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SOLUTIONS TO CHAPTER 7

7.1 CONDUCTION CONSTITUTIVE LAWS

7.1.1

If there are as many conduction electrons as there are atoms, then their num-
ber density is

26 3
_ HA:P _ (6.023x 123;8.9 x10°) _ 8.4 1028ele(::3°ns (1)
The mobility is then

o 5.8 x 107
B==N_q_ = (8:4x 10%)(1.6 x 10-19)

The electric field required to produce a current density of 14/cm? is

N_

=4.3x107° (2)

E="=_—"——=17x10"%/m (3)

Thus, in copper, the velocity of the electrons giving rise to this current density is
only
v =pu_E = (43x107%)(1.7x 107%) = 7.4 x 10" "m/s (4)

7.2 STEADY OHMIC CONDUCTION

7.2.1

Boundary conditions on the conducting region are that ® = 0,& = v on
the perfectly conducting surfaces at r = a and r = b respectively and that there
is no normal current density on the insulating surfaces where z = 0,z = d. The
latter are satisfied by a potential that is independent of the axial coordinate, so
an appropriate solution to Laplace’s equation, arranged to be zero on the outer
electrode, is

® = Aln(r/a) (1)
The coefficient is adjusted to make the potential v on the inner electrode so that
A =v/in(b/a) and (1) becomes

, ® = vin(r/a)/in(b/a) (2)
The current density is
vo 1
J,- = O'E,- = —W; (3)
and so the total current is
. 27bdo 1 27od v
§=2mbdJr = —ln(b/a) b In(a/b) ) (4)

Thus, R is as given,



7.2.2

7.2.3

7.24

7-2 Solutions to Chapter 7

The net current passing through the wire connected to the inner spherical
electrode, ¢, must be equal to the net current at any radius r.

i= / J-da = 4xr?0E, = E, = (1)
s

4mor?
Thus, « i
t dr t 1 1
o= [ Bar= s [ F =l 2

By definition v=1iR so R = (} — 1)/4ro.

(a) Associated with the uniform field is the potential
v
=—-(y-4d (1)

If the surrounding region is insulating relative to that between the elec-
trodes, the normal component of the current density on the conductor surfaces
bounded by the insulating surroundings is zero. The potential is constrained
on the remainder of the surface enclosing the conductors, so the solution is
uniquely specified. Provided the laws are satisfied everywhere inside the con-
ducting region, the solution is exact. The given solution does indeed satisfy
the boundary conditions on the surfaces of the conducting region. In the case
of (a), the potential and normal component of current density must be contin-
uous across the interior interface. Further, in the uniformly conducting regions
of (a), Laplace’s equation must be satisfied, as it is by a uniform field. In the
case of (b), (7.2.4) is satisfied by the given potential.

(b) The total current is related to v by integrating the current density over the
surface of the lower conductor.

c(aga +bov) | _

. v v
1= J%c + J%c = oaac + obbcz = 7 Gv (2)
(c) A similar calculation gives the resistance in the second case.
! l
. ov _¢ z _ 206lc
t—c/o dzdz—daav/(; (1+l)dz— 2d v=Gv (3)

The potential in each of the uniformly conducting regions takes the form
*=-Ap+C; ®®=-Bp+F (1)
where the four coefficients are adjusted to make the potentials zero and v on the

respective electrodes, and make both the potential and the normal current density
continuous at the interface between the conductors. On the surfaces at r = @ and
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r = b, the current density must be zero, as it is for the potential of (1) because the

electric field 150 (4/r)
__1o® _[(A/r)is
B=-1% { (B/r)e (@)
has no radial component. Rather than proceeding to determine the four coefficients

in (1), we work directly with the electric field. The integration of E from one
electrode to the other must be equal to the applied voltage.

T A « B
—r—+-2-r-;- v (3)

Further, the current density must be continuous at the interface.

A _ o,B
Oa r = r (4)
It follows from these relations that
A=2v/x(1+0q/0b) (5)

The current through any cross-section of the material [say region (a)] must be equal
to that through the wire. Thus,

i=d/:a.,E¢dr= [ = id::/ab),/. dr]v_ Gv (6)

and the resistance is

2do,
G=ﬂ_(1+00)l (/b) (7)
7.2.5 (a) From (7.2.23) 4
G= Ado/‘/(; (1 + %)dy = mé_:—:z— (1)

(b) We need the electric field, which follows from (7.2.19) by using the result of
(1) to evaluate J, = /A = Gu/4’

= —(1+ D)o )

Thus, the unpaired charge density is evaluated using (7.2.8).

pu=_e(1+§)a(1+§)i[( . ]_ G

Oo Ao, dy 1+¥) " Acea



7.2.6

7.2.7

7.2.8

7-4 . Solutions to Chapter 7

(a) The inhomogeneity in permittivity has no effect on the resistance. It is there-
fore given by (7.2.25).

(b) With the steady conduction laws stipulating that the electric field is uniform,
the unpaired charge density follows from Gauss’ law.

1
pu=v-eE=v-(e§i,,)=gae fa¥

d3y = da (13+1) t))

At a radius r, the area of the conductor (and with r = @ and r = b, of the
outer and inner electrodes, respectively) is

A = 27721 — cos(a/2)] (1)

Consistent with the insulating surfaces of the conductor is the requirement that
the current density and associated electric field be radial. Current conservation
(fundamentally, the requirement that the current density be solenoidal) then gives
as a solution to the field laws

oE, [21rr2(1 — cos g)] =1 (2)
and it follows that
e ®
T 270,(1 — cos 2) rd
The voltage follows as
a
v= / E.dr = i(a® — %) /610, (1 — cos %)bsa (4)
b

and this relation takes the form 1 = vG, where G is as given.

