rt/2 Nlil . N1i1J . da =- -- sm tPadtP =- -- cos tP (2) 
s ~ 2a 2 

where N1 is the total number of terms of the stator winding. Therefore, the stator 
field is given by 

(3) 

The rotor coil gives the field 

(4) 

where N2 is the total number of turns of the rotor winding. In a linear system, 
coenergy is equal to energy, only the independent variables have to be chosen prop­
erly, i.e. the energy expressed in terms of the currents, is coenergy. When expressed 
in terms of fluxes, it is energy. The coenergy density is 

(5) 

The coenergy is 

(6) 

We find 

(7) 

and 

11.4.6 
al )D = 

( v1 +a2E2 
+Eo E 

The coenergy density in the nonlinear medium is [note E· dE = d(iE21 

w; = lE D . dE = I i (V1 :~2E2 + EO) dFfJ 

= al V1 + a2E2 + -21Eo~ 
a2 
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In the linear material
I 1 2

W = -€ E
e 2 0

Integrating the densities over the respective volumes one finds (E2 = tJ2/a2)

[
a V tJ2 1 tJ2] 1 tJ2

w' = -!. 1 + a2- + -€o- eca + -€o-(b - e)ca
e a2 a2 2 a2 2 a2

Q.E.D.

11.4.1 (a) H = i.i/w in both regions. Therefore,

B = i.P,oi/w

11-17

in region (a)

in region (a)

in region (b)

11.5 ELECTROMAGNETIC DISSIPATION

11.5.1 From (7.9.16) we find an equation for the complex amplitude Ea :

E _ ,"WEb + O'b A

a - (jW€a + O'a)b + (jW€b + O'b)a tJ
(1)

and since

we find

(2)

E - J'W€a + O'a A ( )

b - (jW€a + O'a)b + (jW€b + O'b)a tJ 3

(Another way of finding Eb from (1) is to note that Ea and Eb are related to each
other by an interchange of a and b and of the subspcripts.) The time average power
dissipation is

1 E 2 1 E 2(Pd) = "2O'al al aA + "2 O'bI bl bA

= ~ aO'a(w2€~ + O'~) + bO'b(w2€~ + O'~) 1°12
2 (bO'a + aO'b)2 + w2(b€a + a€b)2
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11.5.2	 (a) The electric field follows from (7.9.36) 

.. .. (... ) O'a. + jWfa.
Eb=-V4>=3EpcosOlr-smOI6 . (2 )i r < R (lb)

2O'a. + O'b + JW	 fa. + fb 

Therefore 

( ) 21O'b I" Eb
12 29,

Ep12 O'~ + W
2 
f~ (2b)Pd =	 = O'b (2O'a. + O'b)2 +W2(2fa. + fb)2 j r < R 

The electric field in region (a) is 

IT we denote by 
A= O'a. - O'b + jW(fa. - fb) 

- (2O'a. + O'b) + jw(2fa. + fb) 

we obtain 

2(Pd ) =iO'a.IP;a.12 = IEp I { cos2 0[1- 4(R/r)3Re A+ 4(R/r)6IAI2J 

+ sin2 6[1 + 2(R/r)3Re A+ (R/r)6IAI2j} 

(b) The power dissipated is 
4'1l"R3 

(Pd) = -3- (Pd) (3) 

where (Pd) is taken from (2b). 

