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SOLUTIONS TO CHAPTER 5

5.1 PARTICULAR AND HOMOGENEOUS SOLUTIONS TO
POISSON’S AND LAPLACE’S EQUATIONS

5.1.1

5.1.2

5.1.8

The particular solution must satisfy Poisson’s equation in the region of in-

terest. Thus, it is the first term in the potential, associated with the charge in
the upper half plane. What remains satisfies Laplace’s equation everywhere in the
region of interest, so it can be called the homogeneous solution. It might also be
made part of the particular solution.

(a)

(b)

c)

(a)

(b)

The charge density follows from Poisson’s equation.
V2¢=—£=p=pocosﬂz (1)

The first term does not satisfy Laplace’s equation and indeed was responsible
for the charge density, (1). Thus, it can be taken as the particular solution
and the remainder as the homogeneous solution. In that case,

Pocos Bz
@, = oTﬂz_‘i
0,

and the homogeneous solution must satisfy the boundary conditions

_ Pocos Bz cosh By

@ = €f? coshpfa (2)

Po :;:2/33 (3)

We could just have well taken the total solution as the particular solution.

Puly=—a)=q(y=a)=-

&, =8 &,=0 (4)

in which case the homogeneous solution must be zero on the boundaries.

Because the second derivatives with respect to y and z are zero, the Laplacian
reduces to the term on the left. The right side is the negative of the charge
density divided by the permittivity, as required by Poisson’s equation.

With C; and C; integration coefficients, two integrations of (b) give

— _ 4o (z—d)f
T od%, 12

+ Ci1z + G2 (1)

Evaluation of this expression at each of the boundaries then serves to deter-
mine the coefficients

C1=——_; Cz= (2)
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5-2 Solutions to Chapter 5

and hence the given potential.

(c) From the derivation it is clear that the Laplacian of the first term accounts
for all of the charge density while that of the remaining terms is zero.

(d) On the boundaries, the homogeneous solution, which must cancel the potential
of the particular solution on the boundaries, must be (d).

(a) The derivatives with respect to y and z are by definition zero, so Poisson’s
equation reduces to

2P Po . XT
& =, () (@
(b) Two integrations of (1) give
d?
= Eain () + Gz + G 2)

and evaluation at the boundaries determines the integration coefficients.
C2=0; C,=v/d (3)
It follows that the required potential is

pod? . 7z Vz
con? sin (—d— + — (4)

d = ]

(c) From the derivation, the first term in (4) accounts for the charge density while
the remaining terms have no second derivative and hence no Laplacian. Thus,
the first term must be included in the particular solution while the remaining
term can be defined as the homogeneous solution.

d?

Po .
= sin
P gom3 (

z Vz
) W= (5)

(d) In the case of (c), it follows that the boundary conditions satisfied by the
homogeneous solution are

B1(0) = —B,(0) = 0; Bu(d) =V - B,(d) =V (6)

(a) There is no charge density, so the potential must satisfy Laplace’s equation.
E = (—v/d)i, = —3®/3=

= 8))

(b) The surface charge density on the lower surface of the upper electrode follows
from applying Gauss’ continuity condition to the interface between the highly
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(<)

(@)

5.16 (a)

(b)

conducting metal and the free space just below. Because the field is zero in
the metal, v

0, = 6,[0 — E¥] = % (2)
The capacitance follows from the integration of the surface charge density
over the surface of the electrode having the potential v. That amounts to

multiplying (2) by the area A of the electrode.

q=Aa,=%u=CV (3)

Enclose the upper electrode by the surace S having the volume V' and the
integral form of the charge conservation law is

fJ-nda+i/pdV=0 (4)
s dt Jy

Contributions to the first term are confined to where the wire carrying the
total current ¢+ into the volume passes through S. By definition, the second
term is the total charge, g, on the electrode. Thus, (4) becomes

. dq
G+ _9
1+ It (5)

Introduction of (3) into this expression then gives the current

. dv
1 —-CLEZ (6)

Well away from the edges, the fields between the plates are the potential
difference divided by the spacings. Thus, they are as given.

The surface charge densities on the lower surface of the upper electrode and
on the upper plus lower surfaces of the middle electrode are, respectively

€oV1

o1 =6(0+ Ey) = =g} om= €(0+ Ep) = €o(vy — v2)/d (1)

Omm = —€o(v1 — v2) /d+ €ova/d (2)

Thus, the total charge on these electrodes is these quantities multiplied by
the respective plate areas

q1 = wlo1(L — 1) + opl] (3)

gz = €lwoy, (4)

These are the expressions summarized in matrix notation by (a).
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5.2 UNIQUENESS OF SOLUTIONS OF POISSON’S EQUATION

5.3 CONTINUITY CONDITIONS

5.3.1

5.3.2

(a)

(b)

(a)

(b)

In the plane y = 0, the respective potentials are
®%(0) = V cos Bz = ©°(0) (1)

and are therefore equal.

The tangential fields follow from the given potentials.
E? = BV sin fzeP¥; EP = BV sin fzePV (2)

Evaluated at y = 0, these are also equal. That is, if the potential is continuous
in a given plan, then so also is its slope in any direction within that plane.

From Gauss’ continuity condition applied to the plane y = 0,

ad* 4t
Oy = —€, - = 28V cos Bz 3
: [ oy~ 3y ), =2V < (3)

and this is the given surface charge density.

The y dependence is not given. Thus, given that E = —V®, only the z and 2
derivatives and hence z and z components of E can be found. These are the
components of E tangential to the surface y = 0. If these components are to
be continuous, then to within a constant so must be the potential in the plane
y=0.

For this particular potential,

E; =—BV cosPzsinfz; E, =—FV sinfzcos Pz (1)

If these are to be the tangential components of E on both sides of the interface,
then the z — z dependence of the potential from which they were derived must
also be continuous (within a constant that must be gero if the electric field
normal to the interface is to remain finite).
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5.4 SOLUTIONS TO LAPLACE’S EQUATION IN CARTESIAN
COORDINATES

5.4.1 (a) The given potential satisfies Laplace’s equation. Evaluated at either z =0 or
y = 0 it is zero, as required by the boundary conditions on these boundaries.
At z = g, it has the required potential, as it does at y = a as well. Thus, it is
the required potential.

(b) The plot of equipotentials and lines of electric field intensity is obtained from
Fig. 4.1.3 by cutting away that part of the plot that is outside the boundaries
at 2 = a,y = a,z = 0 and y = 0. Note that the distance between the
equipotentials along the line y = a is constant, as it must be if the potential
is to have a linear distribution along this surface. Also, note that except for
the special point at the origin (where the field intensity is zero anyway), the
lines of electric field intensity are perpendicular to the zero potential surfaces.
This is as it must be because there is no component of the field tangential to
an equipotential.

5.4.2 (a) The potentials on the four boundaries are
®(a,y) =V(y+a)/2a; ®(—a,y)=V(y—a)/2a

&(z,a) =V(z+a)/2a; ®(z,—a)=V(z—a)/2a (1)

(b) Evaluation of the given potential on each of the four boundaries gives the
conditions on the coefficients

|4 |4
B(+a,y) = EEy:!:—;::tAa+By+C’+Dzy

<I>(:c,:i:a)=2—:-z:b%=Az:l:Ba+C+Dzy (2)

Thus, A= B =V /2a,C = 0 and D = 0 and the equipotentials are straight
lines having slope —1.