There can be no current density normal to the interfaces of the conducting
material having normals in the azimuthal direction. These boundary conditions are
satisfied by an axially symmetric solution in which the current density is purely
radial. In that case, both E and J are independent of ¢. Then, the total current is
related to the current density and (through Ohm’s law) electric field intensity at
any radius r by

t = 2radrJ, = 2rado,aE, (1)
Thus, .
t
E,=—-8o—
"7 2rado,a )
and because ( b)
t(a—
/ Eedr = 21rado’oa =v ()

G = 2nadaes,/{a — b) (4)
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7.3 DISTRIBUTED CURRENT SOURCES AND ASSOCIATED

7.3.1

7.8.2

FIELDS

In the conductor, the potential distribution is a particular part comprised of
the potential due to the point current soruce, (6) with i, — I and

r=1v22+(y— k)2 + 22

In order to satisfy the condition that there be no normal component of E at the
interface, a homogeneous solution is added that amounts to a second source of the
same sign in the lower half space. Of course, such a current source could not really
exist in the lower region so if the field in the upper region is to be given some
equivalent physical situation, it should be pictured as equivalent to a pair of like-
signed point current sources in a uniform conductor. In any case, this second source
is located at r = 1/22 + (y + h)2 + 22 and hence the potential in the conductor is as
given. In the lower region, the potential must satisfy Laplace’s equation everywhere
(there are no charges in the lower region). The field in this region is uniquely
specified by requiring that the potential be consistent with (a) evaluated at the
interface
2]
(1)

dxo/z2 + h2 + 22

and that it go to zero at infinity in the lower half-space. The potential that matches
these conditions is that of a point charge of magnitude ¢ = 2I¢/o located on the y
axis at y = h, the given potential.

&(z,y=0,2) =

(a) First, what is the potential associated with a uniform line current in a uniform
conductor? In the steady state

}[ J.da=0 (1)
s
and for a surface S that has radius r from the line current,

K,

2xor

Ky =2nrJ, = 2nroE, = E, = (2)

Within a constant, the associated potential is therefore
®=—-—In(r) (3)

To satisfy the requirement that there be no normal current density in the
plane y = 0, the potential is that of the line current located at y = h and an
image line current of the same polarity located at y = —h.

@ = — K [E TR + /P 5 (u— W) (@)
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Note that the normal derivative of this expression in the plane y = 0 is indeed
zero.

(b) In the lower region, the potential must satisfy Laplace’s equation everywhere
and match the potential of the conductor in the plane y = 0.

By =0)=-Bin/zm s 12 (5)
L2

This has the potential distribution of an image line current located at y = h.
With the magnitude of this line current adjusted so that the potential of (5)
is matched at 2 =0,

L —%ln\/zz +(y—h)? (6)

the potential is matched at every other value of z as well.

7.3.3 )First, the potential due to a single line current is found from the integral form
of (2).
2rorE, = K= E, = Ki (1)
v T 2xor
Thus, for a single line current,
__K
o= - Inr (2)
For the pair of line currents, spaced by the distance d,
__K _ _ __K dcos ¢ Kidcos ¢
o= v [In(r — dcos ¢} — Inr] = o In [1 -— ] ~ (3)
7.4 SUPERPOSITION AND UNIQUENESS OF STEADY
CONDUCTION SOLUTIONS
7.4.1  (a) At r =", there is no normal current density so that
Lr=t=0= (=) =0 (1)

while at r = a,

Jp = —Joco80 = —c-a—-(r a) (2)
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(b)

(a)

Because the dependence of the potential must be the same as the radial deriva-
tive in (2), assume the solution takes the form

cos @

®d = Arcosf + B 3
’

(3)
Substitution into (1) and (2) then gives the pair of equations
1 -26-21[4]_TJo
o 5] 3= 1) 8
from which it follows that
A= Jofo[1~ (b/a)’]; B =Job*/20(1— (b/a)’] (5)

Substitution into (3) results in the given potential in the conducting region.

The potential inside the hollow sphere is now specified, because we know that
the potential on its wall is

®(r = b) = 3J,b/20(1 — (d/a)| (6)

Here, the origin is included, so the only potential having the required depen-
dence is
® = Crcosf (7)

Determination of C by evaluating (7) at r = b and setting it equal to (6) gives
C and hence the given interior potential. What we have carried out is an
“inside-outside” calculation of the field distribution where the “inside” region
is outside and the “outside” region is inside.

This is an example of an inside-outside problem, where the potential is first
determined in the conducting material. Because the current density normal
to the outer surface is gero, this potential can be determined without regard
for the geometry of what may be located outside. Then, given the potential
on the surface, the outside potential is determined. Given the ¢ dependence
of the normal current density at r = b, the potential in the conducting region
is taken as having the form

= (Ar+ rg;) cosf (1)

Boundary conditions are that

oot
J,- = —U? =0 (2)

at r = a, which requires that B = a®4/2 and that

ot
oo = Jocosf (3)
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744

7-8 Solutions to Chapter 7

at r = b. This condition together with the result of (2) gives A = J,/o[(a/b)®—
1}. Thus, the potential in the conductor is

@* = T2 1L 4 da/r)?) costl(a/8)* ~ 1] (@)

(b) The potential in the outside region must match that given by (4) at r = a.
To match the 6 dependence, a dipole potential is assumed and the coefficient
adjusted to match (4) evaluated at r = a.

a 3J,a
¢ = W{;m(ﬂ/")2 cosf (5)

(a) This is an inside-outside problem, where the region occupied by the conductor
is determined without regard for what is above the interface except that at the
interface the material above is insulating. The potential in the conductor must
match the given potential in the plane y = —a and must have no derivative
with respect to y at y = 0. The latter condition is satisfied by using the cosh
function for the y dependence and, in view of the z dependence of the potential
at y = —a, taking the z dependence as also being cos(fz). The coefficient is
adjusted so that the potential is then the given value at y = 0.

