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Electrodynamic Laws,
Approximations and Relations




2.1 Definitions

Continuum electromechanics brings together several disciplines, and so it is useful to summarize
the definitions of electrodynamic variables and their units. Rationalized MKS units are used not only
in connection with electrodynamics, but also in dealing with subjects such as fluid mechanics and heat
transfer, which are often treated in English units. Unless otherwise given, basic units of meters (m),
kilograms (kg), seconds (sec), and Coulombs (C) can be assumed.

Table 2.1.1. Summary of electrodynamic nomenclature.

Name Symbol Units

Discrete Variables

volts = m2 kg/C sec2

Voltage or potential difference v [(v] =

Charge q [C] = Coulombs = C

Current i [A] = Amperes = C/sec

Magnetic flux A [Wb] = Weber = m2 kg/C sec

Capacitance C [F] = Farad C2 sec2/m? kg

Inductance L [H] = Henry = m2 kg/C2

Force f [N] = Newtons = kg m/sec?
Field Sources

Free charge density Of C/m3

Free surface charge density gs C/m2

Free current density If A/m?

Free surface current density Ks A/m

Fields (name in quotes is often used for convenience)

"Electric field" intensity E V/m
"Magnetic field" intensity H A/m
Electric displacement D C/m2
Magnetic flux density 3 Wb/m2 (tesla)
Polarization density ? C/m2
Magnetization density M A/m
Force density F N/m3
Physical Constants
Permittivity of free space €o = 8.854 x 10"12 F/m
Permeability of free space Yo = 4T x 10-7 H/m

Although terms involving moving magnetized and polarized media may not be familiar, Maxwell's
equations are summarized without prelude in the next section. The physical significance of the un-
familiar terms can best be discussed in Secs. 2.8 and 2.9 after the general laws are reduced to their
quasistatic forms, and this is the objective of Sec. 2.3. Except for introducing concepts concerned
with the description of continua, including integral theorems, in Secs. 2.4 and 2.6, and the dis-
cussion of Fourier amplitudes in Sec. 2.15, the remainder of the chapter is a parallel development of
the consequences of these quasistatic laws. That the field transformations (Sec. 2.5), integral laws
(Sec. 2.7), splicing conditions (Sec. 2.10), and energy storages are derived from the fundamental quasi-
static laws, illustrates the important dictum that internal consistency be maintained within the frame-
work of the quasistatic approximation.

The results of the sections on energy storage are used in Chap. 3 for deducing the electric and
magnetic force densities on macroscopic media. The transfer relations of the last sections are an
important resource throughout all of the following chapters, and give the opportunity to explore the
physical significance of the quasistatic limits.

2.2 Differential Laws of Electrodynamics

In, the Chu formulation,l with material effects on the fields accounted for by, the magnetization
density M and the polarization density P and with the material velocity denoted by v, the laws of
electrodynamics are:

Faraday's law
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1. P. Penfield, Jr., and H. A. Haus, Electrodynamics of Moving Media, The M.I.T. Press, Cambridge,
Massachusetts, 1967, pp. 35-40.




AmEEre's law
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Gauss' law
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divergence law for magnetic fields

> >

pV-H = -V oM (4)
and conservation of free charge
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This last expression is imbedded in Ampére's and Gauss' laws, as can be seen b taking the diver-
gence of Eq. 2 and exploiting Eq. 3. 1In this formulation the electric displacement % and magnetic flux
density B are defined fields:
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2.3 Quasistatic Laws and the Time-Rate Expansion

With a quasistatic model, it is recognized that relevant time rates of change are sufficiently
low that contributions due to a particular dynamical process are ignorable. The objective in this
section is to give some formal structure to the reasoning used to deduce the quasistatic field equa-
tions from the more general Maxwell's equations. Here, quasistatics specifically means that times
of interest are long compared to the time, Top, for an electromagnetic wave to propagate through the
system.

Generally, given a dynamical process characterized by some time determined by the parameters of
the system, a quasistatic model can be used to exploit the comparatively long time scale for proc-
esses of interest. In this broad sense, quasistatic models abound and will be encountered in many
other contexts in the chapters that follow. Specific examples are:

(a) processes slow compared to wave transit times in general; acoustic waves and the model is
one of incompressible flow, Alfvén and other electromechanical waves and the model is less standard;

(b) processes slow compared to diffusion (instantaneous diffusion models). What diffuses can
be magnetic field, viscous stresses, heat, molecules or hybrid electromechanical effects;

(c) processes slow compared to relaxation of continua (instantaneous relaxation or constant-
potential models). Charge relaxation is an important example.

The point of making a quasistatic approximation is often to focus attention on significant
dynamical processes. A quasistatic model is by no means static. Because more than one rate process
is often imbedded in a given physical system, it is important to agree upon the one with respect to
which the dynamics are quasistatic.

Rate processes other than those due to the transit time of electromagnetic waves enter through
the dependence of the field sources on the fields and material motion. To have in view the additional
characteristic times typically brought in by the field sources, in this section the free current
density is postulated to have the dependence
> > > > > > )
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In the absence of motion, Jv is zero. Thus, for media at rest the conductign model is ohmic, with the
elgctrical conductivity 0 in general a fungtion gf position. Examples of J;, are a convection current
pgv, or an ohmic motion-induced current o(v x uoH). With an underbar used to denote a normalized
quantity, the conductivity is normalized to a typical (constant) conductivity 00:

o =0, o(r,t) ()

To identify the hierarchy of critical time-rate parameters, the general laws are normalized,
Coordinates are normalized to one typical length %, while T represents a characteristic dynamical time:

(x,y,2) = (,Q&,Ql,li); t =1t (3)
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In a system sinusoidally excited at the angular frequency w, T= w_l.

The most convenient normalization of the fields depends on the specific system. Where electro-

mechanical coupling is significant, these can usually be categorized as "electric-field dominated' and
"magnetic-field dominated.' Anticipating this fact, two normalizations are now developed "in parallel,"
the first taking & as a characteristic electric field and the second taking s#as. a characteristic mag-

netic field:
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It might be appropriate with this step to recognize that the material motiom introduces a characteristic
(transport) time other than T. TFor simplicity, Eq. 4 takes the material velocity as being of the order

of &/T.

The normalization used is arbitrary. The same quasistatic laws will be deduced regardless of the
starting point, but the normalization will determine whether these laws are 'zero-order'" or higher order

in a sense to now be defined.

The normalizations of Eq. 4 introduced into Eqs. 2.2.1~5 result in
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where underbars on equation numbers are used to indicate that the equations are normalized and
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In Chap. 6, T_ will be identified as the magnetic diffusion time, while in Chap. 5 the role of the
charge-relaxa?ion time Te is developed. The time required for an electromagnetic plane wave to propa-
gate the distance % at the velocity ¢ is Tem. Given that there is just one characteristic length,

there are actually only two characteristic times, because as can be seen from Eq. 10

TT =T
m e em

11)

Unless Te and Tp, and hence Tgp, are all of the same order, there are only two possibilities for the

relative magnitudes of these times, as summarized in Fig. 2.3.1.

| B K| | BKI
— —_—
| T T —> | T T >
TITI Tem Te v Te Tem Tm T
electroquasistatics magnetoquasistatics

Fig. 2.3.1. Possible relations between physical time constants on a time
scale T which typifies the dynamics of interest.
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By electroquasistatic (EQS) apgroximation it is meant that the ordering of times is as to the left and
that the parameter B = (Tgy/T)¢ is much less than unity. Note that T is still arbitrary relative to Te.

In the magnetoquasistatic (MQS) approximation, § is still small, but the ordering of characteristic times
is as to the right. 1In this case, T is arbitrary relative to Ty.