= o (s+3) (s

(c) The electric field intensity follows as being uniform and having z and y com-
ponents of equal magnitude.

E=-Vé= -%’;(ixﬁ,) @)

(d) The sketches of the potential, (3), and field intensity, (4), are as shown in Fig.
S5.4.2.
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(e)

()

(b)

Solutions to Chapter 5

Flgure S5.4.2

To make the potential zero at the origin, C = 0. Evaluation at (z,y) = (0,4a)
where the potential must also be zero shows that B = 0. Similarly, evaluation
at (z,y) = (a,0) shows that A = 0. Evaluation at (z,y) = (a,a) gives D =
V/2a? and hence the potential

\4
d= ﬁzy (5)

Of course, we are not guaranteed that the postulated combination of solu-
tions to Laplace’s equation will satisfy the boundary conditions everywhere.
However, evaluation of (5) on each of the boundaries shows that it does. The
associated electric field intensity is

V .
E=-Vd= —m(yix + ziy) (6)

The equipotentials and lines of field intensity are as shown by Fig. 4.1.3 inside
the boundaries z = +a and y = +a.

The given potential, which has the form of the first term in the second column
of Table 5.4.1, satisfies Laplace’s equation. It also meets the given boundary
conditions on the boundaries enclosing the region of interest. Therefore, it is
the required potential.

In identifying the equipotential and field lines of Fig. 5.4.1 with this configu-
ration, note that k = x/a and that the extent of the plot that is within the
region of interest is between the zero potentials at z = —x/2k and z = «/2k.
The plot is then adapted to representing our potential distribution by multi-
plying each of the equipotentials by V,, divided by the potential given on the
plot at (z,y) = (0,5). Note that the field lines are perpendicular to the walls
at z = +a/2.
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5.4.4  (a) Write the solution as the sum of two, each meeting zero potential conditions
on three of the boundaries and the required sinusoidal distribution on the
fourth. .

. wysinh[Z(a — z)]

® = V,sin (?) S(Y) 4 Vesin a  sinh(r) W

sinh(x)

(b) The associated electric field is

E-= —;Z:’h%rj{ [cos(wz/a) sinh(ry/a)  sin(ry/a) cosh [~ (a - z)]]ix

+ [sin(rz/a) cosh(ny/a) + cos(ry/a) sinh [%(a - z)]]i,}
, (2)

Figure S5.4.4
(c) A sketch of the equipotentials and field lines is shown in Fig. $5.4.4.

5.4.5 (a) The given potential, which has the form of the second term in the second
column of Table 5.4.1, satisfies Laplace’s equation. The electrodes have been
shaped and constrained in potential to match the potential. For example,
between y = —b and y = b, we obtain the y coordinate of the boundary #(z)
as given by (a) by setting (b) equal to the potential v of the electrode, y = 5
and solving for 5.

(b) The electric field follows from (b) as E = —V®.

(c) The potential given by (b) and field given by (c) have the same (z, y) depen-
dence as that represented by Fig. 5.4.2, To adjust the numbers given on the
plot for the potentials, note that the potential at the location (z,y) = (0,a)
on the upper electrode is v. Thus, to make the plot fit this situation, multiply
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(4)

(a)

Solutions to Chapter 5

each of the given potentials by v divided by the potential given on the plot at
the location (z,y) = (0, a).

The charge on the electrode is found by enclosing it by a surface S and using
Gauss’ integral law. To make the integration over the surface enclosing the
electrode convenient, the surface is selected as enclosing the electrode in an
arbitrary way in the field free region above the electrode, passing through the
slits in the planes z = %I to the y equal zero plane and closing in the y = 0
plane. Thus, with y; defined as the height of the electrode at its left and right
extremities, the net charge is

Y1

wn
q= deo/ —E.(z = —l)dy + deo/ E.(z=1)dy
=0 =0

!
+ deo/ —Ey(y =0)dz

==

Y1 1
= ___z')dvreo [/ — sin = sinh ﬂdy (2
2bsinh (%) 0 2b 2b
Y1 l
+ /(; —sin % sinh %dy
!
+ /_l —cos %dz]
Note that b k
sinh ky;, = ﬂ—a'; —sinh? ky + cosh? ky = 1 (3)
cos kl

and (2) becomes the given result.

Conservation of charge for a surface enclosing the electrode through which
the wire carrying the current < passes requires that 1 = dq/dt. Thus, given the
result of (d) and the voltage dependence, (e) follows.

Reversing the potentials on the lower electrodes turns the potential from an
even to an odd function of y. Thus, the potential takes the form of the first
term in the second column of Table 5.4.1.

® = Acosh (%) cos g—:— (1)

To make the potential be v at (z,y) = (0, a), the coefficient is adjusted so
that
coshky =T

cosh ka’ 2b (2)

The shape of the upper electrode in the range between £ = —b and £ = b is
then obtained by solving (2) with ® = v and y = 5 for 7.

1 -t [cosh ka]

® =vcoskz

- (3)

7 = —cos
coskz
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(b) The electric field intensity follows from (2) as

E= cosh a [— sin(kz) cosh(ky)ix + cos kz sinh kyiy ] (4)

(c) The equipotentials and field lines are as shown by Fig. 5.4.2. To adjust the
given potentials, multiply each by v divided by the potential given from the
plot at the location (z,y) = (0, a).

(d) The charge on the electrode segment is obtained by using Gauss’ integral law
with a surface that encloses the electrode. This surface is arbitrary in the field
free region above the electrode. For convenience, it passes through the slits
to the y = 0 plane in the planes z = +l and closes in the y = O plane. Note
that there is no electric field perpendicular to this latter surface, so the only
contributions to the surface integration come from the surfaces at z = +l.

VI vk .
g = 2de, /(; [cosh a sin(kl) cosh(ky)] dy

2de,v
cosh ka

With the use of the identities

(5)

sin kl sinh ky,

cosh ka

cosh(ky;) = ekl cosh? ky, —sinh? ky, = 1 (6)
(5) becomes
_ . 2dev sin cosh(ka)]?
g=Cv= cosh ka ° \/[ cos ki M
(e) From conservation of charge,
. dv .
t= C’EE = —CVuw sinwt

5.5 MODAL EXPANSIONS TO SATISFY BOUNDARY
CONDITIONS

5.5.1 (a) The solutions superimposed by the infinite series of (a) are chosen to be zero
in the planes z = 0 and z = b and to be the linear combination of exponentials
in the y direction that are zero at y = b. To evaluate the coefficients, multiply
both sides by sin(mnz/a) and integrate from z=0toz=a

./(; b(z, 0)sm(— dz—EA smh(— )sm I‘-ﬂ sin :zdz (1)

n=1
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(b)

(b)

(a)

Solutions to Chapter 5

The mtegral on the right is zero except for m = n, in which case the integral
of sin?(nxz/a) over the interval z = 0 to z = a gives the average value of
1/2 multiplied by the length a, a/2. Thus, (1) can be solved for the coefficient
Ap, to obtain (b) as given (if m — n).