_ Vcosh By

ob cosh fa cos Bz (1)

(b) in the upper region, the potential must be that given by (1) in the plane y =0
and must decay to zero as y — oo. Thus,

cos Bz
=V —Py
cosh ﬂae

(2)

The potential is zero at ¢ = 0 and ¢ = n/2, so it is expanded in solutions to
Laplace’s equation that have multiple zeros in the ¢ direction. Because of the first
of these conditions, these are solutions of the form

® « rE"sinnd (1)

To make the potential zero at ¢ = /2,

n12r-=1r,21r,...:“»n=2,4,...2m; m=1,203,... (2)

Thus, the potential is assumed to take the form

o= Z (Amrz"' + er_z'”) sin 2m¢ (3)

m=1
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At the outer boundary there is no normal current density, so

57(' =a)=0
and it follows from (3) that
2mAma®™ ! —2mBpa ™! = 0= B,, = Ana'™
At r = b, the potential takes the form
[~ -]
D= Z Vmsin2m¢ = v
m=1

The coefficients are evaluated as in (5.5.3) through (5.5.9).
/2
V,.E/ vein2nfdd = =; nodd
4 Jo n

= Vi = S = A" 4 Bab™ ™ = A (B + 047"

Thus,
Ap = 4v/mxb®™([1 — (a/b)*™)

Substitution of (8) and (5) into (3) results in the given potential.

7-9

(4)

(5)

(6)

(7)

(8

(a) To make the ¢ derivative of the potential zero at 4 = 0 and ¢ = a, the ¢
dependence is made cos(nw$/a). Thus, solutions to Laplace’s equation in the

conductor take the form

P = i [A..(r/b)(""'/“) + B,.(b/r)(""/“)] cos (_f_la1f_¢)

where n =0, 1,2,... To make the radial derivative zero at r = b,
B, = A,

so that each term in the series

@ = i An[(r /b)) 4 (b/r) (/)] cos ( %é)

(1)

(2)

(3)

satisfies the boundary conditions on the first three of the four boundaries.
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(b) The coefficients are now determined by requiring that the potential be that
given on the boundary r = a. Evaluation of (3) at r = a, multiplication by
cos(mn¢/a) and integration gives

[+

- / * f: An[(a/8)"*1%) 4 (b/a)(n/o)]

n=0 (4)
cos (n—:’i) cos (mTw)drﬁ

a/2 a
__;/(; cos(mw¢)d¢+ g‘/;/zcos (—”;—wcﬁ)dzﬁ

20 , ;mm
= _;—ﬂ'- s1n (—2—)

and it follows that (3) is the required potential with

- 2v : nx nr/a nr/a
An = =22 gin (") /[(a/5)""/* + (8/a)"/] (5)
7.4.6 To make the potential zero at ¢ = 0 and ¢ = x/2, the ¢ dependence is made

sin(2n¢). Then, the r dependence is divided into two parts, one arranged to be zero
at r = a and the other to be zero at r = b.

@ =) {Aal(r/a)™ ~ (a/r)*"] + Bal(r/b)*" — (b/r)*"}sin(2nd) (1)

Thus, when this expression is evaluated on the outer and inner surfaces, the bound-
ary conditions respectively involve only B,, and A,,.

®(r =a) =vy = Y _ Bn(a/b)*" — (b/a)?"]sin 2n¢ (2)
n=1
O(r=>b)=v, =Y An[(b/a)*" — (a/b)*"] sin2n¢ (3)

To determine the B,’s, (2) is multiplied by sin(2m¢) and integrated

/2 n/2 o
/ v, sin 2méd¢d = f Z By [(a/b)?™ — (b/a)?"]sin 2ngsin 2medd  (4)
0 0 n=1

and it follows that for n even B, = 0 while for n odd

Bo = 4va/nw](a/6)™ — (b/a)?" (5)
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A similar usage of (3) gives
An = vy /nr(b/a)’" — (a/5)*"] (6)

By definition, the mutual conductance is the total current to the outer electrode
when its voltage is zero divided by the applied voltage.

' talve=0 do [™? 30 _doa

G = =—— — ad / EA —sm2n¢d¢ (7

vp v Jo Jr 'r=a

and it follows that the mutual conductance is

16d0'
I L RTCET: )

n=l nml
odd odd

7.5 STEADY CURRENTS IN PIECE-WISE UNIFORM
CONDUCTORS

7.5.1 To make the current density the given uniform value at infinity,
Jo
®—+ ——rcosf; r—oo (1)
Oa

At the surface of the sphere, where r = R

a%° a%°
a — b = —
JE=J) =0, 5 = %5, (2)
and
o* = @b (3)

In view of the 6 dependence of (1), select solutions of the form

<I>“=—%rc 0+A°°” @" = Brcosf (4)
a
Substitution into (2) and (3) then gives
JoR® (0q — ov) Jo 80a
A=-— = e Be=—e___ - 5
oa (204+0b)’ 0a (204 +01) (5)

and hence the given solution.



7-12

7.6.2

Solutions to Chapter 7

These are examples of inside-outside approximations where the field in region

(a) is determined first and is therefore the “inside” region.

(a)

(b)

(c)

(d)

If op 3 04, then
®%(r = R) s constant =0 (1)

The field must be —(J,/0,)i; far from the sphere and satisfy (1) at r = R.
Thus, the field is the sum of the potential for the uniform field and a dipole
field with the coefficient set to satisfy (1).

o [ — (/] cost @

P s —

At r = R, the normal current density is continuous and approximated by
using (2). Thus, the radial current density at r = R inside the sphere is

a
Je(r=R)=J2(r=R) = —oag

3 L-=R = 2J,cosd (3)

A solution to Laplace’s equation having this dependence on # is the potential
of a uniform field, ® = Br cos(f). The coefficient B follows from (3) so that

_3LR
44

o

(r/R)cosé (4)

In the limit where o}, > 04, (2) and (4) agree with (a) of Prob. 7.5.1.

In the opposite extreme, where o, 3 o3,
JHr=R)=0 (5)

Again, the potential is the sum of that due to the uniform field that prevails
at infinity and a dipole solution. However, this time the coefficient is adjusted
80 that the radial derivative is zero at r = R.