To make a formal statement of the procedure used to find the quasistatic approximation, the normal-
ized fields and charge density are expanded in powers of the time-rate parameter 8.
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In the following, it is assumed that constitutive laws relate P and ¥ to E and ?i, so that these
densities are similarly expanded. The velocity ¥ 1is taken as given. Then, the series are sub-
stituted into Eqs., 5-9 and the resulting expressions arranged by factors multiplying ascendin%

powers of B, The "zero order" equations are obtained by requiring that the coefficients of B
vanish. These are simply Eqs. 5-9 with B = 0:
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The zero-order solutions are found by solving these equations, augmented by appropriate
boundary conditions. If the boundary conditions are themselves time dependent, normalization
will turn up additional characteristic times that must be fitted into the hierarchy of Fig. 2.3.1.

Higher order conmtributions to the series of Eq. 12 follow from a sequential solution of the
equations found by making coefficients of like powers of B vanish. The expressions resulting
from setting the coefficients of PR to zero are:
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To find the first order contributions, these equations with n=1 are solved with the zero order
solutions making up the right-hand sides of the equations playing the role of known driving functionms.
Boundary conditions are satisfied by the lowest order fields. Thus higher order fields satisfy homo-
geneous boundary conditions.

Once the first order solutions are known, the process can be repeated with these forming the

"drives" for the n=2 equations.

In the absence of loss effects, there are no characteristic times to distinguish MQS and EQS
systems. In that limit, which set of normalizations is used 1s a matter of convenience. If a situa-
tion represented by the left-hand set actually has an EQS limit, the zero order laws become the quasi-
static laws. But, if these expressions are applied to a situation that is actually MQS, them first-
order terms must be calculated to find the quasistatic fields, If more than the one characteristic
time Tey is involved, as is the case with finite Te and Ty, then the ordering of rate parameters can
contribute to the convergence of the expansion.

In practice, a formal derivation of the quasistatic laws is seldom used. Rather, intuition and
experience along with comparison of critical time constants to relevant dynamical times is used to
identify one of the two sets of zero order expressions as appropriate. But, the use of normalizations
to identify critical parameters, and the notion that characteristic times can be used to unscramble
dynamical processes, will be used extensively in the chapters to follow.

Within the framework of quasistatic electrodynamics, the unnormalized forms of Eqs. 13-17
comprise the "exact" field laws. These equations are reordered to reflect their relative importance:

Electroquasistatic (EQS) Magnetoquasistatic (MQS)
> -> >
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The conduction current Ef has been reintroduced to reflect the wider range of validity of these
equations than might be inferred from Eq. 1. With different conduction models will come different
characteristic times,exemplified in the discussions of this section by T and T, Matters are more
complicated if fields and media interact electromechanically. Then, V is determined to some extent
at least by the fields themselves and must be treated on a par with the field variables. The result
can be still more characteristic times.

The ordering of the quasistatic equations emphasizes the instantaneous relation between the
respective dominant sources and fields. Given the charge and polarization densities in the EQS system,
or given the current and magnetization densities in the MQS system, the dominant fields are known and
are functions only of the sources at the given instant in time.

The dynamics enter in the EQS system with conservation of charge, and in the MQS system with
Faraday'g law of induction. Equations 26a and 27a are only needed if an after-the-fact determina-
tion of H is to be made. An example where such a rare interest in H exists i1s in the small mag-
netic field induced by electric fields and currents within the human body. The distribution of in-
Eernal fields and hence currents is determiqu by the first three EQS equations. Given E, P, and
Jg, the remaining two expressions determine H. In the MQS system, Eq. 27b can be regarded as an
expression for the after-the-fact evaluation of pg, which 1s not usually of interest in such systems.

What makes the subject of quasistatics difficult to treat in a general way,even for a system
of fixed ohmic conductivity, is the dependence of the appropriate model on considerations not con-
veniently represented in the differential laws. For example, a pair of perfectly conducting plates,
shorted on one pair of edges and driven by a sinusoidal source at the opposite pair, will be MQS
at low frequencies. The same pair of plates, open-circuited rather than shorted, will be electroquasi-

static at low frequencies. The difference is in the boundary conditions.

Geometry and the inhomogeneity of the medium (insulators, perfect conductors and semiconductors)
are also essential to determining the appropriate approximation. Most systems require more than one

2.5 Sec. 2.3



characteristic dimension and perhaps conductivity for their description, with the result that more than
two time constants are often involved. Thus, the two possibilities identified in Fig. 2.3.1 can in
principle become many possibilities. Even so, for a wide range of practical problems, the appropriate
field laws are either clearly electroquasistatic or magnetoquasistatic.

Problems accompanying this section help to make the significance of the quasistatic limits more
substantive by considering cases that can also be solved exactly.

2.4 Continuum Coordinates and the Convective Derivative

There are two commonly used representations of continuum variables. One of these is familiar
from classical mechanics, while the other is universally used in electrodynamics. Because electro-
mechanics involves both of these subjects, attention is now drawn to the salient features of the two
representations.

Consider first the "Lagrangian representation." The position of a material particle is a natural
example and is depicted by Fig. 2.4.la. When the time t is zero, a particle is found at the position
?o- The position of the particle at some subsequent time is E. To let £ represent the displacement of
a continuum oé particles, the position variable ro is used to distinguish particles. In this sense, the
displacement then also becomes a continuum variable capable of representing the relative displace-
ments of an infinitude of particles.

/
Y Ay Vixy.z)

> -

() (b)

Fig. 2.4.1. Particle motions represented in terms of (a) Lagrangian coordinates,
where the initial particle coordinate r, designates the particle of
interest, and (b) Eulerian coordinates, where (x,y,z) designates the
spatial position of interest.

In a Lagrangian representation, the velocity of the particle 1s simply

3=%§ V 1)

If concern is with only one particle, there is no point in writing the derivative as a partial deriv-
ative. However, it is understood that, when the derivative is taken, it is a particular particle
which is being considered. So, it is understood that r, is fixed. Using the same line of reasoning,
the acceleration of a particle is given by

+ _3v ~
a= 2)

The idea of representing continuum variables in terms of the coordinates (x,y,z) connected with
the space itself is familiar from electromagnetic theory. But what does it mean if the variable is
mechanical rather than electrical? We could represent the velocit of the continuum of particles
filling the space of interest by a vector function v(x,y,z t) = v(r t). The velocity of particles
having the position (x,y,z,) at a given time t is determined by evaluating the function v(; t). The
velocity appearing in Sec. 2.2 is an example. As suggested by Fig. 2.4.1b, if the function is the
velocity evaluated at a given position in space, it describes whichever particle is at that point at
the time of interest. Generally, there 1s a continuous stream of particles through the point (x,y,z).

Secs. 2.3 & 2.4 2.6



Computation of the particle acceleration makes evident the contrast between Eulerian and Lagrangian
representations. By definition, the acceleration is the rate of change of the velocity computed for a
given particle of matter. A particle having the position (x,y,z) at time t will be found an instant
At later at the position (x + v At,y + vyht,z + vyAt). Hence the acceleration is

V(x + v At,y + v At,z + v At,t + At) - V(X,¥,2,t)
= 1im 4 AE (3)
At+0

>
a

Expansion of the first term in Eq. 3 about the initial coordinates of the particle gives the convective
derivative of v:

> > > >
2=V v v LA\ A
a=otv oo+ Ve 3y Vo323tV Vv (4)

>
v

The difference between Eq. 2 and Eq. 4 is resolved by recognizing the difference in the signi-
ficance of the partial derivatives. 1In Eq. 2, it is understood that the coordinates being held fixed
are the initial coordinates of the particle of interest. In Eq. 4, the partial derivative is taken,
holding fixed the particular point of interest in space.