11.5.3	 (a) The magnetic field is z-directed and equal to the surface current in the sheet. 
In region (b) 

(1) 

in region (a) it is 
H=i.K (2) 

The field at the sheet is, from Faraday's integral law 

(3) 

The field at the source is 

(4)
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The power dissipated in the sheet is, using (3) 

dHb 2 
Pd = ! (1E;dV = (1LlWdb2J-l~( ----;It) (5) 

The stored energy is 

r W dv = !J-lO(Ha )2 adw + !J-lo(Hb )2bdw
lv 2 2 (6) 

= !J-lodw[b(H b )2 + aK2]
2 

(b) The integral of the Poynting vector gives 

dK dHb

f Ex H· da = -EyHzwd = -(aJ-l0 dt + bJ-l0----;It )Kwd (7) 

Now 
dHb

Hb = K - E y(1Ll = K - bJ-lo----;It(1Ll (8) 

When we introduce this into (7) we get 

f 1 dK2 1 dHb2
Ex H· da = - {-all wd- + -bll wd--}2 r-O dt 2 r-o dt 

(9)
dHb 

2 
- (1b2

wdJ-l~ ( ----;It) (1Ll 

But the last term is Pd; and the term in wavy brackets is the time rate of 
change of the magnetic energy. 

11.5.4 Solving (10.4.13) for ..4, under sinusoidal, steady state conditions, gives 

1 [ 1-&]A • I-' 2
A = ( . ) - JWTm + ---Tm a H o 

JWTm + 1 J-loLl(1a 
(1) 

1 [. J-l- J-lo] 2= . -JWTm + --- a H o 
(JWTm + 1) J-l + J-lo 

From (10.4.11), we obtain 6 
A ~ 

6=_J-lO(Ho+~)= 1-'+1-'0 H (2)
J-l a2 1 + iWTm 0 

The discontinuity of the tangential magnetic field gives the current flowing in the 
cylinder. From (10.4.10) 

A ( A..4)LlH", = - Ho - a2 sin¢> - Csin¢> 

· . J-l- J-lo 2J-lo] Hosin¢>= - [1 + JWTm + JWTm - --- - --- . (3)
J-l + J-lo J-l + j:.,; 1 + JWTm 

JWTm . A = -2 . sm¢>Ho = K z
1 + JWTm 
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Note the dependence of the current upon w: when WTm ::> 1, then the current is 
just large enough (-2Hosin<p) to cancel the field internal to the cylinder. When 
WTm -+ 0, of course, the current goes to zero. The jump of H", is equal to K. The 
power dissipated is, per unit axial length:

2 

Pd. = -1/ ulEI2dv = 1-ul:1a1". It.. 12d<p (4)
2 2 0


But

(5) 

and thus 

(6) 

11.5.5 (a) The applied field is in the direction normal to the paper, and is equal to 

Hocoswt = Niocoswt/d (1) 
The internal field is H o + K where K is the current Howing in the cylinder. 
From Faraday's law in complex form

f E· ds = -iwp.(Ho + K)b2 (2) 

Because K must be a constant, E tangential to the surface of the cylindrical 
shell must be constant. The path length is 4b. We have 

K = ul:1t = _iwp.ul:1b (Ho + K) (3)
4 

and solving for K 
K = - jWTm Ho (4)

1 +jWTm 

where 
p.ul:1b 

Tm =-- (5)
4 

The surface current cancels H o in the high frequency limit WTm -+ 00. In the 
low frequency limit, it approaches zero as WTm approaches zero. Thus 

Pd. = ~ / ulEI2dv = ~ 4bl:1du IKI2 = ~N2i2 w2T~ (6)
2 2 u21:12 uAd 01 + w2T~ 

(b) The time average Poynting Hux is 

-Re f E x :A: . da = -Re i4bdtb* 

= -Re {2bdH;(-jWTm)(Ho + K)} 
* ,. (7) 

= Re 2bdjWTmHoK 

= 2bd w2T~ IH l2 = ~ w2T~ N 2i2 
o

uAl+w2T~ uAdl+w2T~ 0 

which is the same as above. 
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11.5.6 (a) When the volume current density is zero, then Ampere's law in the MQS limit 
becomes 

VxB=O (1) 

and Faraday's law is 

(2) 

IT we introduce complex notation to describe the sinusoidal steady state E = 
Re t(r)ejWT etc., then we get from the above 

VxB=O (3) 

v X E= -jw~o(B + M) (4) 

IT tf is linearly related to Ii we may write 

(5) 

where Xm is, 'in general, a function of w, we may define 

(6) 

and write for (4) 
v x t = -jwfJ (7) 

with 
B == P.B (8) 

Because V· ~o(B + M) = 0, we have 

(9) 

(b) The magnetic dipole moment is, according to (20) of the solution to PI0.4.3. 