R

3%~ — a‘f £ + 3 (R/r)?] cost (6)

To determine the field inside the sphere, potential continuity is used. From
(6), the potential at r = R is & = —(3RJ,/20,)cosf and it follows that
inside the sphere

b 3RS
& =~ 2 oo (r/R)cosd (7)

In the limit where o, 3> o3, (a) of Prob. 7.5.1 agrees with (6) and (7).
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(a)

(b)

(c)

(d)

The given potential implies a uniform field, which is certainly irrotational and
solenoidal. Further, it satisfies the potential conditions at z = 0 and 2 = I
and implies that the current density normal to the top and bottom interfaces
is gero. The given “inside” potential is therefore the correct solution.

In the “outside” region above, boundary conditions are that
O(z=0,2) = —vz/l; ®(z,0) =0;
z
®(a,2)=0; &(—l,z)=v(1- ;) (1)

The potential must have the given linear dependence on the bottom horizontal
interface and on the left vertical boundary. These conditions can be met by
a solution to Laplace’s equation of the form zz. By translating the origin of
the z axis to be at z = a, the solution satisfying the boundary conditions on
the top and right boundaries is of the form

<I>=A(a—z)z=—%(a—z)z (2)

where in view of (1a) and (lc), setting the coefficient A = —v/l makes the
potential satisfy conditions at the remaining two boundaries.

In the air and in the uniformly conducting slab, the bulk charge density, p,,
must be zero. At its horizontal upper interface,

Ou = €E% — B = —c,vz/la (3)

Note that z < 0 so if v > 0, o, > O as expected intuitively. The surface
charge density on the lower surface of the conductor cannot be specified until
the nature of the region below the plane z = —b is specified.

The boundary conditions on the lower “inside” region are homogeneous and
do not depend on the “outside” region. Therefore the solution is the same as
in (a). The potential in the upper “outside” region is one associated with a
uniform electric field that is perpendicular to the upper electrode. To satisfy
the condition that the tangential electric field be the same just above the
interface as below, and hence the same at any location on the interface, this
field must be uniform. If it is to be uniform throughout the air-space, it
must be the same above the interface as in the region where the bounding
conductors are parallel plates. Thus,

v,

s (4)

The associated potential that is zero at z = 0 and indeed on the surface of
the electrode where z = —za/l is

E=g’ix+
a

v v
= ;I + 72 (5)
Finally, instead of (3), the surface charge density is now

Ou =€ov/a
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7.5.4 (2) Because they are surrounded by either surfaces on which the potential is con-
strained or by insulating regions, the fields within the conductors are deter-
mined without regard for either the fields within the square or outside, where
not enough information has been given to determine the fields. The condi-
tion that there be no normal current density, and hence no normal electric
field intensity on the surfaces of the conductors that interface the insulating
regions, is automatically met by having uniform fields in the conductors. Be-
cause these fields are normal to the electrodes that terminate these regions,
the boundary conditions on these surfaces are met as well. Thus, regardless
of what d is relative to a, in the upper conductor,

E=-i,2; ®=—z J=-oli, (1)
a a a
while in the conductor to the right
., v v v,
E=—i,2 o=ly I=—ol (@)

(b) In the planes y = a and z = a the potential inside must be the same as given
by (1) and (2) in these planes, linear functions of z and of y, respectively. It
must also be zero in the planes z = 0 and y = 0. A simple solution meeting
these conditions is

v
P=Azy= ;;zy (3)

Figure S7.5.4

(c) The distribution of potential and electric field intensity is as shown in Fig.
857.5.4.

7.5.5 (a) Because the potential difference between the plates, either to the left or to

the right, is zero, the electric field there must be zero and the potential that
of the respective electrodes.

$* +0asz—o00; B vvasz— —oo (1)

(b) Solutions that satisfy the boundary conditions on all but the interface at z = 0
are

=Y dne ¥ sin "'y (2)

n=1
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©0
. nr
®=v+ Z Bpe™™/% gin ﬁa—y (28)

n=1

(c) At the interface, boundary conditions are

ods od®
—Oa g, = T (3)
o° = @b (4)

(d) The first of these requires of (2) that
Oar Ay = —0ynB, = B, =224, (5)
a a ob
Written using this, the second requires that
> nr =~ nr
ZA,.sin —y=v- Z a—:A" sin —y _ (6)
n=1 n=1

The constant term can also be written as a Fourier series using an evaluation
of the coefficients that is essentially the same as in (5.5.3)-(5.5.9).

N 4y nmw
v= —sin —y (7
™m a
n=1
Thus,
Ca 4v
14 —)=—
An(1+ %) = — (8
and it follows that the required potential is
— 4v nw
a _. ot L
® ; nx(l+ a,,/a,,)c |mgy
[~ -] AKX
o dve’e T nm
Pt =9y— <z _gin— 9
"z___:l oy nx(l+a,/08) sy )
|
] I
oy > 0, Oa = vy

Figure S7.5.5
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(¢) In the case where o3 > 0,, the “inside” region is to the left where bound-
ary conditions are on the potential at the upper and lower surfaces and on
its normal derivative at the interface. In this limit, the potential is uniform
throughout the region and the interface is an equipotential having ® = v.
Thus, the potential in the region to the right is as shown in Fig. 5.5.3 with
the surface at y = b playing the role of the interface and the surface at y =0
at infinity. In the case where the region between electrodes is filled by a uni-
form conductor, the potential and field distribution are as sketched in Fig.
$7.5.5. In the vicinity of the regions where the electrodes abut, the potential
becomes that illustrated in Fig. 5.7.2. By symmetry, the plane z = 0 is one
having the potential & = v/2.

(f) The surface at y = a/2 is a plane of symmetry in the previous configuration

and hence one where E, = 0. Thus, the previous solution applies directly to
finding the solution in the conducting layer.

7.6 CONDUCTION ANALOGS

7.6.1 The analogous laws are
E=-Vd = Vo (1)

V.cE=s V-eE=p, (2)

The systems are normalized to different length scales. The conductivity and per-
mittivity are respectively normalized to o, and ¢, respectively and similarly, the
potentials are normalized to the respective voltages V, and V..