The same steps_ show that the rate of change of any vector variable K, as viewed from a particle
having the velocity v, is

A_&, 20t 1-12
D—t = 3;:‘ + (v )A, A= A(XQYsz,t) )

The time rate of change of any scalar variable for an observer moving with the velocity ¥ is obtained
from Eq. 5 by considering the particular case in which A has only one component, say X = f(x,y,z,t)i%.
Then Eq. 5 becomes

Df >
Ft— + voVEf (6)
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Reference 3 of Appendix C is a film useful in understanding this section.

2.5 Transformations between Inertial Frames

In extending empirically determined conduction, polarization and magnetization laws to include
material motion, it is often necessary to relate field variables evaluated in different reference
frames. A given point in space can be designated either in terms of the coordinate T or of the co-
ordinate ¥' of Fig. 2.5.1. By "inertial reference frames," it is meant that the relative velocity
between these two frames is constant, designated by u. The positions in the two coordinate systems
are related by the Galilean transformation:

> >
r' =r-ut; t' =t )]

Fig. 2.5.1

Reference frames have constant

relative velocity ¥. The co~

ordinates ¥ = (x,y,z) and ¥' =

—> (x',y',2z') designate the same
)/ position.

X

It is a familiar fact that variables describing a given physical situation in one reference frame
will not be the same as those in the other. An example is material velocity, which, if measured in one
frame, will differ from that in the other frame by the relative velocity .

There are two objectives in this section: one is to show that the quasistatic laws are invariant

when subject to a Galilean transformation between inertial reference frames. But, of more use is the
relationship between electromagnetic variables in the two frames of reference that follows from this
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proof. The approach is as follows. First, the postulate is made that the quasistatic equations take the
same form in the primed and unprimed inertial reference frames. But, in writing the laws in the primed
frame, the spatial and temporal derivatives must be taken with respect to the coordinates of that ref-
erence frame, and the dependent field variables are then fields defined in that reference frame. In
general, these must be designated by primes, since their relation to the variables in the unprimed frame
is not known.

For the purpose of writing the primed equations of electrodynamics in terms of the unprimed co-
ordinates, recognize that

AR
%+(%+:.V)KE-S—§-+uV-K-VX(-l:xK) @)
Ao dortiow=z Ry

The left relations follow by using the chain rule of differentiation and the transformation of Eq. 1.
That the spatial derivatives taken with respect to one frame must be the same as those with respect

to the other frame physically means that a single "snapshot" of the physical process would be all
required to evaluate the spatial derivatives in either frame. There would be no way of telling which
frame was the one from which the snapshot was taken. By contrast, the time rate of change for an
observer in the primed frame is, by definition, taken with the primed spatial coordinates held fixed.
In terms of the fixed+frame coordinates, this is the convective derivative defined with Eqs. 2.4.5

and 2.4.6. However, v in these equations is in gegeral a function of space and time. In the context
of this section it is specialized to the constant u. Thus, in rewriting the convective derivatives of
Eq. 2 the constancy of u and a vector identity (Eq. 16, Appendix B) have been used.

So far, what has been said in this section 1s a matter of coordinates. Now, a physically motivated
postulate is made concerning the electromagnetic laws. Imagine one electromagnetic experiment that is
to be described from the two different reference frames. The postulate is that provided each of these
frames is inertial, the governing laws must take the same form. Thus, Eqs. 23-27 apply with [V + V',

9( )/ot + 3( )/ot'] and all dependent variables primed. By way of comparing these laws to those ex-

pressed in the fixed-frame, Eqs. 2 are used to rewrite these expressions in terms of the unprimed in-
dependent variables. Also, the moving-frame material velocity is rewritten in terms of the unprimed

frame velocity using the relation

VV=v-u 3)

Thus, the laws originally expressed in the primed frame of reference become
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In writing Eq. 7a, Eq. 4a is used. Similarly, Eq. 5b is used to write Eq. 6b. For the one experi-
ment under consideration, these equations will.predict the same behavior as the fixed frame laws,
Eqs. 2.3.23-27, if the identification is made:
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EQs MQs
E=E AN 9
P =3 M =N (10)
Pg = P =3 a1
3% = jf - Kpf E'=FE+ucx uoﬁ (12)
B o=f-Uxel (13)
and hence, from Eq. 2.2.6 and hence, from Eq. 2.2.7
b =3 =3 (14)

The primary fields are the same whether viewed from one frame or the other. Thus, the EQS elec-
tric field polarization density and charge density are the same in both frames, as are the MQS mag-
netic field, magnetization density and current density. The respective dynamic laws can be associated
with those field transformations that involve the relative velocity. That the free current density
is altered by the relative motion of the net free charge in the EQS system is not surprising. But, it
is the contribution of this same convection current to Ampere s law that generates the velocity depend-
ent contribution to the EQS magnetic field measured in the moving frame of reference. Similarly, the
velocity dependent contribution to the MQS electric field transformation is a direct consequence of
Faraday's law.

The transformations, like the quasistatic laws from which they originate, are approximate. It
would require Lorentz transformations to carry out a similar procedure for the exact electrodynamic
laws of Sec. 2.2. The general laws are not invariant in form to a Galilean transformation, and there-
in is the origin of special relativity. Built in from the start in the quasistatic field laws is a
self-consistency with other Galilean invariant laws describing mechanical continua that will be brought
in in later chapters.

2.6 Integral Theorems

Several integral theorems prove useful, not only in the description of electromagnetic fields but
also in dealing with continuum mechanics and electromechanics. These theorems will be stated here with-
out proof.

If it is recognized that the gradient operator is defined such that its line integral between two
endpoints (a) and (b) is simply the scalar function evaluated at the endpoints, thenl

13
L wdn = p®) - v@) 1)
a

Two more familiar theorems1 are useful in dealing with vector functions. For a closed surface S, en-
closing the volume V, Gauss' theorem states that

[ vokav = § Z3aa (2)
A S

while Stokes's theorem pertains to an open surface S with the contour C as its periphery:

£ V x A.nda = é A4 3)

In stating these theorems, the normal vector is defined as being outward from the enclosed volupe for
Gauss' theorem, and the contour is taken as positive in a direction such that 4% 1s related to n by the
right-hand rule. Contours, surfaces, and volumes are sketched in Fig. 2.6.1.

A possibly less familiar theorem is the generalized Leibnitz rule.2 In those cases where the
surface is itself a function of time, it tells how to take the derivative with respect to time of the
integral over an open surface of a vector function:

1. Markus Zahn, Electromagnetic Field Theory, a problem solving approach, John Wiley & Sons, New York,
1979, pp. 18-36.

2. H. H. Woodson and J. R. Melcher, Electromechanical Dynamics, Vol. 1. John Wiley & Sons, New York,
1968, pp. B32-B36.(See Prob. 2.6.2 for the derivation of this theorem.)

2.9 Secs. 2.5 & 2.6




~C

(a) (b) (c)

Fig. 2.6.1., Arbitrary contours, volumes and surfaces: (a) open contour C;
(b) closed surface S, enclosing volume V; (c) open surface S
with boundary contour C.
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Again, C is the contour which is the periphery of the open surface S. The velocity 35 is the velocity
of the surface and the contour. Unless given a physical significance, its meaning is purely geometrical.