In the specific case where the distribution is as given, the integration of (b)

gives
3a/4
asmh(— '""’) / Vi sm(—)d

2V1 [ cos m ] 3a/4
nr sinh (22) a

which becomes (c) as given.

An=
(2)

al4

This problem illustrates how the modal approach can be applied to finding
the solutions in a rectangular region for arbitrary boundary conditions on all
four of the boundaries. In general, four infinite series would be used, each
with zero potential on three of the walls and with coeflicients to match the
potential boundary condition on the fourth wall. Here, the potential is zero
on two of the walls, so only two infinite series are used. The first is zero in
the planes y = 0,y = b and z = a and, because the potential is constant in
the plane z = 0, has coefficients that are as given by (5.5.8). (The roles of a
and b are reversed relative to those in the section for this first term and the
minus sign results because the potential is being matched at z = 0. Note that
the argument of the sinh function is negative within the region of interest.)
The coefficients of the second series are similarly determined. (This time, the
roles of z and y and of a and b are as in the section discussion, but the surface
where the uniform potential is imposed is at y = 0 rather than y = b.)

The surface charged density on the wall at z = a is
ad
0, = €5|—Egz(z = a)] = —eoa(z =a) (1)

Evaluation using (a) results in (b).

For arbitrary distributions of potential in the plane y = 0 and z = 0, the
potential is taken as the superposition of series that are zero on all but these
planes, respectively.

o= ZA sm(——)smh[—-—(y b)]

n=1

+ E B, sin ( sinh [—(z - a)]

The first of these series must satisfy the boundary condition in the plane
y=0,

(1)

&(z=0)= Z Apsinh (- — ( (2)



Solutions to Chapter 5 5-11

where

o0~ {3l o e e e ®

Multiplication of both sides of (2) by sin(mnz/a) and integration from z =0
to z = a gives

a/2 a
%f zsin (s dz + 2V.,/ sin (Cor ) dz
a 0 a 6/2 a

Ve [* .
-—— Zsin (
a a /2 a

=A,,,§sinh(—-'"—a’ﬂ)

mnz

)dz (4)

Integration, solution for A4,, — A, then gives A, = 0, n even and for n odd

8V, sin (%’5)

An = a3 g (225) )

Evalution on the boundary at z = 0 leads to a similar term with the roles of
V. and a replaced by those of V;, and b, respectively. Thus, B,, = 0 for n even

and for n odd
8V, sin (%f)

B =~ 2 i (22) (©)

(b) The surface charge density in the plane y = b is
od
0s = €o|—Ey(y =b)] = 50"3;(3/ = b)

-3 (40 (%) sin (Z22) - B, (%) sinh [(%7) (2 - )]

n=1
odd

(6)

where A, and B, are given by (5) and (6).

5.5.4 (a) Far to the left, the system appears as a parallel plate capacitor. A uniform
field satisfies both Laplace’s equation and the boundary conditions.

Vy

E=—Ki,=><1>a= y] (1)

d

(b) Because the uniform field part of this solution, ®,, satisfies the conditions far
to the left, the aditional part must go to zero there. However, the first term
produces a field tangential to the right boundary which must be cancelled by
the second term. Thus, conditions on the second term are that it also satisfy
Laplace’s equation and the boundary conditions as given
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(<)

(d)

(a)

(b)

Solutions to Chapter 5

Because of the homogeneous boundary conditions in the y =0 and y = d
planes, the solution is selected as being sinusoidal in the y direction. Because
the region extends to infinity in the —z direction, exponential solutions are
used in that direction, with the sign of the exponent arranged to assure decay
in the —z direction.

[+ +]
), = Z A, sin (E;Lg) enre/d (2)
n=1
The coefficients are determined by the requirement on this part of the poten-
tial at = 0.
Vy . (nTyY
——d— ='§1Ansm(—d—-) (3)

Multiplication by sin(m=y/d), integration from y = 0 to y = d, solution for
A,, and replacement of A,, by A,, gives

2V 2V
A, =2 =y 4
n = —cosnm mr( ) (4)

The sum of the potentials of (1) and (2) with the coefficient given by (4) is

(e)-

The equipotential lines must be those of a plane parallel capacitor, (1), far to
the left where the associated field lines are y directed and uniform. Because
the boundaries are either at the potential V or at zero potential to the right,
these equipotential lines can only terminate in the gap at (z, y) = (0, d), where
the potential makes an abrupt excursion from the zero potential of the right
electrode to the potential V of the top electrode. In this local, the potential
lines converge and become radially symmetric. The boundaries are themselves
equipotentials. The electric field, which is perpendicular to the equipotentials
and directed from the upper electrode toward the bottom and right electrodes,
can then be pictured as shown by Fig. 6.6.9¢ turned upside down.

The potential far to the left is that of a plane parallel plate capacitor. It
takes the form Az + B, with the coefficients adjusted to meet the boundary
conditions at z =0 and z = a.

V. 2z
Oy — —c0) = &, = —23(1 -=) (1)
a
With the total potential written as
®=0,+ 9, (2)
the potential ®; can be used to make the total potential satisfy the boundary
condition at y = 0. Because the first part of (2) satisfies Laplace’s equation

and the boundary conditions far to the left, the second part must go to zero
there. Thus, it is taken as a superposition of solutions to Laplace’s equation
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that are gero in the planes y = 0 and y = a (so that the potential there as
given by the first term is not disturbed) and that decay exponentially in the
—y direction.

oy = Z Ansin (1‘?)e""y/“ (3)

At y = 0,9(z,0) = &4(z). Thus, Bp(z,0) = ®4(z) — Pa(z) and evaluation
of (3) at y = 0, multiplication by sin(mnz/a) and integration from z = 0 to
z = a gives

[ [oata) - 20 - 2 s ™2z = A @

from which 1t follows that
2V,.
- —/ ®4(z) sin (——-)dz - { o ; ::\é(:ln (5)

Thus, the potential between the plates is
®=-2(1- —) + Z Ap sin (—)e'"’”/" ()

where A,, is given by (5).

The potential is taken as the sum of two, the first being zero on all but the
boundary at z = a where it is V,y/a and the second being zero on all but the
boundary at y = a, where it is V,z/a. The second solution is obtained from the
first by interchanging the roles of =z and y. For the first solution, we take

Z A, sm(mr:u smh( ) )

sinh nm
n=1

The coefficients follow by evaluating this expression at £ = a, multiplying by
sin(mmy/a) and integrating from y =0 to y = a.

V.

2% sin (m) dz = An(a/2) (2)
0 a a
Thus,

2V,
A, = -Zo(_g)n
L/ T8 ®)

The first part of the solution is given by substituting (3) into (1). It follows that
the total solution is

2= 2 B Ll Tuin (U2%) inh (%22) + in (") ok (25)] 4

nx sinh(nw
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(a) The total potential is sero at y = 0 and so also is the first term. Thus, &,
must be gero as well at y = 0. The first term satisfies the boundary condition
at y = b, so ®; must be zero there as well. However, in the planes z = 0
and z = a, the first term has a potential Vy/b that must be cancelled by the
second term so that the sum of the two terms is zero. Thus, ®; must satisfy
the conditions summarized in the problem statement.