(z9,2) =(z,y,2)l.  (2,9,2) = (z,y,2)l (3)
®=V.2 ®=V.2 (4)
E=(V,/l)2 E=(V./l)2 (5)
s = (0aVe/B)s (6)
pu = (eVe/B)p, (M
By definition, the normalized quantities are the same in the two systems
g(r) = ¢(r) (8)
s(r)=p,(r) (9)

go that both systems are represented by the same normalized laws.

E=-Vo (10)
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VogE=3 (11)

Thus, the capacitance and conductance are respectively

C’=eel€f;i-dg//0!§'d§ (12)

G=acchsgn-dg/LE-da (13)

where, again by definition, the normalized integral ratios in (12) and (13) are the
same number. Thus,
C/G_Esfs_.‘_ﬂ‘-. (14)
T ol ol
Note that the deductions summarized by (7.6.3) could be made following the same
normalization approach.

7.7 CHARGE RELAXATION IN UNIFORM CONDUCTORS

7.7.1

7.7.2

(a) The charge is given when t =0
T T
= p; sin —z sin — 1
p = pisin—zsin 3y (1)

Given the charge density, none of the bulk or surface conditions needed to
determine the field involve time rates of change. Thus, the initial potential
distribution is determined from the initial conditions alone.

(b) The properties of the region are uniform, so (3) and hence (4) apply directly.
Given the charge is (c) of Prob. 4.1.4 when t = 0, the subsequent distribution
of charge is

€
= (2)
(c) Asin (a), at each instant the charge density is known and all other conditions

are independent of time rates of change. Thus, the potential and field distri-

butions simply go along with the changing charge density. They follow from
(a) and (b) of Prob. 4.1.4 with p,(t) given by (2).

(d) Again, with p,(t) given by (2), the current is given by (6) of Prob. 4.1.4.

. T . T -
p = polt)sin ~zsin y; po=pie™t/"; r=
a b o

(a) The line charge is pictured as existing in the same uniformly conducting ma-
terial as occupies the surrounding region. Thus, (7.7.3) provides the solution.

M=X(t=0) et r=¢/o (1)

(b) There is no initial charge density in the surrounding region. Thus, the charge
density there is zero.

(c) The potential is given by (1) of Prob. 4.5.4 with A; given by (1).
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(a) With ¢ < —qc, the entire surface of the particle can collect the ions. Equation
(7.7.10) becomes simply

"
1= —quszEa/ (cos 8 + -qi) sin §df (1)
0 c

Integration and the definition of g, results in the given current.

(b) The current found in (a) is equal to the rate at which the charge on the

particle is increasing.
a_w (2

dt eq

This expression can either be formally integrated or recognized to have an
exponential solution. In either case, with ¢(t = 0) = g,

g=goet"; r=¢lup (3)

The potential is given by (5.9.13) with g replaced by g, as defined with (7.7.11)

127e,R2E,
47e,r

o= —EaRcoso[% —(R/7)?] + (1)

The reference potential as r — oo with # = 7 /2 is zero. Evaluation of (1) at r = R
therefore gives the particle potential relative to infinity in the plane 6 = x/2.
& = 3RE, (2)

The particle charges until it reaches 3 times a potential equal to the radius of the
particle multiplied by the ambient field.

7.8 ELECTROQUASISTATIC CONDUCTION LAWS FOR

7.8.1

INHOMOGENEOUS MATERIAL

For ¢t < 0, steady conduction prevails, so 8( )/3t = 0 and the field distribu-
tion is defined by (7.4.1)

V- (oV®)=-s (1)

where
®=%8s on S'; ~oV®=Jz on S" (2)

To see that the solution to (1) subject to the boundary conditions of (2) is unique,
propose different solutions ®, and ®, and define the difference between these solu-
tions as

¢d = ¢a - ¢b (3)
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Then it follows from (1) and (2) that
V. (cV®4) =0 (4)

where
;=0 on S —aV®;=0 on S" (5)

Multiplication of (4) by ®4 and integration over the volume V of interest gives
/V B4V - (cVBa)dy = 0 = /V [V (BuoV8Bs) — oVBy - VBdy  (6)
Gauss’ theorem converts this expression to
fg B40VPy -da = ./v aVd4 - VPudv (7

The surface integral can be broken into one on §’, where &; = 0 and one on S”,
where oV®, = 0. Thus, what is on the left in (7) is zero. If the integrand of what
is on the right were finite anywhere, the integral could not be zero, so we conclude
that to within a constant, ®; = 0 and the steady solution is unique.

For 0 < t, the steps beginning with (7.8.11) and leading to (7.8.15) apply.
Again, the surface integration of (7.8.11) can be broken into two parts, one on S’
where ®; = 0 and one on S” where —oV®, = 0. Thus, (7.8.16) and its implications
for the uniqueness of the solution apply here as well.

7.9 CHARGE RELAXATION IN UNIFORM AND PIECE-

7.9.1

WISE UNIFORM SYSTEMS

(2) In the first configuration, the electric field is postulated to be uniform through-
out the gap and therefore the same as though the lossy segment were not
present.

E =1i,v/rin(a/b) (1)

This field is irrotational and solenoidal and integrates to v between r = &
and r = a. Note that the boundary conditions at the interfaces between the
lossy-dielectric and the free space region are automatically met. The tangential
electric field {(and hence the potential) is indeed continuous and, because there
is no normal component of the electric field at these interfaces, (7.9.12) is
satisfied as well.

(b) In the second configuration, the field is assumed to take the piece wise form

— l A jwt R<r<a
E—J,Rer{é}e b<r<R (2)
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where A and B are determined by the requirements that the applied voltage be
consistent with the integration of E between the electrodes and that (7.9.12)
be satisfied at the interface.

Aln(a/R) + Bin(R/b) = ¢ (3)
A @Bl oB
5 -%]-7=° @
1t follows that .
A = (jwep + )9 /Det (5)
B = jwe,8/Det (6)

where Det is as given and the relations that result from substitution of these
coefficients into (2) are those given.