A limiting form of the generalized Leibnitz rule will be handy in dealing with closed surfaces.
Let the contour C of Eq. 4 shrink to zero, so that the surface S becomes a closed one. This process can
be readily visualized in terms of the surface and contour sketch in Fig. 2.6.lc if the contour C is
pictured as the draw-string on a bag. Then, if ¢ = V.X, and use is made of Gauss' theorem (Eq. 2),
Eq. 4 becomes a statement of how to take the time derivative of a volume integral when the volume is a
function of time:

g? f Zdv = f %% av + § tv_-nda (5)
v A S
Again, 38 is the velocity of the surface enclosing the volume V.,

2.7 Quasistatic Integral Laws

There are at least three reasons for desiring Maxwell's equations in integral form. First, the
integral equations are convenient for establishing jump conditions implied by the differential
equations. Second, they are the basis for defining lumped parameter variables such as the voltage,
charge, current, and flux. Third, they are useful in understanding (as opposed to predicting) physical
processes. 3Since Maxwell's equations have already been divided into the two quasistatic systems, it
is now possible to proceed in a straightforward way to write the integral laws for contours, surfaceg,
and volumes which are distorting, i.e., that are functions of time. The velocity of a surface S is Ve

To obtain the integral laws implied by the laws of Eqs. 2.3.23-27, each equation is either
(1) integrated over an open surface S with Stokes's theorem used where the integrand is a curl operator
to convert to a line integration on C and Eq. 2.6.4 used to bring the time derivative outside the
integral, or (1i) integrated over a closed volume V with Gauss' theorem used to convert integrations
of a divergence operator to integrals over closed surfaces S and Eq. 2.6.5 used to bring the time
derivative outside the integrationm:

§§ (e E + )-fda = | pedV § H-dp = I 3, nda (1)
S v C
§ Tde=0 § u (# + #)+nda = 0 (2)
S
T2 d '
iJf.nda+a:-£’pde=O ii -Iz=-—fu @ + ¥)-nda (3)
- § Mo x G=v,)-de
c
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$ante = [ Trdda+ 2 [ 2+ By haa §3 2aa =0 @)
c s f s °© s °

( >
+9FPx G -v)&
C

g u (& + ¥)-nda = 0 § (e E + $)-nda = § pV (5)
s v
where where
=3 -% E' = E+ "
f £~ VgPs = Vg X U
ﬁ' =1 - ; X € E
8 [o]

The primed variables are simply summaries of the variables found in deducing these equations. However,
these definitions are consistent with the transform relationships found in Sec. 2.5, and the velocity
of these surfaces and contours, vg, can be identified with the velocity of an inertial frame instan-
taneously attached to the surface or contour at the point in question. Approximations implicit to the
original differential quasistatic laws are now implicit to these integral laws.

2.8 Polarization of Moving Media

Effects of polarization and magnetization are included in the formulation of electrodynamics
postulated in Sec. 2.2. In this and the next section a review is made of the underlying models.

Consider the electroquasistatic systems, where the dominant field source is the charge density.
Not all of this charge is externally accessible, in the sense that it cannot all be brought to some
position through a conduction process. If an initially neutral dielectric medium is stressed by an
electric field, the constituent molecules and domains become polarized. Even though the material
retains its charge neutrality, there can be a local accrual or loss of charge because of the polariza-
tion. The first order of business 1s to deduce the relation of such polarization charge to the polari-
zation density.

For conceptual purposes, the polarization of a material is pictured as shown in Fig. 2.8.1.

2

gl <®

\

Fig. 2.8.1. Model for dipoles fixed to deformable material. The model pictures
the negative charges as fixed to the material, and then the positive
halves of the dipoles fixed to the negative charges through internal
constraints.
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Fig. 2.8.2

Polarization results in net
charges passing through a
surface.

The molecules or domains are represented by dipoles composed of positive and negative charges +q,
separated by the vector distance d. The dipole moment is then 3 = qa, and if the particles have a
number density n, the polarization density is defined as

F = an (1)

In the most common dielectrics, the polarization results because of the application of an external
electric field. In that case, the internal constraints (represented by the springs in Fig. 2.8.1)
make the charges essentially coincident in the absence of an electric field, so that, on the average,
the material is (macroscopically) neutral. Then,.with the application of the electric field, there
is a separation of the charges in some direction which might be coincident with the applied electric
field intensity. The effect of the dipoles on the average electric field distribution is equivalent
to that of the medium they model.

To see how the polarization charge density 1s related to the polarization density, consider the
motion of charges through the arbitrary surface S shown in Fig. 2.8.2. For the moment, consider the
surface as being closed, so that the contour enclosing the surface shown is shrunk to zero. Because
polarization results in motion of the positive charge, leaving behind the negative image charge, the net
polarization charge within the volume V enclosed by the surface S is equal to the negative of the net
charge having left the volume across the surface S. Thus,

[ ppdV = - § nqd.fda = - § P.Ada (2)

S S

Gauss' theorem, Eq. 2.6.2, converts the surface integral to one over the arbitrary volume V. It
follows that the integrand must vanish so that

oy = - V.? (3)

This polarization charge density is now added to the free charge density as a source of the electric
field intensity in Gauss' law:

->
V-eoE = Pg + pp (4)

and Eqs. 3 and 4 comprise the postulated form of Gauss' law, Eq. 2.3.23a.

By definition, polarization charge is conserved, independent of the free charge. Hence, the
polarization current 3b is defined such that it satisfies the conservation equation

ap
v-?r‘p +—E=0 (5)

To establish the way in which 3' transforms between inertial reference frames, observe that in a primed
frame of reference, by dint of Eq. 2.5.2c, the conservation of polarization charge equation becomes

op!
. +' = ' =
v [Jp + upp] +'—a% 0 (6)
->

It has been shown that P, and hence Pps are the same in both frames (Eq. 2.5.10a). It follows that the
required transformation law is

>
J'=J3 - 7
p- % " (7)

If the dipoles are attached to a moving medium, so that the negative charges move with the same

velgcity ¥ as the moving material, the motion gives rise to a current which should be included in
Ampere's lav as a source of magnetic field. Even if the material is fixed, but the applied field is
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time-varying so as to induce a time-varying polarization density, a given surface is crossed by a net
charge and there is a current caused by a time-varying polarization density. The following steps
determine the current density jp in terms of the polarization density and the material velocity.

The starting poilnt is the statement

>, > - ﬂ_ > >
I Jp nda = 3= I P.nda (8)
S

The surface S, depicted by Fig. 2.8.2, is attached to the material itself. It moves with the
negative charges of the dipoles. Integrated over this deforming surface of fixed identity, the polari-
zation current density evaluated in the frame of reference of the material is equal to the rate of
change with respect to time of the net charge penetrating that surface.

With the surface velocity identified with the material velocity, Eq. 2.6.4 and Eq. 3 convert
Eq. 8 to

-
[ 3y-hda = | Gt - o v)-hda + §F x V. )
c
On the left, I is replaced by Eq. 7 evaluated with U= 3, while on the right Stokes's theorem,
Eq. 2.6.3, is Bsed to convert the line integral to a surface integral. The result is an equation in
surface integrals alone. Although fixed to the deforming material, the surface S is otherwilse arbitrary
and so it follows that the required relation between jp and P for the moving material is

>

J = 32 +7x @ xv) (10)

It is this current density that has been added to the right-hand side of Ampére's law, Eq. 2.3.26a,
to complete the formulation of polarization effects in the electroquasistatic system.