(b) To satisfy the conditions at z = 0 and z = a, the y dependence is taken
as sin(nxy/b). The product form z dependence is a linear combination of
exponentials having arguments (nxy/b). Because the boundary conditions in
the z = 0 and z = a planes are even about the plane z = a/2, this linear
combination is taken as being the cosh function displaced so that its origin is
at z = a/2.

&= Z_:A,, sin (72) cosh [ 5~ ( - 2)] (1)

Thus, if the boundary condition is satisfied at z = g, it i3 at z = 0 as well.
Evaluation of (1) at z = a, multiplication by sin(m~xy/b) and integration from
y = 0 to y = b then gives an expression that can be solved for A,, and hence

An
_ 2V (-1 2)
nx cosh(nma/2b)
In terms of these coefficients, the desired solution is then
Vy — . (DAY nw a
®= T+'§Ansm (—b—-) cosh [T(z— E)] (3)

5.6 SOLUTIONS TO POISSON’S EQUATION WITH

5.6.1

BOUNDARY CONDITIONS

The potential is the sum of two homogenous solutions that satisfy Laplace’s
equation and a third inhomogeneous solution that makes the potential satisfy Pois-
son’s equation for each point in the volume. This latter solution, which follows from
assuming &, = ®,(y) and integration of Poisson’s equation, is arranged to give gero
potential on each of the boundaries, so it is up to the first two to satisfy the bound-
ary conditions. The first solution is zero at y = 0, has the same z dependence as the
wall at y = d and has a coefficient that has been adjusted so that the magnitude
of the potential matches that at y = d. The second solution is zero at y = d (the
displaced sinh function is a linear combination of the sinh and cosh functions in
column 2 of Table 5.4.1) and so does not disturb the potential already satisfied by
the first term at that boundary. At y = 0, where the first term has been arranged
to make no contribution, it has the same y dependence as the potential in the y =0
plane and has its coefficient adjusted so that it has the correct magnitude on that
boundary as well.
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The particular solution is found by assuming that the particular potential
is only a function of y and integration of Poisson’s equation twice. With the two
integration coefficients adjusted to make the potential of this particular solution
zero on each of the boundaries, it is the same as the last term in (a) of Prob. 5.6.1.
Thus, the homogeneous solution must be zero at y = 0, suggesting that it has
a sinh function y dependence. The =z dependence of the potential at y = d then
suggests the z dependence of the potential be made sin(kz). With the coefficient of
this homogeneous solution adjusted so that the condition at y = d is satisfied, the
desired potential is

® = &, sinh kz sm:ky ( —d) (1)

(a) Inthe volume, Poisson’s equation is satisfied by a potential that is independent
of y and 2,

3%®,

dz2

Two integrations give the particular solution

V2%, =

= —-—cosk(z—&) (1)

= Po_ -
o, = b k(z — 6) . (2)
E, = 22 sin k(z — 6)i (3)
P ek x

(b) The boundary conditions at y = +d/2 are
E;=Eps + Epe = E,coskz (4)

Because the configuration is symmetric with respect to the £ — z plane, use
cosh(ky) as the y dependence. Thus, in view of the two z dependencies, the
homogeneous potential is assumed to take the form

®;, = [Asin kz + B cosk(z — 6)] cosh ky (5)
The condition of (4) then requires that
Eup = —[Acos kz — Bsin k(z — §)}k cosh ky (6)
and it follows from the fact that at y = d/2 that (3) + (6) = (4)
A= —E,[kcosh(kd/2); B = —p,/e.k?cosh(kd/2) (7)

so that the total potential is as given by (d) of the problem statement.
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(c)

5.6.4 (a)

(b)

(c)

Solutions to Chapter 5

First note that because of the symmetry with respect to the z plane, there is
no net force in the y direction. In integrating pE, over the volume, note that
E; is

cosh kh

cosh ("7")

In view of the z dependence of the charge density, only the second term in this
expression makes a contribution to the integral. Also, p = p,cosk(z — §) =
Ppolcos kb cos kz — sin k sin kz] and only the first of these two terms makes a
contribution also.

2nfk pd/2
/ / Po cos kb cos kzlih(—l:z—)Eo cos kzdydz )
d/g COS. )
= [27poE, cos k& tanh(kd/2)] /K>

E;,= _eeoik sink(z — §) + —— v [FBocoskz — —-sink(z — §)]  (8)

ek

For a particular solution, guess that
® = Acosk(z — §) (1)

Substitution into Poisson’s equation then shows that 4 = p,/e,k? so that the
particular solution is

= Po_ -
o, = i3 k(z — 6) (2)
Aty=0
& = -0, = _ep;;z cos k(z — 6) (3)
O
while at y = d,
O = k2 6) (4)

The homogeneous solution is itself the sum of a part that satisfies the condi-
tions

@, (y=d)=V,coskz, ®,(y=0)=0 (5)
and is therefore -
®, =V, cos kz——— smh kz (6)

and a part satisfying the conditions

®2(y=d) = kg: §); @2(0)= _ep;;z cosk(z—6) (7)
which is therefore
cosh k(y — £)
&, = —Po_ _gceshkly—3)
2 k2 cos k(z — ) cosh(kd/2) (8)
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Thus, the total potential is the sum of {2), (6) and (8).

sinh ky
T hkd )

4
® = - cosk(z — 6)

1 cosh k(y —
€.k

2)
2
ook (de) ] +Vocosk

(d) In view of the given charge density and (9), the force density in the z direction
is

F, = ﬁ’—sink(z — &) cos k(z — §) [1 -

o

cosh k(y — £ ]
cosh (524) (10)

sinh ky

sinh kd

+ pokVo sin kz cos k(z — §)

The first term in this expression integrates to zero while the second gives a
total force of

fo= pokVo /hlk /dsinka:cosk(z—5) sinh kydydz (11)
® ™ sinhkd J, 0 "

With the use of cosk(z — §) = cos kz cos k§ + sin kz sin k§, this integration

gives
_ (cosh kd — 1) sin k6
fo = pomVo T ik kd (12)
5.8.5 By inspection, we know that if we look for a particular solution having only

a y dependence, it will have the same y dependence as the charge distribution
(the second derivative of the sin function is once again a sin function). Thus, we
substitute Asin(ry/b) into Poisson’s equation and evaluate A.

pob?® . ,my
0, = £ s (%) 8

The homogeneous solution must therefore be zero on the boundaries at y = b and
y = 0 and must be —p,b? sin(my/b)/e,n2 at = = +a. This latter condition is even
in z and can be matched by the solution to Laplace’s equation

) cosh(rz/b)

@, = Asin (H cosh(mwa/b) (@)

b

if the coefficient, A, is made
A= —pob?[e,x? (3)

Thus, the solution is the sum of (1) and (2) with A given by (3).
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5.6.6  (a) The charge distribution follows from Poisson’s equation.
—e_ —V’d’,,=>p--e,,Vsmﬂ:l:sm-——(ﬁ2 b2) (1)
0

(b) To make the total solution satisfy the sero potential conditions, the homo-
geneous solution must also be zero at y = 0 and y = b. At z = 0 it
must also be gero but at £ = a the homogeneous solution must be &; =
~V sin(ry/b) sin fa. Thus, we select the homogeneous solution

sin 7Y sinh(xz/b)

P; = Asin b m ()

make A = —V sin fa and obtain the potential distribution

v (FU . _ ., sinh(xz/b)
® =V sin ( y ) [sm Bz —sin ﬂa———sinh(ra/b) (3)
5.6.7 A particular solution is found by assuming that it only depends on z and

integrating Poisson’s equation twice to obtain
_ bz

QP - 660 ( l ls ) (1)

The two integration constants have been assigned so that the potential is zero at
z = 0 and = = . The homogeneous solution must therefore satisfy the boundary
conditions

Dp(z=0)=Pp(z=1) =
nly = ) = (5 - %) @

The first two of these are satisfied by the following solutions to Laplace’s equation.