A nSlI jwrm = -21('4- 0 • (10)
1 + 3wr 

with r = ~oO't::..R/3. As wrm -+ 00, this reduces to the result (9.5.16). The 
susceptibility is found from (5): 

A 2 (R/)3 jwrXm = - 1(' 8 1+'
3wr 

where 1/s3 is the density of the dipoles. 

(c) The magnetic field at z = -l is 

(14) 
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The electric field follows from Faraday's law: applied to a contour along the 
perfect conductor and current generator 

11-22 

(15) 

and thus 

(16) 

The power dissipated is 

f A APd = - 21Re E X H* . da 

1 IA A= -Re EyH; lad (17)
2 x=­

= ~Re jwJi.lkl 2 adl 

Introducing (12) and (13) we find 

(18) 

11.5.7 From (10.7.15) we find 

A A (x+b)Hz = K. exp -(1 + j) -5- (1) 

so that Hz = K. at the surface at x = -b. The current density is 

A 
A .... H • aHz • (1 + j) K ( ') (x + b)J !::::!. v X = -1)' ax = 1)' --5- • exp - 1 + J -5- (2) 

The power dissipation density is 

(3) 

and thus the power dissipated per unit area is 

x

1=0 ,k.,21°O 2(x+b) Ik.12 
Pddx!::::!. -- exp- dx =-- wattsjm2 

x=-b a x=-b 5 2a5 
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11.5.8 (a) From (10.7.10) we find Hz everywhere. The current density is 

The density of dissipated power is: 

__1 I 12 cosh T2", + cos T2",	
(2) 

A 

- K.
a02 cosh ~ - cos 2b

6 6


The total dissipated power is


0 1 A 2 0 sinh 2c'" + sin 26'" 1° 
Pd = ad1 Pddx = ad-----c2IK.1 - 2b 2b 

",=-b au 2 cosh T - cos T -b 

IK 12 sinh ~ + sin ~ 
(3) 

= ad-'- 6 6 
2ao cosh ~ - cos ~ 

6 6 

(b) Take the limit 0 ~ b. Then sinh ¥ '::::! cosh ~b le2b/ 6 and the sines and2 
cosines are negligible. 

ad 2A 

1Pd = 2ao 1K•	 (4) 

which is consistent with P11.5.7. When 2b/o ~ 1, then 

2b 2b 1 2b 2 ( 1 2b 2) 2b 2
cosh ( -) -	 cos ( -) ~ 1 + - (-) - 1 - - ( - ) = (-) (5)o	 0 20 20 0 

. h (2b) . (2b) 4bsm - +sm - '::::!-	 (6)o 0 0 

and thus 

= ad-1-lk	12~ = adlk.12 (7)Pd 2ao' b 2ab 

The total current is 
(8) 

The resistance is 
a 

R= abd (9) 

and 

(10) 

Q.E.D.
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11.5.9 The constitutive law 
aM 
-='YH (1)at 

gives for complex vector amplitudes 

(2) 

and thus 
A 'Y
Xm=-. (3)

3W 

and 

(4) 

The flux is

A ( 'Y)A
B=AH=I-'o 1+-:- H (5)

3w 

The induced voltage is 

d>' • ~A 

1J = - => 1J = 3WA (6)
dt 

and 

(7) 

But 

(8) 

and thus 

N 2 2 
~ A 1 W ~ 
A=I-'--' (9)

8R 

and thus 

A • ~. N 1 
2 

W 
2 
~ 'Y

N2 
1 W 

2~ 
, (. L R)~ 

1J = 3WA = 3WI-'0""8il"' + 1-'0 8R = 3W + m' (10) 

Thus 

R - l-'o'YN1 
2

W 
2 

m- 8R (11) 
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11.5.10 (a) The peak H field is

(1)

Thus (see Fig. SU.5.10a).