(c) In the first case, the net current to the inner electrode is

~

b} labod

bin(a/b) + bin(a/b) M

1 = jwl{(2r — a)be, + abe]

This expression takes the form of the impedance of a resistor in parallel with
a capacitor where

t = 0G + jwCd (8)

Thus, the C and G are as given in the problem.
In the second case, the equivalent circuit is given by Fig. 7.9.5 which implies

9(jwCa)(1 + jwRCy) ©)
1+ ij(Ca + Cb)

In this case, the current to the inner electrode follows from (6) as
2“‘!1;5251\‘.5 (1 + J%)
jwin(R/b
1+ ieGER [m‘/ﬁr + m]

Comparison of these last two expressions results in the given parameters.

that

”
1=

~
1 =

(10)

7.9.2 (a) In the first case, where the interface between materials is conical, the electric
field intensity is what it would be in the absence of the material.

ab Pt ab ,
e T(T;T)!,, =V, (1)

This field is perpendicular to the perfectly conducting electrodes, has a contin-
uous tangential component at the interface and trivially satisfies the condition
of charge conservation at the interface.
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(b)

In the second case, where the interface between materials is spherical, the field

takes the form 1,3
. A/r*; R<r<a
E= !
i-Re {B/r’; b<r<R (@)

The coefficients are adjusted to satisfy the condition that the integral of E
from r = b to r = a be equal to the voltage,

Az -3)+B(;-5)=0 )

and conservation of charge at the interface, (7.9.12).

~

o . A B,
_FB +]w(eoF —EF) =0 (4)
Simultaneous solution of these expressions gives
A = (0 + jwe)d/Det (5)

B = jwe, /Det

where

_ ,a—R, .[,a-R R—b
Det:u( R )+]w[e( <R )+eo( 'R )]
which together with (2) give the required field.

In the first case, the inner electrode area subtended by the conical region oc-
cupied by the material is 275%[1 — cos(/2)]. With the voltage represented as

v = Re dexp(jwt), the current from the inner spherical electrode, which has
the potential v, is

? = 28?1 — cos(/2)](0 + jwe)(a_"_"_b)b%

(6)

2r—a,|. ab | d
+21rb2[1—cos( 7 )]jweo(a—_gb—z

Equation (6) takes the same form as for the terminal variables of the circuit
shown in Fig. 87.9.2a. Thus,

1=1[G+jw(Ca+ Cy)}0 "
G = 21 - cos(a/z)]aaf.ab

Ca =2x[1—c§s(2”_ “)] abes )

2 a—-b
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C = 2n1 — con(a/2)] -2 “”e

(b)

Figure S7.9.3

In the second case, the current from the inner electrode is
cB B
— 2(Z Al

= 4xb ( D +]web2) (9)

1«)( AnaRe,) (4;121;:: + jw gn:e)

4xRba __ 41\'Rbe 4raRe
R — i (55 + 425F)

This takes the same form as the relatlonshlp between the terminal voltage
and current for the circuit shown in Fig. $7.9.2b.

JwCe(G + jwC,) .,

(10)

= 11
" G+ w(Cat Gy (11)
Thus, the elements in the equivalent circuit are "
Rbo 41ereo 47Rbe
G= 41TR b’ Ca R b H Cb = R—0b (12)
7.9.3 In terms of the potential, v, of the electrode, the potential distribution and
hence field distribution are
®=v(a/r) > E=lr— (1)
r

The total current into the electrode is then equal to the sum of the rate of increase
of the surface charge density on the interface between the electrode and the media
and the conduction current from the electrode into the media.

g = / [ieEr +0'E,-]da (2)
¥
In view of (1), this expression becomes
= 2ma? (B 70 g
t = 2ma (a2 Pl v) = 27ea 7 (2woa)v (3)

The equivalent parameters are deduced by comparing this expression to one de-
scribing the current through a parallel capacitance and resistance.
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(a) With A and B functions of time, the potential is assumed to have the same
¢ dependence as the applied field.

®* = —FErcos¢ + Ac°:¢ (1)
®° = Brcos ¢ (2)
The coefficients are determined by continuity of potential at r = a
®%(r =a) = 3°(r=19) (3)
and the combination of charge conservation and Gauss’ continuity condition,
alsoat r=a 3
(ra B2 — VEY) + 5 (caB? — B2 =0 ()
Substitution of (1) and (2) into (3) and (4) gives
A A
;—Ba:Ea=>B=;§—E (5)
A - d A
Ua(E— ;E) +0‘bB+Et-[€a(E+ 'a—z) +€bB] =0 (6)
and from these relations,
dA dE
(ea + eb)d—t + (04 + 0b)A = (05 — 0,)a%E + (€5 — e,,)a.’—d—t— (7)

With E, the magnitude of a step in E(t), integration of (7) from t = 0~ when
A =0 to ¢t =0" shows that

€ — €
A(0*) = ﬁT:aon (8)

A particular solution to (7) for ¢t > 0 is

A= (M) a?E, (9)
op+ o0,
while a homogeneous solution is exp(—¢/r), where
_ €t¢€
= ton (10)

Thus, the required solution takes the form

A=Ayt 4 (_—-) 2E,
Tq + 0
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where the coefficient A; is determined by the initial condition, (8). Thus,

(b—€a) (ob—0a)] 2 -t/ (ob—0a) 5
= - et 4 10— Ca) 3 2
[(q,+ea) o ron)® 2% oy toa)° (12)
The coefficient B follows from (5).
A
B = 0_2 - Eo (13)

In view of this last relation, and then (12), the unpaired surface charge density
is
A A
oo = ea(Bo+ 55) + &s( 75 — Fo) (14)
- 2(€a0s — €50a) E(1- c—t/'r)
Oq + 0p

In the sinusoidal steady state, the drive in (7) takes the form Re £ exp(jwt)
and the resonse is of the form Re Aexp(jwt). Thus, (7) shows that

i - Lo =) + vl =],
A= (06 + 0a) + jw(es + €4) E,,

(15)

and in turn, from (5),
o 2(0q + jwe,)
(o6 + 0a) + Jw(es + €a)