2.9 Magnetization of Moving Media

It is natural to use polarization charge to represent the effect of macroscopic media on the
macroscopic electric field. Actually, this is one of two alternatives for representing polarization.
That such a choice has been made becomes clear when the analogous question is asked for magnetization.
In the absence of magnetization, the free current density is the source of the magnetic field, and it
is therefore natural to represent the macroscopic effects of magnetizable media on i through an equi-
valent magnetization current density. Indeed, this viewpoint is often used and supported by the con-
tention that what is modeled at the atomic level is really a system of currents (the electrons in their
orbits). It is important to understand that the use of equivalent currents, or of equivalent magnetic
charge as used here, if carried out self-consistently, results in the same predictions of physical
processes. The choice of models in no way hinges on the microscopic processes accounting for the mag-
netization. Moreover, the magnetization is often dominated by dynamical processes that have more to do
with the behavior of domains than with individual atoms, and these are most realistically pictured as
small magnets (dipoles). With the Chu formulation postulated in Sec. 2.2, the dipole model for
representing magnetization has been adopted

An advantage of the Chu formulation is that magnetization is developed in analogy to polarization.
But rather than starting with a magnetic charge density, and deducing its relation to the polarization
density, think of the magnetic material as influencing the macroscopic fields through an intrinsic flux
density qu that might be given, or might be itself induced by the macroscopic ﬁ For lack of evidence
to support the existence of "free" magnetic monopoles, the total flux density due to all macroscopic
fields must be solenoidal. Hence, the intrinsic flux demsity uoﬁ, added to the flux density in free
space uoﬁ, must have no divergence:

Veuo(E + M) =0 1)

This is Eq. 2.3.24b. It is profitable to think of -V-uoﬁ as a source of ﬁ. That is, Eq. 1 can
be written to make it look like Gauss' law for the electric field:

->
VeuoH = Pms Pm = -V.uoﬁ (2)
The magnetic charge density pp is in this sense the source of the magnetic field intensity.

Faraday's law of induction must be revised if magnetization is present. If uoﬁ is a magnetic flux
density, then, through magnetic induction, its rate of change is capable of producing an induced electric
field intensity. Also, if Faraday's law of induction were to remain valid without alteration, then its
divergence must be consistent with Eq. 1; obviously, it is not.
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To generalize the law of induction to include magnetization, it is stated in integral form for a
contour C enclosing a+surface S fixed to the material in which the magnetized entities are imbedded.
Then, because uo(ﬁ + M) is the total flux density,

§ EedL o= - %? I uo(ﬁ + M).nda 3)
C S

The electric field E' is evaluated in the frame of reference of the moving contour. With the time
derivative taken inside the temporally varying surface integrals (Eq. 2.6.4) and because of Eq. 1,

T - [ @+ ]enda+ [ Vx[vxu (@ +W]-nda )
ot o o
c S S

>
The transformation law for E (Eq. 2.5.12b with ; = v) is now used to evaluate E', and Stokes's theorem,
Eq. 2.6.3, used to convert the line integral to a surface integral. Because S is arbitrary, it then
follows that the integrand must vanish:

] > > > ->
VrxEe- m@E+MI+Vx G xul) (5)
This generalization of Faraday's law is the postulated equation, Eq. 2.3.25b.

2,10 Jump Conditions

Systems having nonuniform properties are often modeled by regions of uniform properties, separated
by boundaries across which these properties change abruptly. Fields are similarly often given a piece-
wise representation with jump conditions used to "splice" them together at the discontinuities. These
conditions, derived here for reference, are implied by the integral laws. They guarantee that the
associated differential laws are satisfled through the singular region of the discontinuity.

Fig. 2.10.1. Volume element enclosing a boundary. Dimen-
sions of area A are much greater than A.

Electroquasistatic Jump Conditions: A section of the boundary can be enclosed by a volume element
having the thickness A and cross-sectional area A, as depicted by Fig. 2,10.1. The linear dimensions of
the cross-sectional area A are, by definition, much greater than the thickness A. Implicit to this
statement is the assumption that, although the surface can be curvilinear, its radius of curvature must
be much greater than a characteristic thickness over which variations in the properties and fields take
place.

The normal vector n used in this section is a unit vector perpendicular to the boundary and direct
from region b to region a, as.shown in Fig. 2.10.1. Since this same symbol is used in connection with
integral theorems and laws to denote a normal vector to surfaces of integration, these latter vectors
are denoted by In'

First, consider the boundary conditions implied by Gauss' law, Eq. 2.3.23a, with Eq. 2.8.3 used tc
introduce Pp- This law is first multiplied by V® and then integrated over the volume V:
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j V* Vee Fav = f Vip,dvV + I Vio_av (1)
o f P
v v v

Here, v is a coordinate (like x,y, or z) perpendicular to the boundary and hence in the direction of ;,
as shown in Fig. 2.10.1.

First, consider the particular case of Eq. 1 with m = O. Then, the integration gives

n-eEll=0.+0 (2)

P

ra I b - - b
where HA.H = %% - %° and Uﬂ)ﬂ = y? - ¥° and the free surface charge density O¢ and polarization surface
charge density 9p have been defined as

1 . 1
O, = lim pdV, o_ = lim p_dv (3)
£ A0 X'[ £ P A—*OKI P

The relationship between the surface charge and the electric field intensity normal to the boundary
can be pictured as shown in Fig. 2,10,2b.

N2 A/2

Fig. 2.10.2. Sketches of the charge distribution represented by the solid lines, and the
electric field intensity normal to the boundary represented by broken lines.
Sketches at the top represent actual distributions, while those below re-
present idealizations appropriate if the thickness A of the region over which
the electric field intensity makes its transition is small compared to other
dimensions of interest: (a) volume charge density to either side of inter-
face but no surface charge; (b) surface charge; (c) double layer.

In view of Eq. 2, the normal electric field intensity is continuous at the interface unless there
is a singularity in charge. Thus, with volume charges to either side of the interface, there is an
abrupt change in the rate of change of the electric field intensity normal to the boundary, but the
field is itself continuous. On the other hand, as illustrated by the sketches of Fig. 2.10.2b, if
there is an appreciable charge per unit area within the boundary, the electric field intensity is
discontinuous, and undergoes a step discontinuity.
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A somewhat less familiar situation is that of Fig. 2.10.2c. Within the boundary there are
regions of large positive and negative charge concentrations with an associated intense electric field
between. In the limit where the boundary becomes very thin, a component of the surface charge density
becomes a doublet, and the electric field becomes an impulse.

The double layer can be pictured as being positive surface charges disposed on one side of the
boundary, and negative surface charges distributed on the other, with an internal component of the
electric field originating on the positive charges and terminating on the negative ones. The mag-
nitude of the double layer is equal to the product of the positive surface charge density and the dis-
tance between these layers, A. In the limit where the layer thickness becomes infinitely thin while the
double-layer magnitude remains constant, the electric field within the double layer must approach
infinity. Thus, associated with the doublet of charge density, there is an impulse in the electric field
intensity, as sketched in Fig. 2.10.2c.

The boundary condition to be used in connection with a double layer 1is found from Eq. 1 by letting
m = 1. The left-hand side of Eq. 1 can be integrated by parts, so that it becomes

f v. (eovﬁ)dv - f e E-Vvav = I V(pg + p)av (%)
\'}

For the incremental volume, the surface double layer density is defined as

v
+
Py = iig-% J v(pf + pp)dV = jv v(pf + pp)dv (5)

and so the right-hand side of Eq. 4 is Apy. The origin of the A axis remains to be defined but A = v -V
To glean a jump condition from the equation, the second EQS law is incorporated. That E is irrotational
Eq. 2.3.24a, is represented by defining the electric potential

E=-v (6)

Thus, the second term on the left in Eq. 4 becomes

— == - . 2
J’ € EVvav = - j € V8 VWV = J‘ e V- (9VV)av + j’ e 3V vV 7
Vv

v A v

Evaluation of V2v gives nothing because V is defined as a local Cartesian coordinate. The last inte-
gral vanishes, and with the application of Gauss' theorem, Eq. 2.6.2, it follows that Eq. 4 becomes

r . ( .1 =
§ eguE Inda + § € 9Vv-1 da = Ap, (8)
S

wn-o

Provided that within the layer, E parallel to the interface and ¢ are finite (not impulses in the limit
4*0), Eq. 8 only has contributions to the surface integrals from the regions to either side of the inter-
face. Thus,

Aeo(v+Ea - v_Eb)'K +'A£°ﬂ of = APy )

The origin of the v axis is adjusted to make the first term vanish. The required boundary condition
to be associated with Eqs. 2.3.23a and 2.3.23b is

e, [ 2 1=p; (10)

The gradient of Eq. 10 within the plane of the interface converts the jump condition to one in
terms of the electric field:

e, T2, 1 =-vgp; (11)

Here Vy is the surface gradient and t denotes components tangential to the interfacial plane.