H---

tBII
B

I --i
I I
I I

I I
I I

I

-2Hc

FJsure S11.I.I0a

(b) The terminal voltage is

d 1rW
2 dB,,= -N1--B ex-

dt 4 dt
(2)

The B field jumps suddenly, when H =He. This is shown in Fig. SU.5.10b.
The voltage is impulse like with content equal to the flux discontinuity:
N ~B2 1 of. ••

(c) The time average power input is f vidt integrated over one period. Contribu­
tions come only at impulses of voltage and are equal to

(3)

But

(4)

and thus

(5)
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--H

IMPULSE
t = to f----""""'-f----H(t)

t ~

Flpre SIl.S.IOb

(d) The energy fed into the magnetizable material per unit volume within time
dt is a a

dtH· -p. (H +M) = dtH· -B =H . dBat 0 at
As one goes through a full cycle,

f H ·dB = area of hysteresis loop

This is 4HeB•. Thus the total energy fed into the material in one cycle is

f 1rW2
volume H· dB = (21rRT )4B. He

11.6 ELECTRICAL FORCES ON MACROSCOPIC MEDIA

The capacitance of the system is

0= Eo(b - e)d
IJ

The force is

(6)

(7)

(8)
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/
11.6.2 The capacitance per unit length is from (4.6.27) 

C = 1rfo (1)
In(-k + ..j(l/R)2 -1) 

where the distance between the two cylinders is 2l. Thus replacing l by e/2, we can 
find the force per unit length on one cylinder by the other from 

1 2 dC 1 2 d [ 1rfo ] 

Ie = 2"v de = 2"v de In[~ + ..j(e/2R)2 - 1] 
--L + ~ 1 (2)

1 2 1rfo 2R (2R)2 V(E/2Rj2-1
= --v 

2 ln2[(e/2R) + ..j(e/2R)2 - 1] ~ + ..j(e/2R)2 - 1 

This expression can be written in a form, in which it is more recognizable. Using 
the fact that >./ = Cv we may write 

f - _~ 1 + (e/2R)/..j(e/2R)2 - 1 (3) 
o - 41rfo R ~ + ..j(e/2R)2 - 1 

When e/2R ~ 1, and the cylinder radii are much smaller than their separation, 
the above becomes 

f--~ (4)
e - 21rf 2eo 

This is the force on a line charge >./ in the field >.,j(21rfo 2e). 
V 

11.6.3 The capacitance is made up of two capacitors connected in parallel. 

C = 21rfo (l- e) + 21rfe 
In(a/b) In(a/b) 

(a) The force is 
I - ~ 2 dC _ 2 1r(f-fo ) 

e - 2 v de - v In(a/b) 

(b) The electric circuit is shown in Fig. S11.6.3. Since R is very small, the output 
voltage is


V o = iR


l 

vo : RL3 v 

+ + 
- + 

V 

Figure 811.6.3 
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From Kirchoff's voltage law
iR+ V = tI

Now
q = Otl

. V dO
-,~ -

dt

and
. dq d dO dtl,= - = -(Otl) = -tl+O-

dt dt dt dt

If R is small, then tI is still almost equal to V and dtl/dt is much smaller than
(tldO/dt)/O. Then

and

tlo =Ri = -211'RV(E - Eo) ~; /In(a/b)

11.6.4 The capacitance is determined by the region containing the electric field

0= 211'Eo(l- e)
In(a/b)