This expressions can then be used to show that the complex amplitude of the
unpaired surface charge density is

(16)

. 2(0bea — Oats)
Osuy = T
(o6 + 0a) + jw(es + €a)

From (1) and (2) it is clear that the plane ¢ = x/2 is one of zero potential,
regardless of the values of the drive E(t) or of A or B. Thus, the z = 0
plane can be replaced by a perfect conductor. In the limit where o, — 0 and
w(eq + €)/op < 1, (15) and (16) become

(17)

A - 4%E, (18)
2jweg a
B - o *E, (19)

Substitution of these coefficients into the sinusoidal steady state versions of
(1) and (2) gives

®* = —Re E,,a[& - g] cos pe’vt (20)
% = —Re 2]::“ Egeivt (21)

These are the potentials that would be obtained under sinusoidal steady state
conditions using (a) and (b) of Prob. 7.9.5.
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(a)

(b)

This is an example of an “inside-outside” situation. The “inside” region is the
one where the excitation is applied, namely region (a). In so far as the field
in the exterior region is concerned, the surface is essentially an equipotential.
Thus, the solution given by (a) must be constant at r = a (it is zero), must
become the uniform applied field at infinity (which it does) and must be
comprised of solutions to Laplace’s equation (which certainly the uniform
and dipole fields are).

To approximate the interior field, note that in general charge conservation
and Gauss’ law (7.9.12) require that

%(%Eg _eEY) — 0B =0 (1)

So long as the interior field is much less than that applied, this expression can
be approximated by

I g dE
ocE? = % = €,2 08 ¢7t— (2)
which, in view of (a), is a prescription for the normal conduction current den-
sity inside the cylinder. This is then the boundary condition on the potential
in region (b), the interior of the cylinder, and it follows that the potential
within is 9 dE
€
o = =-= — 3
Arcos¢ S reosg— (3)

Note that the approximation made in going from (1) to (2) is valid if

€E? > B2 = €,2co80E > 5602 cos¢% (4)

Thus, if E(t) = E, coswt, the approximation is valid provided

we
1>» — 5
: (5)

Just after the step, there has been no time for the relaxation of unpaired
charge, so the system is still behaving as if the conductivity were zero. In any
case, piece-wise solutions to Laplace’s equation, having the same § dependence
as the dipole potential and having the dipole potential in the neighborhood
of the origin are

cosd
=4 = (1)
b = 4:60(:::0 + Brcosf (2)

At r=a,
o° = o° 3)
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~ar = % @

Substitution of (1) and (2) into these relations gives
& —o|[A]_._P_Ja (5)

% e])|B 4meqa® | 1

Thus, the desired potentials are (1) and (2) evaluated using A and B found
from (5) to be

= 3p
A= 4m (e, + 2€) ()
___2(eo—¢€)p
T 4me,a8 (e, + 2€) (7)

After a long time, charge relaxes to the interface to render it an equipotential.
Thus, the field outside is zero and that inside is determined by making B in
(2) satisfy the condition that ®*(r = a) = 0.

A=0 (8)
_ p
T 4meqad ()

In the general case, (4) is replaced by
30 3, 30°  agb

”ar +§€8r —60?)::0 (10)
and substitution of (1) and (2) gives
d —2p vl _
204+ 2 [2€A + eo(4ﬂ_€o + Ba )] =0 (11)
With B replaced using (5a),
dA A 3 dp. _2+¢
& T 4r(2¢ +¢,) dt’ iy (12)

With p a step function, integration of this expression from ¢t = 0~ to t = 0t
gives

2po
ot)y=—>"2 _
A(07) 4m(2¢ + ¢€,) (13)
It follows that 3
— Po —t/r
A 47(2¢ + €,) € (19)
and in turn that "
Po [ 37T 1
B=—————-—
4mad <2€ + € eo) (15)

As t — 0, these expressions become (6) and (7) while as ¢ — oo, they are
consistent with (8) and (9).
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(a)

(b)

This is an “inside-outside” situation where the layer of conductor is the “in-
side” region. The potential is constrained at the lower surface by the electrodes
and the y derivative of the potential must be zero at the upper surface. This
potential follows as P
h By
b =y 22 PY
Vcosh Bd cos Bz (1)
The potential must be continuous at the upper interface, where it follows from
(1) with y = 0 that it is

cos Bz
cosh Ad (2

The potential that matches this condition in the plane y = 0 and goes to zero
as y goes to infinity is

(y=0)=V

P Bz _ sy
cosh Bd ¢ ()
Thus, before t = 0, the surface charge density is
o9° oo €0V cos Bz
Osu = — [Eo'a_y" - € ay yeo = —_cosh ﬂd (4)

Once the potential imposed by the lower electrodes is zero, the potentials in
the respective regions take the form

®® = Ae~PY cos Bz (5a)
inh B(y + d
= A%d—) cos Bz (5b)

Here, the coefficients have been adjusted so that the potential is continuous
at y = 0. The remaining condition to be satisfied at this interface is (7.9.12).

d
5?(€°E; —€eE)) - oE =0 (6)
Substitution from (5) shows that

% [(€oB + € coth fd) cos ¢ A] + o coth fdcos A =0 (7)

The term inside the time derivative is the surface charge density. Thus, (7)
can be converted to a differential equation for the surface charge density
A0su | Osu

@& 1 (8)

where
7= (e, tanh fd + €) /o

Thus, given the initial condition from part (a), the surface charge density is

_ &PV cosfz _,
Tou = cosh fd ¢ )
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(a)

(b)

(<)

(a)
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Just after Q has been turned on, there is still no surface charge on the interface.
Thus, when t = 07,

2%(y =0) = ¥*(y = 0) (1)
ooy =0) = e‘;i’;(y ~0) @)

It follows from the postulated solutions that
Q-®=4a (3)

—€0Q — €ogp = —€4a (4)
and finally that g,(0%) and ¢;(0%) have the given values.

