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SOLUTIONS TO CHAPTER 2


2.1 THE DIVERGENCE OPERATOR 

2.1.1 From (2.1.5) 

DivA = 8(Az ) + 8(A,,) + 8(Az ) 
8z 8y 8z 

Ao =--z [ 8 (2) +-y 8 (2) +-z	8 ( 2) (1)
tJ.2	 8z 8y 8z 

=	2AtJ.2 
O ( Z+y+Z ) (2) 

2.1.2 (a) From (2.1.5), operating on each vector 

V.A= Ao[~(y)+~(z)]=0	 (1)
d 8z 8y 

V· A = Ao [~(z) - ~(y)] = 0	 (2)
d 8z 8y 

V· A = Ao [~(e-1c" cos kz) - ~(e-1c" sin kz)]
8z 8y ~) 

1c= Ao[-ke- " sin kz + 1cke- " sin kz] = 0 

(b)	 All vectors having only one Cartesian component, a (non-constant) function 
of the coordinate corresonding to that component. For example, A = ixf(z) 
or A = iyg(y) where f(z) and g(y) are not constants. The example of Prob. 
2.1.1 is a superposition of these possibilities. 

2.1.3	 From Table I 
1 8 18A", 8AzV·A= --(rAr ) + --+-	 (1) 

. r 8r r 84J 8z

Thus, for (a) 

-Ao [18(2V·A = -- ) 8. ]
r cos24J - -(sm24J)
d r 8r 84J (2) 

= ~O[2coS24J - 2cos24J1 = 0 

for (b) 
1 8 1 8 . 

V· A = Ao[--rcos4J - --sm4J] = 0	 (3)
r 8r r 84J 

while for (c) 
Ao 18 A

V·A=---r3 o=-3r	 (4)
tJ.2 r 8r tJ.2 

1 



2-2	 Solutions to Chapter 2 

2.1.4	 From (2), 
DivA = lim _1_ 1 A. ds 

4V-+O~V ls (1) 

Following steps 

t 
like (2.1.3)-(2.1.5) 

A.da~~~~z[(r+ 6;)Ar (r+ 6;,~,z)] 

_ ~~az[(r - ~r)Ar(r _ ~r, ~,z)] 
(2) 

a~	 a~
, 

 
+~raz[A<t>(r,~+ 2'z) -A<t>(r,~-2'z)] 

az az 
+r~~ar[Az(r,~,z+2) -Az(r,~,z-2)] 

Thus, the limit


DivA= lim

r.o.<t>.o.z-+O


{ ra~az[(r+ar)Ar(r+ ~,~,z) - (r- ~)Ar(r- ~,~,z)]

ra~azar 

[A<t>(r, ~ + ¥, z) - A<t>(r,~ -	 ¥, z)] (3) 
+	 ra~ 

[Az(r,~,z+ ¥) - Az(r,~,z - ¥)]}
+	 az 

gives the result summarized in Table I. 

2.1.5	 From Table I, 

1 8 2 1 8. 1 8A<t> 
V· A = 2"-8 (r- Ar ) +-.-(J 8(J (AB sm(J) + -.-(J 8'" (1)

r r rSln	 rSln Y' 

For (a)


= -Ao [1 - -8 (5)] = -	AV . A r o (5r2
) 3 (2)d r2 8r d3


for (b)

Ao 1 8(2V·A=---- r )=0	 (3)
d2 rsin(J 8~


and for (e)


(4) 
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2.1.6 Starting with (2) and using the volume element shown in Fig. S2.1.6, 

(r + ~r)u8 

(r - ~r)u8 

Flcure 82.1.8 

Thus, 



2-4 Solutions to Chapter 2

In the limit

1 a 2 1 a . 1 aA",v ·.A = 2"-a(r Ar ) + -.-./I a./l (smOAo) +-.-./I a'" (3)
r r rSlnl7 17 rSlnl7 'I'

2.2 GAUSS' INTEGRAL THEOREM

~y

iydxdz
-iydxdx .. ----

ixdydz

,/

2.2.1

Figure 83.3.1

(a) The vector surface elements are shown in Fig. 82.2.1.

(b) There is no z contribution, so there are only x = ±dsurfaces, A", = (Ao/d)(±d)
and n = ±ixdydz. Hence, the first two integrals. The second and third are
similar.