(a) The force is

D
A-6--------Q ---

c
-1I'Eo v2 e= I

In(a/b) 0

B

f t

-­v
c

AD

B

q

Figure 911.8.4

(b) See Fig. S11.6.4. When e= 0, then the value of capacitance is maximum.
Going from A to B in the f - eplane changes the force from 0 to a finite
negative value by application of a voltage. Travel from B to 0 maintains the
force while eis increasing. Thus eincreases at constant voltage. The motion
from 0 to D is done at constant eby decreasing to voltage from a finite
value to zero. Finally as one returns from D to A the inner cylinder is pushed
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back in. In the q - tJ plane, the point A is one of zero voltage and maximum 
capacitance. As the voltage is increased to Vo , the charge increases to 

21l"fo l 
q = avo = In(a/b) Vo 

The trajectory from B to a keeps the voltage fixed while increasing e, de­
creasing the capacitance. Thus the charge decreases. As one moves from a to 
D at constant edecreasing the voltage to zero, one moves back to the origin. 
Changing eto zero at zero voltage does not change the charge so that D and 
A coincide in the q - tJ plane. 

(c)	 The energy input is evaluated as the areas in the q - tJ plane and the e- f 
plane. The area in the e- f plane is 

1l"fo l V 2 

In(a/b) 0 

and the area in the tJ - q plane is 

~ 21l"fo l V 2 

2ln(a/b) 0 

which is the same. 

11.6.5 Using the coenergy value obtained in P11.4.6, we find the force is 

2aw' [a l V a tJ2 1 tJ2] 1 f tJ2Ie = _e I = -( 1+ -- -1) + -f - ca- __o_c ae v a2 a 2 2 o 
a 2 2 a 

11.7 MACROSCOPIC MAGNETIC FORCES 

11.7.1 The magnetic coenergy is 

I 1(L '2 2L .. L '2)
W m	 = 2 utI + I2t I t 2 + 22t 2 

The force is 

Since 

we have 
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11.7'.2 The inductance ofthe coil is, according to the solution to (9.7.6) 

1m = !i2dL = _!i2 l-'oN2 1 
2 dx 2 [II: + -lL...-]2 7I"a2 

;as 2J1'ad 

J 
11.7'.3 We first compute the inductance of the circuit. The two gaps are in series so 

that Ampere's law for the electric field gives 

1/(H1 + H 2 ) = ni (1) 

where HI is the field on the left, H 2 is the field on the right. Flux conservation 
gives 

(2) 
Thus n, x 

H1 =-­
1/ a 

The flux is 
... I-'oni (a - x) d"*">'=-- -- x 

1/ a 

The inductance is 
2

L = n~>. = l-'on xd(a - x) 
1/ a 

The force is 

f. =! '2(aL I aLI) =! '21-'0n
2
d{ (a - 2x) I _ x(a - x) I } 

m 2' a x + a:l 2' 1/ x 2:1
X 1/ a 1/ 

11.7'.4 Ampere's law applied to the fields Ho and H at the inner radius in the media 
1-'0 and 1-', respectively, gives 

b bHo l
a 

-dr = H l a 

-dr = Ni (1) 
b r b r 

and thus 
Ni 

Ho = H = bin!! (2) 
b 

The flux is composed of the two individual fluxes 

Ni 
~>. = 271" In!! 11-'0(1- e) + I-'el (3) 

b 

The inductance is 

L = N~>./i = ln~~b} N 2
{l-'e + 1-'0(1- en (4) 

The force is 

1( ' ~) = ! '2 dL = 71"(1-' - 1-'0) N2'2 (5)',,. 2' de In(a/b) , 
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11.7.5	 The H-field in the two gaps follows from Ampere's integral law 

2H6. = 2Ni	 (1) 

The flux is 
~A = l-'oHd(2a - O)R = l-'oNid(2a - O)R/6. (2) 

and the inductance 

(3) 

The torque is 

T = -,1·2 -dL = -11 dRN2 
,~ '2 / A (4)2 dO ,..0


\/

11.7.6	 The coenergy is 

w:n =f [Aadia + Abdib + Ardir] 

= 21L'.'a2 
+ 21L'.'b2 

+ 21 L
r'r

'2 (1) 

+ M cos Oiair + M sin Oirib 

where we have taken advantage of the fact that the integral is independent of path. 
We went from ia = ib = ir = 0 first to ia, then raised ib to its final value and then 
i r to its final value. 