As t — oo, the interface becomes an equipotential. It follows from the postu-
lated solution evaluated at the interface, where the potential must be what it
is at infinity, namely zero, that

®=Q ()

Throughout the transient, (1) must hold. However, the condition of (2) is
generalized to represent the buildup of the surface charge density, (7.9.12). At
y=0

a ap* 9ot ad®

— | —ey— + e— —_—= 6

3t €°8y +eay +aay 0 ()
When t > 0, Q is a constant. Thus, evaluation of (6) with the postulated
solutions gives

€o—— —€—— —0gqa =10 (7)

Using (1) to eliminate g, this expression becomes

dga | 4a _
dt + T =0 (8)

where 7 = (¢, + €)/0. The solution to this expression is A exp{(—t/7), where
A is the initial value found in part (a). The other image charge, gs, is then
given by using (1).

As t — oo, the surface at £ = 0 requires that there be no normal current
density and hence electric field intensity on the (b) side. Thus, all boundary
conditions in region (b) and Laplace’s equation are satisfied in region (b) by
a uniform electric field and a linear potential.

v, v
E=_iy; ®=-(a-y (1)
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(b)

The field in region (a) can then be found. It has a potential that is zero on
three of the four boundaries. On the fourth, where z = 0, the potential must
be the same as given by (1)

¥(z=0) = ¥(z=0) = ~(a —y) (2)

To match these boundary conditions, we take the solution to Laplace’s equa-
tion to be an infinite sum of modes that satisfy the first three boundary

conditions.
[+ ]

sinh 2% nry

r=-5 A,.—————h D) ( (3)
n=1

The coefficients are determined by requiring that this sum satisfy the last

boundary condition at z = 0.

©0
v . N7y
Jla-y) = ZA,.sm(—a——) (4)
n=1
Multiplication by sin(mny/a) and integration from z = 0 to z = a gives

Am=z/a§(a—y)sin( y)d ) (5)

a Jo mn

Thus, it follows that the potential in region (a) is

N 2y sinh 2% (z — b nr

®=-3 ;T((m)l n (=% 6)
n=1 a
During the transient, the two regions are coupled by the temporal and spatial
evoluation of unpaired charge at the interface, where * = 0. So, in region
(b) we add to the asymptotic solution, which satisfies the conditions on the
potential at y = 0,y = a and as z — —oo, one that term-by-term is zero on
these boundaries and as 2 — —ooc and that term-by-term satisfies Laplace’s
equation.

o = E(a -y)+ Z B, e"™=/% gin (%) N
n=1

The result of (4)-(5) shows that the first term on the right can just as well be
represented by the same Fourier series for its y dependence as the last term.

b = Zzy—si m +EB e/ g (mry (8)

The potential in region (a) can generally take the form of (3). There remains
finding A, (t) and B, (t) such that the continuity conditions at z = 0 on the
potential and representing Gauss plus charge conservation are met. Evaluation
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of (3) and (8) at z = 0 shows that the potential continuity condition can be
satisfied term-by-term if

A, =E+B ©)

The second condition brings in the dynamics, (7.9.12) at =z = 0,

Lo o apb 0 oo b
["“I ""a] 8t( L eba)” (10)

Substitution from (3) and (8) gives an expression that can also be satisfied
term-by-term if

—0g ﬂco h( )A -ab—B,.—eaﬂco h(',lb)gﬁ
a a’ dt (1)
n_"dBn -
% Tat

Substitution for B, from (9) then gives one expression that describes the
temporal evolution of A(t).

dA A 2 dv
o Ao 2B (ot (D) re) (12
where
" coth (ﬂ+ €b

og coth (222) + oy
To find the response to a step, the volue of A, when ¢t = 0 is found by
integrating (12) from ¢t = 0~ when 4, =0 to t = 0.

An(0%) = eoVa( ) /(cacoth ("22) + ) (19)

The solution to (12}, which takes the form of a homogeneous solution exp(—¢/7)
and a constant particular solution, must then satisfy this initial condition.

Vo
mr) (0a coth 222 + 5y) (1)

An = An1e™tl" 4 op(—

The coefficient of the homogeneous term is adjusted to satisfy (13), and (14)
becomes

R e

o4 coth ("T"") +0p €gcoth (!';'—") + €

) (15)
+ eacoth( ) +eb}
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(c)

There is some insight gained by writing this expression in the alternative form

(a0 — €504) cosh (222) (1 — e~*/7)
g coth (ﬂ:—b) + op

—v(2
=) (16)
nxb
+ eb] / (e.l coth - + eb)

Given this expression for A,, B, follows from (9). In this specific situation
these expressions are satisfied with o, = 0 and ¢; = ¢,.

In this limit, it follows from (15) that as ¢t — oo, A, — V,(2/nx} and this is
consistent with what was found for this limit in part (a), (5).

With the permittivities equal, the potential and field distributions just after
the potential has been turned on and therefore as there has been no time for
unpaired charge to accumulate at the interface, is as shown in Fig. $7.9.9a.
To make this sketch, note that far to the left, the equipotentials are equally
spaced straight lines (surfaces) running parallel to the boundaries, which are
themselves equipotentials, All of these must terminate in the gap at the origin.
In the neighborhood of that gap, the potential has the form familiar from Fig.
5.7.2 (except that the equipotential ® =V is at ¢ = = and not at ¢ = 2x).

/

(2)

(b)
Figure S7.9.9

In the limit where t — oo, the uniform equipotentials in region (b) extend up
to the interface. Just as we could solve for the field in region (b) and then
for that in region (a), we can also draw the fields in that order. In region
(a), the potential is linear in y in the plane z = 0 and zero on the other
two boundaries. Thus, the equipotentials that originate on the boundary at
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z = 0 at equal distances, must terminate in the gap, where they converge like
equally spaced spokes on the hub of a wheel.

The transient that we have described takes the field distribution from that
of Fig. 57.9.9a, where there is a conduction current normal to the interface
from the (b) region side supplying surface charge to the interface, to that of
Fig. S7.9.9b, where the current density normal to the surface has subsided

because charges on the interface have created just that field necessary to null
the normal field in region (b).
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