(c) From (2.1.5)

V.A = Ao[~x+ ~y] = 2Ao
d ax ay d

Thus, because V . A is constant over the volume

[ V. AdV = 2~o (2d)3 = 16Aod2

(1)

(2)

2.2.2 The surface integration is

I A. da = ~: [jd jd dy2dydz _ jd jd (-d)y2dydz
18 -d -d -d -11-

+ jd jd dx2dxdz _ jd jd (-d)x2dxdz
-d -d -d -d

(1)



Solutions to Chapter 2 2-5 

From the first integral 

= :: (2cP) (~d3) 
The others give the same contribution, so 

4Ao 4d5 16Aod2 

= d3 3= 3 

(2) 

(3) 

To evaluate the right hand side of (2.2.4) 

V . A = Ao [!""' Zy2 + !.....z2y] = Ao (y2 + z2)
d3 az ay d3 

So, indeed 

(4) 

(5) 

2.3 GAUSS' LAW, MAGNETIC FLUX CONTINUITY AND 
CHARGE CONSERVATION 

2.3.1 (a) From Prob. 1.3.1 

E A [ z. y'J= - lx+ 1211'Eo z2 + y2 z2 + y2 ~ 

From (2.1.5) 

A [a ( :& ) a( y )]V·E-- ­ +­
- 211'Eo az Z2 + y2 ay z2 + y2

A[1 2:&2 1 2y2 ] 
= 211'Eo z2 + y2 - (z2 + y2)2 + z2 + y2 - (Z2 + y2)2 

A [y2_ Z2 z2_y2] 
= 211'Eo (z2 + y2)2 + (z2 + y2)2 = 0 

except where z2 + y2 = 0 (on the z-axis). 

(b) In cylindrical coordinates 

(1) 

(2) 

(3) 

Thus, from Table I, 



2-6 Solutions to Chapter 2 

2.3.2 Feom Table I in cylindrical coordinates with a( )/at/> and a( )/az = 0, 

v .foE = -f o -a (rEr 
) 

r ar 

so 

r<b 
b<r<a 

r < b 
b<r<a 

2.3.3 Using B = Ho(ix + i)') in (2.1.5), 

a(l) a(l)
V . /LoB = /LoHo[- + -] = 0ax ay 

2.3.4 In cylindrical coordinates (Table I): 

1 a 1 aH~ 8H", 1 a (--i ) 

(1) 

(2) 

(3) 

(1) 

V·B=--(rHr )+--+-=-- =0
r 8r r at/> az r at/> 2'll"r	

(1) 

2.3.5	 If V . /LoB = 0 everywhere then the integral of its normal over an arbitrary 
dosed surface in that region will be zero and 

(a)

V/LoB = 0


(b) 

(c) 
Hoay

V . /LoB = - - = 0 
a ax


Thus, only (b) will not satisfy (1.7.1)


2.3.6 Evaluation using (2.1.5) gives 

aE",	 2po
P= V 'foE= f o - =-z 

az	 8 

which is the given charge density. 
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2.3.'1 Using V· F in spherical coordinates from Table I with %f) and 0/0; = 0, 

V oJ = _.!.~(r2Jr) = _.!.~(,.s dpo) = _ dpo 
r2 or r2 or 3 dt dt 

which, since Po is independent of r, checks with (2.3.3). 

2.4 THE CURL OPERATOR 

2.4.1 All cases have only z and y components, independent of z. 

V X A = [i; iX i~] 
8s 811 
Az All 0 

= i.[oAII 
Bz 

_ oAz ]
oy 

Thus 
(a) 

V X A = Ao /1- IJ = 
d 

0 (1) 

(b) 

V X A = Ao 10 ­
d 

oj = 0 (2) 

(c) 
= Aol-e-kll cos kz + ke-kllV X A cos kzl = 0 (3) 

To make a finite curl make a single component having any dependence on a 
coordinate perpendicular to the vector. 

All = I(z), Az =0, A. = 0 (4) 

Say, 

(5) 

2.4.2	 In all cases A. = 0 and B/Bs = 0, so from Table I, 

. [1 0 ( ) 1 oAr]V X A = I. -- rA~ - --	 (1)
r or r 0; 

(a) Thus 

(a) ~ V X A = i. Ao [!.~(_r2 sin 2;) -	 !.~(rcos2;)] 
d r or r 0; (2) 

= i. ~o [-2 sin 2; + 28in 2;1 = 0 



2-8	 Solutions to Chapter 2 

(b) ==> V x A = i.Ao[~ :r(-rsinq,) - ~ :q, cosq,] 
(3) 

= i.Ao[ _ sinq, + sinq,] = 0 
r r 

• 1 8 (AO r 3 ) • (3Ao r) ( ) ()c ==> V x A = 1.;:- 8r 7 =1. 7	 4 

(b)	 Possible vector functions having a curl make A = A<f>i<f> where rA<f> = j(r) is 
not a constant. For example f(r) = r, r2 , r3 , in which case 