(b)	 The torque is 

8w:" . ( M . 9' M lI')
T = ao = 'r	 - Sln 'a + cos uSb 

(c)	 The two coil currents i a and ib produce effective z-directed surface currents 
with the spatial distributions sin<p and sin(<p - ~) = -cos<p respectively. IT 
they are phased as indicated, the effective surface current is proportional to 

cos(wt) sin <p -	 sinwt cos <p = sin(<p - wt) 

Thus the rate of change of the maximum of the current density is d<p/dt = w. 

(d)	 The torque is 

T = /r[-M sin(Ot - '1)/coswt + M cos(Ot - 'Y)/sinwt] 

= /r/(-M sin(Ot - '1 - wt)


But if 0 = w, then
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11.8	 FORCES ON MACROSCOPIC ELECTRIC AND 
MAGNETIC DIPOLES 

11.8.1	 (a) The potential obeys Laplace's equation and must vanish for y --+ 00. Thus the 
solution is of the form e-~" cos pz. The voltage distribution of y = 0 picks the 
amplitude as Vo. The E field is 

E = PVo(sin pzix + cos pzi)')e-~" 

(b) The force on a dipole is 

f = p	 0 VE = 411'EoR3 (E 0 V)E 

It behooves us to compute (E . V)E. We first construct the operator 

Eo V = pVoe-~"(sinPz :z + cospz:y) 
Thus 

Eo VE = pVoe-~"{ sinpz :z [pVo(sinpzix + cospzi)')e-~"] 

+ cos pz:y [pVo(sinpzix + cos pzi)')e-~"] 

= p2 Vo
2p[(sin pz cos pzix - sin2 pzi)')e-~" 

- (cos,8zsin,8zix +cos2 ,8z1)')e-~"] 

= _p2Vo2pi)'e-~" 

and thus 

11.8.2	 Again we compute, as in PH.S.1, 

(Eo V)E


in spherical coordinates


(1) 

and the gradient operator is 

)2) 

Thus, 

(3)
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and 

(4) 

and the force is 

3 2Q2 2Q2R3 

f = p . VE = -41rfoR (41rf )2r5 - 41rf r 5 (5) 
o o 

Note that the computation was simple, because (a / ar)i r = O. In general, derivatives 
of the unit vectors in spherical coordinates are not zero. 

11.8.3	 The magnetic potential 'If is of the form 

'If = {ACOS{3xe-/lY y> 0 
A cos {3xe/lY y < 0 

At Y = 0, the potential has to be continuous and the normal component of ILoB 
has to be discontinuous to account for the magnetic surface charge density 

Pm = V . ILdM. :=)0 ILoMo cos {3x 

Thus


'If = -Mo cos {3xe- /l
Y


2{3


This is of the same form as ~ of PH.B.l with the correspondence


Vo +-+ M o /2{3 

The infinitely permeable particle must have H = 0 inside. Thus, in a uniform field 
Hoi., the potential around the particle is (We use, temporarily, the conventional 
orientation of the spherical coordinate, () = 0 axis as along z. Later we shall identify 
it with the orientation of the dipole moment.) 