0= 3 dnsin () R ED ®

This potential has an even y dependence, reflecting the fact that the boundary
conditions are even in y. To determine the coefficients in (3), note that the second
pair of boundary conditions require that

T Ao =L ®

!
Po 3 . MAT
6601./0 z” sin —— dz (5)
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or
28%p,

An= €o(nm)3

(-n*
Thus, the required potential is

nrz cosh (27%)

‘I’=Fe:__l3) Z (M)sp: (=1)" sin T cosh (2) (6)

(a) The charge density can be found using Poisson’s equation to confirm that the
charge density is that given. Thus, the particular solution is indeed as given.

(b) Continuity conditions at the interface where y = 0 are
o* = @° (1)

e ad @)
dy 3y

To satisfy these conditions, add to the particular solution a solution to Laplace’s
equation in the respective regions having the same z dependence and decaying
to zero far from the interface.

®° = Acosfze™ (3)
o’ = 6—0—(79{‘_’_—&!2—) cos fze®Y + B cos fzeP (4)
Substitution of these relations into (1) and (2) shows that
A= (-3 (5)
B= ﬁ(l +3) (6)

and substitution of these coefficients into (3) and (4) results in the given
potential distribution.

(a) The potential in each region is the sum of a part due to the wall potentials
without the surface charge in the plane y = 0 and a part due to the surface
charge and having zero potential on the walls. Each of these is continuous in
the y = O plane and even in y. The =z dependence of each is determined by
the respective z dependencies of the wall potential and surface charge density
distribution. The latter is the same as that part of its associated potential so
that Gauss’ continuity condition can be satisfied. Thus, with A a yet to be
determined coefficient, the potential takes the form

cosh fa

VBB o Bz — Asinh f(y — a)sinf(z—z,); O<y<a )
V:z::ﬂa cosﬂz - ASinhﬂ(y+ a’) Sinﬂ(z - zo); —a<y<?0
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The coefficient is determined from Gauss’ condition to be

__o-o

2¢,f cosh fa (2)

[8<I>“ il
—€ -

—_ =o,8infB(z—z,) => A=
ay ay]y:O ﬂ( )

(b) The force is

z+2n/B
fo=d / 0o sin B(z — 7o) Ea (y = 0)dz (3)

From (1),

sin Sz o, 8inh fa

Eely=0) = Vﬂcosh Ba " 2¢,cosh fa

cos Bz — z,) (4)

The integration of the second term in this expression in (3) will give no con-
tribution. Substitution of the first term gives

_ do Vg [etnlP dr

"~ cosh fa J, sin f(z — 7o) sin fzdz = GOV'B(F)

cos Bz,

cosh fa ()

fa

(d) Because the charge and wall potential are synchronous, that is U = w/f, the
new potential distribution is just that found with z replaced by z — Ut. Thus,
the force is that already found. The force acts on the external mechanical
system (acts to accelerate the charged particles). Thus, U f, is the mechanical
power output and —U f, is the mechanical power input. Because the system
is loss free and the system is in the steady state so that there is no energy
storage, —U f, is therefore the electrical power output.

Electrical Power Qut = ~U f, = -U dO',,VﬂE cos Ao

B cosh Ba (6)

(¢) For (8) to be positive so that the system is a generator, 3 < Bz, < 37"

5.7 SOLUTIONS TO LAPLACE’S EQUATION IN POLAR
COORDINATES

5.7.1 The given potentials have the correct values at r = a. With m = 5, they
are solutions to Laplace’s equation. Of the two possible solutions in each region
having m = 5 and the given distribution, the one that is singular at the origin is
eliminated from the inner region while the one that goes to infinity far from the
origin is eliminated from the outer solution. Hence, the given solution.
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5.7.3

5.74
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(a) Of the two potentials have the same ¢ dependence as the potential at r = R,
the one that is not singular at the origin is

= Zreing= Ly (1)

Note that this potential is also zero on the y = O plane, so it satisfies the
potential conditions on the enclosing surface.

(b) The surface charge density on the equipotential at y = 0 is

A (2)

o, =€ .Ey, = —eo-a—y R

and hence is uniform.

The solution is written as the sum of two solutions, ¢ and ®°. The first of
these is the linear combination of solutions matching the potential on the outside
and being zero on the inside. Thus, when added to the second solution, which is zero
on the outside but assumes the given potential on the inside, it does not disturb
the potential on the inside boundary. Nor does the second potential disturb the
potential of the first solution on the outside boundary. Note also that the correct
combination of solutions, (r/b)> and (b/r)> in the first solution and (r/a) and (a/r)
in the second solution can be determined by inspection by introducing r normalized
to the radius at which the potential must be zero. By using the appropriate powers
of r, this approach can be used for any ¢ dependence of the given potential.

From Table 5.7.1, column two, the potentials that are zeroat ¢ =0and ¢ =
are
rt™ sin m¢ (1)
with m = nx/a,n = 1,2,... In taking a linear combination of these that is sero
at r = g, it is convenient to normalize the r dependence to a and write the linear
combination as

D= A(r/a)'""/"‘ sin (1:;—‘75) + B(a/r)'"'/‘" sin (—'{—'ﬁ) (2)
where A and B are to be determined. It can be seen from (2) that to make & =0
at r = a, A = —B and the solution becomes

@ = A[(r/a)"™/* — (afr)"/*] sin (=2 (3)
a

Finally, the last coefficient and n are adjusted so that the potential meets the
condition at r = b. Thus,

_ /el — (o) ey
® = Wt fayre = (a5

(4)
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5.7.5 To make the potential zero at ¢ = 0, use the second and fourth solutions in
the third column of Table 5.7.1.

cos[pln(r)]sinh pg, sin[pln(r)]sinh pg (1)

The linear combination of these solutions that is zero at r = a is obtained by
simply normalizing r to a in the second solution. This can be seen by using the
double-angle formula to write that solution as

Asin[pln(r/a)]sinh pg = Asin|pin(r) — pin(a)]sinh pé
= A{sin[pin(r)] cos(pin(a)] (2)
— cos|pln(r)]sin[pin(a)]} sinh pé
This solution is made to be zero at r = b by making p = nn/in(b/a), where n is

any integer. Finally, the last boundary condition at ¢ = 0 is met by adjusting the
coefficient A and selecting n = 3.

A =V/sinh[3ra/in(b/a)] (3)
5.7.6 The potential is a linear combination of the first two in column one of Table
5.7.1.
_ _ |4 3my 2¢

This potential and the associated electric field are sketched in Fig. $5.7.6.