In the absence of a double-layer surface density, these last two boundary conditions are the
familiar statement that the tangential electric field intenmsity at a boundary must be continous. The
statement given in Eq. 10 that the potential must be continuous at a boundary is another way of stating

Sec. 2.10 2.16



this requirement on the tangential electric field intensity. With a double layer; the tangential elec-
tric field intensity is discontinuous, as is also the potential.

Equations 10 and 11 could also be derived using the condition that the line integral of the electric
field intensity around a closed loop intersecting the boundary vanish. Usually, the tangential electric
field is continuous because there 1s no contribution to this line integral from those segments of the
contour passing through the boundary. However, with the double layer, the electric field intensity with-
in the boundary is infinite; so, even though the segments of the line integral across the boundary vanish
as A + 0, there is a net contribution from these segments of the integration.

It is clear that higher order singularities could also be handled by considering values of m in
Eq. 1 greater than unity. However, the doublet is as singular a charge distribution as of interest
physically.

There are two reasons for wishing to include the doublet charge distribution, one mathematical and
one physical. Just as the surface charge density is a singularity in the volume charge density which
can be used to terminate a normal electric field intensity at a boundary, the double layer is a termination
of a tangential electric field. On the physical side, there are many situations in which a double layer
actually exists within a very thin region of material. Double layers abound at interfaces between liquids
and metals and between metals. The double-layer concept is useful for modeling electromechanical coupling
involving these interfacial regionms.

So far, those EQS laws have been considered that do not explicitly involve time rates of change.
Conservation of charge does involve a dynamic term. Its associated boundary conditions can therefore
be derived only by making further stipulations as to the nature of the boundary. It is now admitted that
the boundary can, in general, be one which is deforming. Because time did not appear explicitly in the
previous derivations of this section, the conditions derived are automatically appropriate, even if the
boundary is moving.

The integral form of charge conservation, Eq. 2.7.3a, is written for a volume V and surface S
tied to the material itself. Thus, with ?r‘s > ¥,

> > > d
SS(Jf - pgv)el da = - 5= j pgdv 12)
5

v

As seen in Fig. 2.10.1, the volume of integration always encloses material of fixed identity and inter-
sects the boundary. Implicit to this statement is the assumption that the boundary is one of demarca-
tion between material regions. The material velocity is presumed to at most have a step singularity
across the boundary. (It is important to recognize that there are other types of boundaries. For
example, the boundary could be a shock front, with a gas moving through from one side of the interface
to the other. In that case, the boundary conditions thus far derived would remain correct, because no
mention has yet been made of the physical nature of the boundary.)

The left~hand side of Eq. 12 can be handled in a manner similar to that already illustrated, since
it does not involve time rates of change. The integration is divided into two parts: one over the upper
and lower surfaces of the volume, the other over the parts of the surface which intersect the boundary.
The contributions to a current flow through these side surfaces comes from a surface current. It follows
by using a two-dimensional form of Gauss' theorem, Eq. 2.6.2, that the left-hand side of Eq. 12 is

> - > -> - 0> > > >
de - o1 da + J @, - o)1 da = afm- [ 3; - Vo ] + Vg &, - 0w} 13) -
sl+s" slll

Here, A is the area of intersection between the volume element and the boundary. The right-hand side of
Eq. 12 1s, by the definition of Eq. 3,

d =4
73 £ pde =3t 1 ofda (14)

Note that, if the volume of integration V, and hence the area of integration A, is one always fixed to
the material, then the area A is time-varying. The surface charge density i1s a function only of the

two dimensions within the plane of the interface. Thus, the term on the right in Eq. 14 is a time
derivative of a two-dimensional integral. This is a two-dimensional special case of the situation
described by the generalized Leibnitz rule, Eq. 2.6.5, which stated how the time derivative of a volume
integral could be represented, even if the volume of integration were time-varying. Thus, Eq. 14 becomes

90
d _ f >
i ‘J,'pfdv = A[—at + VZ-(vtO'f)] (15)
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Finally, with the use of Eqs. 13 and 15, Eq. 12 becomes the required jump condition representing charge
conservation:
lej
-> > -> > f
el dg - ogv [ + VpeRp = - 5 (16)

By contrast with Eqs. 10 and 11, the expression 1s specialized to interfaces that do not support charge
distributions so singular as a double layer. In using Eq. 16, note that a partial derivative with
respect to time is usually defined as one taken holding the spatial coordinates constant. A review of
the derivation of Eq. 16 will make it clear that such is not the significance of the partial derivative
on the right in Eq. 16. The surface charge density is not defined throughout the three~dimensional
space. Thus, this derivative means the partial derivative with respect to time, holding the coordinates
within the plane of the interface constant.

The component of current normal to the boundary represented by the first term in Eq. 16 will be
recognized as the free current density in a frame of reference moving with the boundary. A good questio
would be, "why is it that the normal current density appears in Eq. 16 evaluated in the primed frame of
reference, while the surface free current density is not?" The answer points to the physical situation
for which Eq. 16 is appropriate. As the material boundary moves in the normal direction, the material
ahead and behind carries a charge distribution along, but one that never reaches the boundary. By con-
trast, materials can flow in and out within the surface of the volume of interest, and carry with them
a surface charge density of a convective nature. Thus, the surface divergence appearing in the second
term of Eq. 16 can include both a conduction surface current and a convection surface current.

Magnetoquasistatic Jump Conditions: The integral forms of Ampére's law and Gauss' law for magnetic
fields incorporate no time rates of change. Hence, the jump conditions implied by these laws are
familiar from elementary electrodynamics. Ampére's law, Eq. 2.7.1b, is integrated over the surface S
and around the contour C enclosing the boundary, as sketched in Fig, 2.10.3, to obtain

2 x ﬂ 1 ﬂ = Ef 17)

where Kf is the surface current density. Although it is entirely possible to consider a doublet of
current density as a model, this impulsive singularity in the distribution of free current density is
of as high an order as necessary to model MQS electromechanical situations of general interest.

From Gauss' law for magnetic fields, Eq. 2.7.2b,
applied to the incremental volume enclosing the interface,
Fig. 2.10.1, the jump condition is

Kal]uo(-ﬁ+ Wm[=o0 (18)

Faraday's law of induction brings into play the time
rate of change, and it is expected that motion of the
boundary leads to an addition to the jump condition not
found for stationary media. According to Eq. 2.7.3b, the
integral form of Faraday's law, for a contour fixed to the
material (of fixed identity) so that Vg + v, 1s

Fig. 2.10.3. Contour of integration C
enclosing a surface S that inter-
sects the boundary between regions

With Eq. 19, it has already been assumed that the boundary (2) and (b).

is a material one. Consistent with Eq. 17 is the assumption

that it can be carrying a surface current with it as it deforms. If the surface S were not one of fixed

identity, this would mean that the surface integral on the right could be a step function of time as the

boundary passed through the surface of integration. The result would be a temporal impulse on the right

- which would make a contribution to the boundary condition even in the limit where the surface S becomes

vanishingly small. By contrast, because the surface S is one of fixed identity, in the limit where the

surface area vanishes, the right-hand side of Eq. 19 makes no contribution.

§ v )42 = - %E f u, () - Tda (19)
C S

With the assumption that fields and velocity are at most step functions across the boundary, the
integral on the left in Eq. 19 gives

ax JE+Vx uoﬁ I=o0 (20)

This expression is what would be expected, in view of the transformation law for the electric field in
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>
the MQS system. It states that E{ is continuous across the interface.