(5) 

2.4.3 From (2) 

(curlA)n = lim } 1 A· ds	 (1)
.o.a--+O ua fa 

Using contour of Fig. P2.4.3a, 

(VxA)r= lim {[6.ZAz(r,q,+¥,z)-6.ZAz(r,q,-¥,z)] 
r.o.<f>.o.z--+O r6.q,6.z 

_ [r6.q,A<f>(r, q" z + ¥) - r6.q,A",(r, q" z - ¥)] } (2) 
r6.q,6.z 

18Az 8 A", 
= ;:- 8q, - 8z 

Using the contour of Fig. P2.4.3b 

(V x A)", = lim {[6.rAr (r,q" z + ¥) - 6.rAr (r, q" z - ¥)] 
.0. r.o. z--+O t::.rt::.z 

_ [t::.zAz(r + ¥, q"z) - 6.zAz(r - ¥, q" z)] } (3) 
6.r6.z 

8Ar 8Az 
= 8z - a; ­

(V X A)z = lim 
.0. rr.o. "'--+0 

[(r+ ¥)t::.q,A",(r+ ¥,q"z) - (r- ¥)6.q,At/>(r-¥,q"z)] 
{ 6.rrt::.q, 

_ [6.rAr (r, q, + ¥, z) - 6.rAr (r, q, - ¥, z)] } 
(4) 

6.rr6.q, 

1 8(rAt/» 1 8Ar

=;:- 8r -;: 8q,


http:P2.4.3a


2.4.4

Solutions to Chapter 2

/'\d.8
Nrsin8t::..dJ

From (2)

(r ~ ~r) sin 8t::..dJ

Flsure 83.4.4

2-9

(
'l"7 A) , {[raOAB(r,o,tP+ ¥) -raOAB(r,O,tP- ¥)]
vX r= hm - .rt:.Br sin Bt:.",-O raOr sm oatP

[rsin (0 + ¥)atPA",(r,O + ¥, tP) - rsin (0 - ¥)atPAfjI(r, 0- ¥, tP)] }
+ raOrsinOatP

= __1__8 A_B + _1__8(.>.-si_n_8A---,fjI~)
rain 0 8tP r sin 0 80

(1)

(VXA)B= lim . {[arAr(r,8,tP+¥),-arAr(r,o,tP-¥)]
t:.rsinBrt:.fjI-O arsmOratP

_ [atP sin8(r + ~)A",(r + ~,O, tP) - atP sin tP(r - ~)A",(r - ~,O, tP)] }
arsin8ratP

1 8Ar 18(rAfjI)
= -:r(-sin-O-=-) 8tP -; 8r

(2)

(V X A)", = lim {[ao(r + ~)AB(r + ~,O, tP) - aO(r - ~)AB(r - ~,O, tP)]
rt:.9t:.r-O raOar

[arAr(r,O + ¥, tP) - arAr(r, 0- ¥, tP)] }
raOar

1 8· 18Ar= --(rA9) ---
r 8r r 80

(3)



2-10 Solutions to Chapter 2

2.4.5 (a) Stokes' integral theorem, (2.4.1) is

£A . ds = 1V X A . da (1)

With S a closed surface, C -+ 0, so

t V X A . da = 0 =1V· (V X A)dV (2)

Because V is arbitrary, the integrand of this volume integral must be zero.

(b) Carrying out the operations gives

V.(VxA) = ~[aAz _ aA,,]+~ [aAz _ aA"]+~[aA,, _ aAz ] = 0 (3)
ax ay az ay az ax az ax ay

2.5 STOKES' INTEGRAL THEOREM

2.6.1 y

h -- - - - ,...--......----,

Z(9----""---~----~x

g

Figure SJ.5.1

(a) Using Fig. S2.5.1 to construct A· ds,

£A . ds = 19+~ Az (x, O)dx + lh A" (g + ~,y)dy

-lg+~ Az(x, h)dx -lh A,,(g, y)dy

= 19+~ (O)dx + lh ~ (g + ~)2dy (1)

-lg+~ (O)dx - r A; g2dy
g 10 d

= ~;[(g+~)2h-g2hl
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(b) The integrand of the surface integral is 

[ 
ix i~ is] aA 2A x 

V X A = a/;x 1" ~ = is ax" = is ,; 

Thus 

r r ru+6. 2A x A1 
s 

VxA·da= 1 
0 

1 
u 

,; dxdy= ,p[(g+d)2_ g2jh (2) 