Figure S5.7.6
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5.8 EXAMPLES IN POLAR COORDINATES

5.8.1

Either from (5.8.4) or from Fig. 5.8.2, it is clear that outside of the cylinder,
the 2z = 0 plane is one having the same zero potential as the surface of the cylinder.
Therefore, the potential and field as respectively given by (5.8.4) and (5.8.5) also
describe the given situation.

Intuitively, we would expect the maximum electric field to be at the top of
the cylinder, at r = R, ¢ = x/2. From (5.8.5), the field at this point is

Epax = 2E, (1)

and this maximum field is indeed independent of the cylinder radius. To be more
rigorous, from (5.8.5), the magnitude of E is

|B| = Eo¢ (2)

where

€ = \/[L+ (R/r)2]2 cos? 6 + [1 — (R/r)2]2 sin?

If this function is pictured as the vertical coordinate in a three dimensional plot
where the floor coordinates are r and ¢, its extremes are located at (r,$) where
the derivatives in the r and ¢ directions are zero. These are the locations where
the surface represented by (2) is level and where the surface is either a maximum,
a minimum or a saddle point. Thus, to locate the coordinates which are candidates
for giving the maximum, note that

%% = %{—[1 + (B/r)?1? + [1 = (B/r)*|*} cos $sing = 0 (3)
and 5 E )
gg = ?oz—g—{[l + (R/r)?)? cos® 0 + [1 — (R/r)?]sin® 6} = 0 (4)

Locations where (3) is satisfied are either at

$=0 (5)
or at
¢=r/2 (6)
with r not equal to R or at
r=R (7)

with ¢ not given by (5) or (6). Putting (5) into (4) shows that there is no solution
for r while putting (6) into (4) shows that the associated value of r is r = R. Finally,
putting (7) into (4) gives the same location, r = R and ¢ = /2. Inspection of (5)
shows that this is the location of a maximum, not a minimum.
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5.8.2 Because there is no ¢ dependence of the potential on the boundaries, we use
the second m = 0 potential from Table 5.7.1.

&= Alnr+ B ' (1)

Here, a constant potential has been added to the In function. The two coefficients,
A and B, are determined by requiring that

Vi = Alnb + B (2)

V, = Alna+ B (3)
Thus,
A= (Vo — W) /In(a/b)
B = {Vyina — Vgin b} /in(a/b) (4)
and the required potential is
BV In(r/b) v In(r/b) Y

*In(a/b) In{a/b) (5)
= [Vain(r/b) — Viin(r/a)]/in(a/b)

The electric field follows as being

Ci(Va—W) 1

i ™Y Py (6)

and evaluation of this expression at r = b shows that the field is positive on the
inner cylinder, and everywhere else for that matter, if V, < V;,.

5.8.3 (a) The given surface charge distribution can be represented by a Fourier series
that, like the given function, is odd about ¢ = ¢,

o, = 2—: onsinnm(d — 0,) (1)

where the coefficients o, are determined by multiplying both sides of (1) by
sin mn (¢ — ¢,) and integrating over a half-wavelength.

$o+m $o+m 00
/ 0,($) sinm(¢—0,dp = / Z onsinn($—¢,) sin m(d—0,)dé (2)
do ¢,

o n=1
Thus,
On=_7 n odd (8)
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(b)

(c)

and o, = 0,n even. The potential response to this surface charge density is
written in terms of solutions to Laplace’s equation that i) have the same ¢
dependence as (1), ii) go to zero far from the rotating cylinder (region a) and
at the inner cylinder where r = R and are continuous at r = a.

_S~o, [l@/R)" ~ (RlaP IR/ ooy gy a<r
¢‘§“&mmmmw—wmw} (6-blpcrca

odd

The coefficients ®,, are determined by the “last” boundary condition, requir-
ing that

ao° 6@"]r=a (5)

alr=a) = |G -5y
Substitution of (1), (3) and (4) into (5) gives

20,a
€omn?

(6)

n

The surface charge density on the inner cylinder follows from using (4) to
evaluate

Ao €02 )
5 |r=R = —% z ®,n(R/a)"sinn(¢ — 0,) (7)
bad

o,(r = R) = —¢,

Thus, the total charge on the electrode segment in the wall of the inner cylin-
der is

q=w/ o,(R)Rd¢ = —ZQn[cosnﬂo—cosn(a—-eo)] (8)

0 i

where

do,wa
T

Qn = ZL2 (R o)

The output voltage is then evaluated by substituting 6, — ¢ into (8) and
taking the temporal derivative.

vp = —Ro% =-0R, ; nQn[sin nQ¢ + sinn(a — )] 9)

odd
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The Fourier representation of the square-wave of surface charge density is
carried out as in Prob. 5.8.3, (1) through (3), resulting in

= Z onsinnw(p — 0,) (1)

ns=l
odd

where 4
Op = &; n odd
nr

The potential between the moving sheet at r = R and the outer cylindrical wall at
r = a, and inside the moving sheet, are respectively

o= $ o { R/

n=1
odd

r<a

}smn(qS 00)a<r<R 2)

where the coefficient has been adjusted so that the potential is zero at r = R and
continuous at the surface of the moving sheet, where r = g. The coefficients are
determined by using Gauss’ continuity condition with the surface charge density
written as (1) and the potential given by (2);

—o(Gr - 5r) = —eoula/ B (2 (0/R) + (/]

+ 2 (/R [0/ R - (R/a)"] = 22

(3)

which implies that

_ 20,0
P = nire, 4)
The surface charge on the detection segment is
o . 40 .
Oy = €0~ ,-= =— ,Z_:l ;;o(a/R)”‘“ sin n(¢ — 0,) (5)

odd

and so the total charge on that segment is

q=w/(-)a oolr = R)Rd$ = _ZQ,,[cos nf, — cosn(a — 6,)] ()

where 4 R L
Qn = 2= (a/R)™

Finally, with 8, = (¢, the detected vc_)lta.ge is therefore
dg > . .
Yo = —Roﬁ =—-QR, Z nQp[sin nQt + sin n(a — 0t)] (7)

n=l

odd
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Of the potentials in the second column of Table 5.7.1, the requirement that the
potential be zero where ¢ = 0 selects the two that vary as sin(m¢) while the fact that
the space of interest extends to the origin precludes those with negative exponents,
for m > 0, the last two. The potential will be zero at ¢ = a if m = nx/d,n = 1,2,.
Thus, candidate potentials are

o= An(r/R)™/*sin (#) (1)

m=1

Evaluated at r = R, this potential takes the form of a Fourier series, used here to
represent the uniform potential.

V= f: A, sin (1;5?) (2)

m=1

Mult1pl1catlon by sin(gr¢/a) and mtegra.tmn from¢p=0todp=a glves an expres-
sion which can be solved for the coefficients in (2).

a
_E cO8s (g?)] =Aq% = A” = i:_-,__ {l/n; n odd (3)
0

gm 0; n even
Thus, (1) and (3) are the given answer.

Far from r = R, the field becomes that of a pair of electrodes extending from
the origin to infinity in the planes ¢ = 0 (with zero potential) and ¢ = a (with
potential V). The associated electric field is ¢ directed and simply the voltage V'
divided by the distance ar between the electrodes, following lines of constant r.