Summary of Electroquasistatic and Magnetoquasistatic Conditions: Tagble 2.10.1 summarizes the
jump conditions.

Table 2.10.1. Quasistatic jump conditions; H X H = Ka - Kb.
EQS MQS
> ->
nJeE+P? [|[=0
0 f
ix[E [ - % (21)
> >
n-n P U = - GP
e, (2] =0 g-uoﬂ A+M =0
(22)
>
€ I B [ = “Vy9q ;.uo” i I - O
-> -> -> > 3Uf > -> <>
ne || Jg - pfvﬂ + VZ.Kf = - nx [E+vx U H [=o0 (23)
A lf-Txed =% -0, 203, 1-0 (24)

Included in the summary are several that are either rarely used, are matters of definition, or are
obvious. That the surface polarization charge and surface magnetic charge are related to % and T
respectively follows from Egqs. 2.8.3 and 2.9.2 used in conjunction with Gauss' theorem and the elemental
volume of Fig. 2,10.1., Similarly, Eq. 24b follows from the solenoidal nature of the MQS current density.
Finally, Eq. 24a follows from the EQS form of Ampére's law, integrated over the surface S of Fig. 2.10.3,
following the line of reasoning used in connection with Eq. 20.

2.11 Lumped Parameter Electroquasistatic Elements

Lumped parameter electromechanical models are sufficiently practical that they warrant detailed
examination.l Even though the electromechanical coupling may be of a definitely continuum and dis-
tributed nature, it is most often the case that interest is in inputs and outputs at discrete terminal
pairs. This section reviews the definition of energy storage elements in EQS systems.

An abstract representation of a system of perfectly conducting electrodes, each having a potential
vi relative to a reference electrode, is shown in Fig. 2,11.1. Not only are the electrodes and their
connecting leads perfectly conducting, but the environment surrounding them is perfectly insulating.

Fig. 2.11.1

Schematic view of an electrode
system consisting of n elec-
trodes composed of perfect con-
ductors and immersed in a per-
fectly insulating medium.

reference

1. H. H. Woodson and J. R. Melcher, Electromechanical Dynamics, Vol. I, John Wiley & Sons, New York,
1968. '
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The charge on each of the n electrodes is the free charge density integrated over a volume enclosin
the electrode:

_ > +
q = I pedV = § D.nda (1)
Vi 54

The total charge on an electrode is indicated by an arrow pointing toward the electrode from the terminal
pair attached to that electrode. The associated voltage is defined in terms of the electric field and
potential by

o [V EEe ce - @

ref

This relation is justified because the electric field is irrotational and hence the negative gradient of
of 9,

Given the geometry of the electrodes at a certain instant in time, displacements £j-<<£j++-Ep are
known, and the condition that the field be irrotational and satisfy Gauss' law leads to equatione that
can in principle be used to determine the charges on the individual electrodes at a given instant:

qi = qi(vl"'vn’ g1°"6m) 3)

If the dielectrics are electrically linear in the sense that D= SE, where €is a function of posi-
tion but not of time or the field, then it is useful to define a capacitance

é eﬁ-gda
c qi 54 %)
ti3 TV, T T,
3 vi*j-o -I t.d2
ref

The capacitance of the ith electrode relative to the jth electrode is the charge on the ith electrode
per unit voltage on the jth electrode, with all other electrodes held at zero voltage. The capacitance
is useful as a parameter because the charge on an electrode in a linear dielectric is proportional to
the voltage itself; hence, the capacitance is purely a function of the electrical properties of the sys-
tem and the geometry:

n
B 7k Cay Cay 7 Oy GreeR) ®)

To define the capacitance as with Eqs. 4 and 5, no reference 1s required to the time rate of
change. In these relations qi, vi, and &4 can all be functions of time. The dynamics enter by virtue
of conservation of charge, which can be written for a volume including the ith electrode as (Eq. 2.7.3a):

+>, > - - d_
éJf-nda T I PV (6)
Si Vi
The quantity on the right in this expression is the negative of the time rate of change of the total free
charge on the ith electrode. The only free current density normal to a surface enclosing the electrode
is that through the wire itself. Note that the normal vector is defined as outward from this surface,

while a positive current through the wire flows inward. Hence, the left-hand side of Eq. 6 becomes the
negative of the total current at the ith electrical terminal pair:

dq
i
=5 ™

With the charge given as a function of the voltages and the geometry by Eq. 3, or in particular by Eq. 35,
Eq. 7 can be used to compute the current flowing into a given terminal of the electrode system.

2.12 Lumped Parameter Magpetoquésistatic Elements

An extremely practical idealization of lumped parameter magnetoquasistatic systems is sketched
schematically in Fig. 2.12,1. Perfectly conducting coils are excited at their terminals by currents iy
and, in general, coupled together by the induced magnetic flux. The surrounding medium is magnetizable
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Fig. 2.12.1

‘Schematic representation

of a system of perfectly
conducting coils. The

ith coil is shown with the
wire assuming the contour
C4 enclosing a surface Si.
There is a total of n coils
in the system.

but free of electrical losses. The total flux Ay linked by the ith coil is a terminal variable, defined
such that

A, = I B.nda 1)

A positive A is determined by first assigning the direction of a positive current ij. Then, the direc-
tion of the normal vector (and hence the positive flux) to the surface Si, enclosed by the contour Cy
followed by the current ij,has a direction consistent with the right-hand rule, as Fig. 2.12.1 illus-
trates.

Because the MQS current density is solenoidal, the same current flows through the cross section
of the wire at any point. Thus, the terminal current is defined by

> >
i, = I Jei, da (2)
84

where the surface s; intersects all of the cross section of the wire at any point, as illustrated in the
figure.

The first two MQS equations are sufficient to deter?ine the flux linkages as a function of the cur=-
rent excitations and the geometry of the coil. Thus, Ampere's law and the condition that the magnetic
flux density be solenoidal are solved to obtain relations having the form

Ai = Ai(il"'insgl"’gm) (3)

If the materials involved are magnetically linear, so that,ﬁ = uﬁ, where Y is a function of position but
not of time or the fields, then it is convenient to define inductance parameters which depend only on
the geometry: -

I uH.nda

S

>

=1 - S
Lij a R (%)

j _ [ J .1 da
ii#j 0 ! f n
3
The inductance Lij is the flux linked by the ith coil per unit current in the jth coil, with all other
currents zero. For the particular cases in which an inductance can be defined, Eq. 3 becomes

n
Ay = Lijij’ Lij = Lij(gl"'g ) (5)

i m

j=1

The dynamics of a lumped parameter system arise through Faraday's integral law of induction,
Eq. 2.7.3b, which can be written for the ith coil as
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‘JS Erede = - g—t J B.nda (6)
c, S1

Here the contour is one attached to the wire and so v_ = v in Eq. 2.7.3b, The line integration can be
broken into two parts, one of which follows the wire from the positive terminal at (a) to (b), while the
other follows a path from (b) to (a) in the insulating reglon outside the wire

§hd - g Bd s ,Z 3.8 ™

Ci a

Even though the wire is in general deforming and moving, because it is perfectly conducting, the electric
field intensity ' must vanish in the conductor, and so the first integral called for on the right in

Eq. 7 must vanish., By contrast with the EQS fields, the electric field here is not irrotational. This
means that the remaining integration of the electric field intensity between the terminals must be care-
fully defined. Usually, the terminals are located in a region in which the magnetic field is sufficiently
small to take the electric field intensity as being irrotational, and therefore definable in terms of the
gradient of the potential. With the assumption that such is the case, the remaining integral of Eq. 7

is written as

a a
” Edg o= - I Vo.dg = (8, - 9,) = -v, (8)
b b

Thus it follows from Eq. 6, combined with Eqs. 1 and 8, that the voltage at the coil terminals is the
time rate of change of the associated flux linked:

dXx

=1 9
Vi =3

With Ai given by Eq. 3 or Eq. 5, the terminal voltage follows from Eq. 9.