'If = -HoR cos ()[ ~ - {R/r)2] 

The particle produces a dipole field 

3 
H oR (2 (). . ()' ) m ( ()' . (). )--3- cos I r + sm 10 = --3 2 cos I r + sm 10 

r	 41rr 

Thus the magnetic dipole is 

ILom = 41rILoHo~ 

This is analogous to the electric dipole with the correspondence 

ILo +-+ f o 

Since the force is 
f = ILom· VB 

we find perfect correspondence. 
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11.8.4 The field of a magnetic dipole I-'om II i. is 

H = I-'om,.s (2 cos (Jil' + sin (Ji8) 
41r1-'0 

The image dipole is at distance -Z below the plane and has the same orientation. 
According to P11.8.S, we must compute 

f = I-'om . VB = I-'om . V I-'om,.s (2 cos (Jil' + sin (Ji8 ) 
41r1-'0 

where we identify 
r=2Z 

after the differentiation. Now 

il' and i8 are independent of r and thus 

since (J = O. But 

and thus 

11.9 MACROSCOPIC FORCE DENSITIES 

11.9.1 Starting with (11.9.14) we note that J = 0 and thus 

f = IFdv = -I ~H2Vl-'dv (1) 

The gradient of I-' of the plunger is directed to the right, is singular (unit impulse­
like) and of content I-' -1-'0' The only contribution is from the flat end of the plunger 
(of radius a). We take advantage of the fact that I-'H is constant as it passes from 
the outside into the inside of the plunger. Denote the position just outside by z_, 
that just inside by z+. 

11 2 . 21Z

+- - H V I-'dv = -lx1ra 
2 z_ 

2 
~ -ix -1ra [ I-'H2 

2dl-'H -dz 
dz 

21 z + I d 2 ] 
(2) 

- I-'-H dz 
z_ dz 
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where we have integrated by parts. The integrand in the second term can be written 

d 2 dH
p.-H = 2p.H- (3)

dx dx 

and the integral is 

1"'-

"'+ dH 
p.H- = p.HHI"'+ = -p.o~1 (4)

dx "'- "'­

where we have taken into account that p.H is x-independent and that H(x+) = O. 
Combining (2), (3), and (4), we find 

. 
x 

'/fa
2 

2 H2 (5)f = -I -Jl 
,..0 

Using the H-field of Prob. 9.7.6, we find 

(6) 

This is the same as found in Prob. 11.7.2. 

11.9.2 (a) From (11.9.14) we have 

F=JxB (1) 

Now B varies from p.oHo to P.oHi in a linear way, whereas J is constant 

(2) 

where 

l
a+.o. 

a drJ =K (3) 

Now, both J and Hi are functions of time. We have from (10.3.11)-(10.3.12) 
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11.9.3	 (a) Here the first step is analogous to the first three equations of P11.9.2. Because 
J is constant and H varies linearly 

• T. K (Ho + Hi) (. .)
I r r = 1-'0 2 I. X 14>	 (1) 

(b)	 If we introduce the time dependence of A from (10.4.16), with I-' = 1-'0' 

A = -Hma2e-t/Tm (2) 

and of K z from (19) 

- H O rri - 2 A . A.. - 2H . A.. -tiT",K Z - 4> - fl4> - 2 sm 'I" - - m sm 'l"e	 (3) 
a 

Further note that H~ = 0 at t = O. Therefore from (3) and (2) 

H~ = -2Hm sin¢> at t = 0 (4) 

At t = 00 

H~=-Hmsin¢>	 (5) 
because the field has fully penetrated. Thus 

H~=-Hmsin¢>[1+e-t/Tml	 (6) 

From (6) and (3) we find 

H~=-Hmsin¢>[1-e-t/T",]	 (7) 

Thus we find from (1), (3), (6), and (7) 

irTr = -ir~0[(H4:)2 - (H~)2] 

= -ir~o H~ sin2 ¢>[(1 + e- t / T ",)2 - (1- e-t / T ",)2] 

= -ir21-'0H;' sin2 ¢>e-t/Tm 

-
-

Figure 811.9.2 

The force is inward, peaks at t = 0 and then decays. This shows that the cylinder 
will get crushed when a magnetic field is applied suddenly (Fig. 811.9.2). 