14
Vs B(r—o0)= i (1)

@(r — oo0)
Although this potential satisfies the boundary conditions on the “wedge” electrodes,
it does not satisfy the boundary conditions over the surface at r = R. On that
surface, the potential should be the constant V. To satisfy this boundary condition,
we add to (1) a potential that is zero on the surfaces ¢ = 0 and ¢ = o where (1)
already satisfies the boundary conditions and that goes to zero at r — oo, where
(1) is also the correct potential.

243 Anle/RY sin (2 ) (@

The coefficients A,, are determined from evaluating (2) on the electrode at r = R,

where
+ E Apsin (n1r¢ (3)
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The first term on the right in (3) is transferred to the left, both sides of the expres-
sion multiplied by sin(mn¢/a) and both sides integrated from ¢ =0 to ¢ = a to
obtain

V{ - %r- cos (m1r¢) - (mo:r)z [sin m;r¢ - m;r¢ cos (m;r¢)] }0 = A——';'o—‘ (9)

This expression can be solved for the coefficient, which (with m — n) is
An=— (5)

Evaluated using this coefficient, (2) is the desired potential.

(a) From the four equations in the second column of Table 5.7.1, the sin functions
satisfy the boundary conditions that ® = 0 at ¢ =0 and ¢ = 2xr if m =
n/2,n = 1,2,... With the understanding that n is positive, the solutions
with exponents —m are excluded so that the potential is finite as » — 0.
Thus, the remaining potential is the superposition of the modes

&= Au(r/R)"?sin (g¢) (1)

n=1

(b) The boundary condition at r = R requires that

o0
. (N
Vo= E A, 8in (54;) (2)
n=1
Multiplication of both sides of this expression by sin(p$/2) and integration
ives
g 2w m asd 2r n m
/ Vosin (54)dé = / A sin (7¢) sin (7-¢)d¢ (3)
0 no1vo
or

2
- o[cos(mn) — 1] = 14, (4)
so that it follows that A,, = 0,n even and for n odd
et ©)

Substitution of this coefficient into (1) then gives the desired potential.
oo
_ 4Vo n /2 . n
d= }: mr (r/R)™/?sin ( 5 ¢) (6)

n=1
odd



Solutions to Chapter 5 5-29

(¢) The associated electric field follows from this expression as

Wo=1[, nr¥?t  n . nri-t n
E=‘T,,2_:.Z[’EW’“‘(E”)+’¢5F/‘2°°3(5¢)] )
odd

a S
é

S —R &
(b)
(o)

Figure S5.8.7

A sketch of the lead term in (6) and (7) is shown in Fig. S5.8.7a. The potential is
finite at the tip of the fin but the electric field intensity varies as 1/4/r at the tip.
On the surface S; shown in Fig. $5.8.7b, the surface charge density follows from
(7) as

4e,V, <= 1r3-1
Balnd=0)=-=2=3 o ®)
odd
On the circular cylindrical surface S2 at radius a, also shown in Fig. S5.8.7b,
4e,V, o=~ 1a%"! | 'n
GOE,-(T' = a, ¢) == o z—; 5 Rn/2 sm (5¢) (9)
oda
while on surface Ss,
46V, o= 1731

~6Ep=—~2 ZERn/z (10)

n=1
odd
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5.8.8

5.8.9
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The total charge represented by the first mode in the series is therefore

R

2€o [ / —1/2dr - / a -1/2 Sin(¢/2)ad¢ _ / T_I/Zdr] — SG;VO (11)
a

(d) The potential and field distribution is sketched in Fig. S5.8.7b.

The potential takes the form of (5.8.15) with azimuthal coordinate displaced
so that ¢ — ¢, — ¢.

T I F=A ) B

n=1

Evaluated at ¢ = 0, this expression is then the same as (5.8.15) evaluated at ¢ = ¢,.
Thus, the coefficients are the same as given by (5.8.17). For n even, Ap, = 0 and for

n odd
A,, = 4vin(a/b)/nxsinh [ ———d,) (2)

in{a / b)
The radial distribution R, (r) is governed by (5.7.5).

d, dR.\
ro(r=3 )+p2R, =0 (1)

Multiplication of this expression by another of the eigenfucntions and the weighting
factor 1/r and integration results in the expression

b .
Bpn d dBny a1 _

/a [ ro(r dr)+p,,rR,.R,,.]dr—0 (2)

With the identification udv = d(uv) — vdu where
du=d(rZn) o R, 3)

Eq. (2) can be integrated by parts
dR, e * dR,dR,, 2 [*1

T—-R ] —fb (r—dTT)dT-l-pn./l; ;R,,R,,,dr =0 (4)

This same procedure can be repeated with the roles of n and m reversed. Substrac-
tion of the resulting expression from (4) gives

r[dR" R,.% +(p,, pm)/ ~RoRndr=0 (5)

If boundary conditions require that the first term is zero, or in particular that
R, (a) = 0 and R,,(b) = 0, then the orthogonality condition follows.

(v2 — 220 /; %R..R...dr =0 (6)
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5.9 THREE SOLUTIONS TO LAPLACE’S EQUATION IN

5.9.1

5.9.2

5.9.83

SPHERICAL COORDINATES

(a) The given surface potential has the same § dependence as for the uniform
field potential of (5.9.4) and the dipole field potential of (5.9.3). With the
coeflicients of these potentials adjusted to match the given potential at r = q,

o= { Yo nie QO

(b) A sketch of ® and E is shown in Fig. 6.3.1.

(a) The surface charge density has the same § dependence at r = a as the discon-
tinuity in the normal derivative of the potential. This suggests representing
the potentials inside and outside the sphere with the same § dependence as
the given surface charge distribution. In addition, these potentials must be
finite at the origin and at infinity. The natural choices are the uniform field
potential given by (5.9.4) inside the sphere and the dipole potential of (5.9.3)
outside the sphere.

_ JA(a/r)?cos8; a<r
®= {A(r/a) cosf; r<a ®
The coefficients have already been adjusted so that the potential is continuous
at r = a. Gauss’ continuity condition then requires that
. (6@“ ad
—€o

1 2
ar _W)r:a—aocosaﬁ—eo[;*_;]A_ao (2)

so that A = 0,a/3¢, and the potential is as given with the problem.

(b} In Example 6.3.1, the potentials inside and outside the sphere take the same
form as in (1) [(6.3.9) and (6.3.8)] and satisfy boundary conditions which take
the same form as used here [(6.3.6) and (6.3.7)]. Indeed, we will see in Sec.
6.3 that with the polarization density given the polarization charge density is
specified and the determination of the associated potential and field is much
the same as in this chapter when the charge is specified. Hence, Fig. 6.3.1
portrays the potential and field.

Because the given charge density does not depend on ¢, the potential is also
independent of ¢. In that case, Poisson’s equation in spherical coordinates reduces

to
19 od 1 a,. od Pocos
35('2 ar) rzsinﬂﬁ(smo—a_ﬂ)_— € (1)
First, given the dependence of the charge density on 4, look for a particular solution
having the form &, = Ar® cosf. Substitution into (1) then shows that p = 2 and
= —po/4€, 80 that a particular solution is

Po 2
o, = —— 0
p 4!eor cos (2)
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The sum of this potential and a solution to Laplace’s equation must satisfy the
condition that the potential be zero at r = a. Again, for the ¢ dependence of the
particular solution, it is natural to take a uniform field as the homogeneous solution.
Thus, with B an adjustable coefficient,

<I>=—:—°r2cosﬂ+Brcos0 (3)

€o

and by requiring that the total potential be zero at r = g, it follows that B =
Poa/4¢, 80 that the potential is as given with the problem statement.