2.5.2 (a) Using the contour shown in Fig. 82.5.1, 

fa A . ds = ~o [ iU 

+6. (O)dx + lh (g + d)dy 

-i U 
+6. (-h)dx -lh 

gdy] 

Ao[() j 2Aohd = d g + d h + hd ­ gh = d 

(b) To get the same result carrying out the surface integral, 

[ 
ix I)' is] aA aA 

V X A = a/ax a/ ay 0 = is [T -T]
All: A" 0 x Y 

= Ao [1 + 1] = 2Ao 

d d 

and hence l(v X A)· da = 2:0 (dh) 

(1) 

(2) 

2.6 DIFFERENTIAL LAWS OF AMPERE AND FARADAY 

2.6.1 

r<b 
b<r<a (1) 

r<b 
b<r<a 

(2) 



2-12	 Solutions to Chapter 2 

2.6.2	 Ampere's differential law is written in cylindrical coordinates using the ex­
pression for V x B from Table I with ajat/J and ajaz = 0 and Hr = 0, Hz = O. 
Thus 

VXB=i).aa (rH</»=i• .!:.aa {Joa2 [1-e- r/a(1+.!:.)]} = Joe-r/ai. (1) 
r r r r	 a 

2.7	 VISUALIZATION OF FIELDS AND THE DIVERGENCE 
AND CURL 

2.1.1	 (a) For p and E given by 
2po z 

p=­
B 

Ez =	 ~[z2 _ (~)2] (1)
foB 2 

the sketch is shown in Fig. 82.7.1 

Figure 83.1.1 

(b) 
X[i i.]

VxE= 0 
iy
0 ajaz =0	 (2) 

o	 0 Ez 

(c)	 The density of field lines does not vary in the direction perpendicular to lines. 

2.1.2 (a) From Prob. 1.4.1, 

- J	 e- r / a • Joa2 [ -r/a( r)]Jz - 0 , H</>=--1-e 1+- (1)
r a 

and the field and current plot is as shown in cross-section by Fig. 82.7.2. 

(b)	 From Prob. 1.4.4, the currents are a line current at the origin returned as two 
surface currents. 

K	 _ {I/,rr(2a+b); r=a 
,,- ~Ij7l"(2a+b); r=b (2) 



Solutions to Chapter 2

In the annular regions,

H __.!- { l/r; 0 < r < b
4> - 211" 2a/r(2a + b); b < r < a

2-13

(3)

This distribution of current density and magnetic field intensity is shown in
crosB-section by Fig. S2.7.2.

(a) (b)

Figure 83.7'.3

(c) Because H has no tP dependence with its only component in the tP direction, it
must be solenoidal. To check that this is so, note that a/atP =0 and a/az =0
and that (from Table I)

(d) See (c).

1 a
V.H=--a (rHr ) =0

r r
(4)

2.1.3 (a) The only irrotational field is (b), where the lines are uniform in the direction
perpendicular to their direction. In (a), the line integral of the field around a
contour such as that shown in Fig. S2.7.3a must be finite. Similarly, because
the field intensity is independent ofradius in case (c), the line integral shown
in Fig. S2.7.3b must be finite.



2.7'.4

2-14

C r --'4 --,
"I I.,

I I
I IL __ +

f-- J

(a)
Figure 92.".3

The respective fields are

Solutions to Chapter 2

(b)

(1)

(2)

and the field plot is as shown in Fig. 82.7.4. Note that the spacing between lines is
lesser above to reflect the greater intensity of the field tl;J.ere.

L II!I! l~
//y ,

2.7'.5

Figure 92.7'.4

The respective fields are

Figure 92.7'.5

(1)

(2)

2.7'.6

and the field plot is as shown in Fig. 82.7.5. Note that, because the field is solenoidal,
the number of field lines above and below can be the same while having their spa.cing
reflect the field intensity.

(a) The tangential E must be continuous, as shown in Fig. 82.7.6a, so the normal
E on top must be larger. Because there is than a net flux of E out of the
interlace, it follows from Gauss' integral law [continuity condition (1.3.17)]
that the surlace charge density is positive.



2-15 Solutions to Chapter 2 

r L L 
0-----....,..• 
z L L 

(a)	 (b) 

Figure 82.7'.8 

(b)	 The normal component of the flux density 1"011 is continuous, as shown in Fig. 
S2.7.6b, so the tangential component on the bottom is largest. From Ampere's 
integral law [the continuity condition (1.4.16)1 it follows that K", > o. 

http:S2.7.6b