Because the given charge density does not depend on ¢, the potential is also
independent of ¢. In that case, Poisson’s equation in spherical coordinates reduces

to

190,88 1 508 gy
75" 3r) * Famg o (0 5) = ¢ /e)" cos (1)
First, given the dependence of the charge density on 8, look for a particular solution
having the form (r/a) cos§. Substitution into (1) then shows that p = m + 2 and
A = —p,a?/eo(m+ 1)(m + 4) so that a particular solution is

_ poa2
ot )T )

¢, = (r/a)™*2cos (2)

The sum of this potential and a solution to Laplace’s equation must satisfy the
condition that the potential be zero at r = a. Again, for the § dependence of the

particular solution, it is natural to take a uniform field as the homogeneous solution.
Thus, with B an adjustable coefficient,

® =&, + B(r/a) cos ¥ (3)

and by requiring that the total potential be zero at r = a, it follows that the
required potential is

®= eo(m;q;‘(lm_'_ 9) (r/a)[(r/a)™* — 1] cos® (4)

THREE-DIMENSIONAL SOLUTIONS TO LAPLACE’S
EQUATION

Given the zero potential surfaces at y=0and y =b and at 2 =0 and z = w,
it is natural to construct the solution from product solutions having the form

. mMTY . nmwz
® = X(z)sin y Bn = (1)

81
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where, to satisfy Laplace’s equation
X(z) = {sinh kmn®

cosh kynz

and

kmn = V/(mn/b)? + (nx/w)?
The boundary conditions on the surfaces at z = 0 and z = a are the same. Thus, if
X (z) is chosen to be even about an origin at z = a/2, the potential that satisfies the
condition of being v at z = 0 will also be v at z = a. Thus, X(z) is made a linear
combination of the solutions given with (1) which is the cosh function displaced so
that its argument is sero where z = a/2.

X(z) = Amn cosh km,.(z - %) (2)

The solution therefore takes the form of (a) given with the problem. At z = 0, the
condition at z = 0 requires that

o0 [ -]
kmnay, . ,mry, ., 2
v= Z ZAm,,cosh( n;n )sm(T sm(T) (3)
Note that this expression is the same as (11) if the sinh(kp,,b) is replaced by
cosh(knna/2) and z/a — y/b. The evaluation of the coefficient using the orthogo-
nality of the product solutions is therefore essentially the same as given by (5.10.11)-
(5.10.15), resulting in (b) as given with the problem.

m=1n=1

Given the z and z dependence of the surface charge density, which is the
same as that of the components of E in the z direction on either side of the surface
y = a/2, look for solutions of the form

. (MET\ . (A2
| @ = ¥(y) sin (ZZ) sin () (1)
where
__ ) sinh kyy
Y(y) = {cosh k11y
and

k11 = \/ (‘ll'/a.)2 + (W/b)2

To satisfy the continuity conditions at y = b/2, the potential function is given a
piece-wise representation. The function in the upper region must be zero at y = b,
so Y (y) is chosen as a sinh with its argument displaced to y = b. In the lower region,
the sinh function with its origin at y = 0 does the job. Thus,

o= {*Baly ? oo () ;

At y = b/2, the potential must be continuous and Gauss’ continuity condition must
be satisfied.

—~A sinh(knb/Z) = Bsinh(k11b/2) (3)
—€ok11(A — B) cosh(ky15/2) = o, (4)

It follows that the coefficients in (2) are
A= —B = —0,/2¢,k11 cosh(k11b/2) (5)
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In each case, the solution can be regarded as the superposition of a particular
solution to Poisson’s equation and a homogeneous solution to satisfy the boundary
conditions. The determination of representation begins with the selection of the
former.

As a first solution, select a particular solution that is only z dependent. Then,
Poisson’s equation reduces to )

el )
dz €o

and the particular solution that (for convenience) is also gero at z =0 and z = a is

=_Po 2 4 =Po p(r
o, 2% +Az+ B 2€o:c(:l: a) (2)

With this potential satisfying the boundary conditions on two of the surfaces, the
homogeneous solution must assure satisfying the conditions on the remaining four
surfaces. This is done by adding to (2) solutions designed to satisfy the conditions
at y = 0 and y = b while being zero at all the other surfaces and therefore neither
disturbing the already satisfied conditions at z = 0 and z = a nor those to be
satisfied by the next homogeneous solution. To satisfy both the conditions at y = 0
and y = b, the y dependence is taken as even about y = b/2. A second homogeneous
solution is then added to this one to assure satisfaction of the conditions at 2 = 0
and z = w/2 while not disturbing the potential at the other four surfaces. Thus,
the potential takes the form

o ] - .
2:0 I(z - a) + Z Z By, cosh kmn(y - 5) sin (?I) sin (r;—”z)

m=1n=1

o=

=1n= (3)
+ Z E Cmn cosh km,.(z - %) sin (%r—z) sin (%y

m=1n=1

The coefficients B,,,, and C,,,, are determined by requiring that the potential indeed
be zero on the surfaces y = 0 and z = 0 (and hence also at y = b and z = w).

=) = 3 Bom o (B2 s ()i () 4
m=1n=1
i SUEPIPILLETC SENCERICOMINC

The coefficients therefore follow from the same procedure as illustrated by (5.10.11)
through (5.10.15). For m or n even the coefficients are zero. For m and n odd,

= Po . . (MT
Brn = m(“/"’f)/o z(z — a)sin (—a—z)dz o
_ —Po 8a2
™ 2egcom (59 /) e
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C, =———(4/mr)f z(z—a)sm(———-z)d:c

™ ™ 2¢, cosh (E'“—) ™
= ——)( / ﬂ')( )

2¢, cosh (h'“——

Two more solutions are obtained by replacing the role of z with that of y and of z.
As a fourth solution, expand the charge distribution in a three dimensional Fourier

) sin (=7 sin () (8)

o o0 o0

=2 2 2R

m=1n=1q=1

The coefficients R,,,q follow by multiplying by

sin (r1r ( )31 (u.1rz)
a
integrating over the volume and solving for R,,,. Then, with rsu — mnq,

16p
Rmnq = mnq;S (9)

for m and n and g odd and zero for m or n or g even. Given this (z, y, 2) dependence
and given that the second derivative of each of the sinusoids results in the same

sinusoidal function, we are motivated to look for a particular solution having the
same form,

oo o0 [+ o]
P = Z ZEanqsm

m=1n=1gqg=1

1rz) sin (n—:—) sin (q ) (10)

Substitution of this expression into Poisson’s equation shows that term by term it
is not only a solution to Poisson’s equation (and therefore a particular solution) if

2 Rmnq 2 (11)
eo[(22)* + (22)” + ()]

but satisfies the boundary conditions as well.

<I>mnq =