2.13 Conservation of Electroquasistatic Energy

This and the next section develop a field picture of electromagnetic energy storage from fundamental
definitions and principles. Results are a first step in the derivation of macroscopic force densities
in Chap. 3. Energy storage in a conservative EQS system is considered first, followed by a statement
of power flow. In this and the next section the macroscopic medium is at rest.

Thermodynamics: Whether in electric or magnetic form, energy storage follows from the definition
of the electric field as a force per unit charge. The work required to tramsport an element of charge,
8q, from a reference position to a position p in the presence of the electric field intensity is

8w = - Ip §qE-dL (1)

ref

The integral is the work done by the external force on the electric subsystem in placing the charge at p.
If this process can be reversed, it can be said that the work done results in a stored energy equal to
Eq. 1. In an electroquasistatic system, the electric field is irrotational. Hence, £ = -vo. Then, if
Oref is defined as zero, it follows that Eq. 1 becomes

Sw = fsqw-a’z = 5q0 )

ref

where use has been made of the gradient integral theorem, Eq. 2.,6.,1. Consider now energy storage in
the system abstractly represented by Fig. 2.13.1. The system is perfectly insulating, except for the
perfectly conducting electrodes introduced into the volume of interest, as im Sec. 2.11. It will be
termed an "electroquasistatic thermodynamic subsystem."

The electrodes have terminal variables as defined in Sec. 2.11; voltages v4y and total charges qi.
But, in addition, the volume between the electrodes supports a free charge density pg. By definitionm,
the energy stored in assembling these charges is equal to the work required to carry the charges from a
reference position to the positions of interest. Thus, the incremental energy storage associated with

incremental changes in the electrode charges, 8qi, or in the charge density, Spg, in a given neighbor-
hood on the insulator, is
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Schematic representation
of electroquasistatic
system composed of per-
fectly conducting elec-
trodes imbedded in a per-
! fectly insulating dielec-
! tric medium,
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The volume V' is the volume excluded by the electrodes. Note that the reference electrode is not in-
cluded in the summation, because the electric potential on that electrode is, by definition, zero.

work required to place a free charge at its final position correctly accounts for the polarization,
because the polarization charges induced in carrying the free charges to their final position are re-

flected in the potential.

Consider now the field representation of the electroquasistatic stored energy. From Gauss' law
(Eq. 2.3.23a), the contribution of the summation in Eq. 3 can be represented in terms of an integral
over the surfaces S; of the electrodes:

n > >
6w=72 ¢ @,6D-nda + I 98 AV (4)
i=1] *
S ‘A

Here, ®; is the potential on the surface Sj. The surfaces enclosing the electrodes can be joined to-

gether at infinity, as shown in Fig. 2.13.1.

electrodes, the wires
Thus, the surface integration called for with the first term on the right in Eq. 4 can be represented

by an integration over a closed surface.
to a volume integration. However, note that the normal vector used in Eq. 4 points into the volume V'

excluded by the electrodes and included by the surface at infinity. Thus, in using Gauss' theorem,
a minus sign is introduced and Eq. 4 becomes

Sw = - f V. (06B)av + J 98p.dV = j [-8V.8D - 6D-Vo + 86p, 14V (5)
V' v! vt

In rewriting the integral, the identity V~¢E = E-Vw + wV-E has been used.

From Gauss' law, Spf = §V+D = V.6D. It follows that the first and last terms in Eq. 5 cancel.
Also, the electric field is irrotational (E = -V®). So Eq. 5 becomes

Sw = f . 6Ddv (6)

v

>
There is no E inside the electrodes, so the integration is now over all of the volume V.

The integrand in Eq. 6 is an energy density, and it is therefore appropriate to define the in-
cremental change in electric energy density as

oW = T.6D (7)

The

The resulting simply connected surface encloses all of the
as they extend to infinity, with the surface completed by a closure at infinity.

Gauss' theorem is then used to convert this surface integral

X
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The field representation of the energy, as given by Eqs. 6 and 7, should be compared to that for
lumped parameters. Suppose all of the charge resided on electrodes. Then, the second term in Eq. 3
would be zero, and the incremental change in energy would be given by the first term:

n
Sw=12 v,0q (8)
1=1 b B § ‘

Comparison of Eqs. 6 and 8 suggests that the electric field plays a role analogous to the terminal voltage
while the displacement vector is the analog of the charge on the electrodes. If the relationship between
the variables E and 3, or v and q, is single-valued, then the energy density and the total energy in the
continuum and lumped parameter systems can be viewed, respectively, as integrals or areas under curves

as sketched in Fig. 2.13.2.

If it is more convenient to have all of the voltages,
rather than the charges, as independent variables, then

Legendre's dual transformation can be used. That is, with \WoOrE
the observation that
5 5 |
viday = Ov49y - 9449 ® w or W {
dV 4 |
Eq. 8 becomes or . i i
1 : [
oy n 5 , g " SE ! I
w' =1 q,6v.; w' = v.q, - W) (10) :
g o1 1= 11 EEWOI’W!
with w' defined as the coenergy function. P :
i |
In an analogous manner, a coener%y density, W', | ! -
is defined by writing E.6D = §(#.D) - D-6¥ and thus . . D
defining 8q or 8D qor

SW' = D-6E; W' = ED - W (11)

The coenergy and coenergy density functions have Fig. 2.13.2. Geometric repfesentation
the geometric relationship to the energy and energy den- of energy w, coenergy w', energy :
sity functions, respectively, sketched in Fig. 2.13.2. density W, and coenergy density W
In those systems in which there is no distribution of for electric field systems.
charge other than on perfectly conducting electrodes,

Eqs. 6 and 8 can be regarded as equivalent ways of computing the same incremental change in electro-
quasistatic energy. If the charge is distributed throughout the volume, Eq. 6 remains valid.

With the notion of electrical energy storage goes the concept of a conservative subsystem. In
the process of building up free charges on perfectly conducting electrodes or slowly conducting charge
to the bulk positions (one mechanism for carrying out the process pictured abstractly by Eq. 3), the
work is stored much as it would be in cocking a spring. The electrical energy, like that of the spring,
can later be released (discharged). Included in the subsystem is storage in the polarization. For
work done on polarizable entities to be stored, this polarization process must also be reversible. Here,
it is profitable to think of the dipoles as internally constrained by spring-like nondissipative
elements, capable of releasing energy when the polarizing field is turned off. Mathematically, this
restriction on the nature of the polarization is brought in by requiring that P and hence D be a single-~
valued function of the instantaneous f, or that ¥ = f(ﬁ). In lumped parameter systems, this is tanta-
mount to q = q(v) or v = v(q).

Power Flow: The electric and polarization energy storage subsystem is the field theory generaliza-
tion of a capacitor. Just as practical circuits involve a capacitor interconnected with resistors
and other types of elements, in any actual physical system the ideal energy storage subsystem is im-
bedded with and coupled to other subsystems. The field equations, like Kirchhoff's laws in circuit
theory, encompass all of these subsystems. The following discussion is based on forming quadratic
expressions from the field laws, and hence relate to the energy balance between subsystems.

For a geometrical part of the ith subsystem, having the volume V enclosed by the surface S, a
statement of power flow takes the integral form

égi-;da + £ -Z-:-:l av = J'Vq)idv (12)
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Here, S{ is the power flux density, Wi is the energy density, and ¢j is the dissipation density.

Different subsystems can occupy the same volume V., In Eq. 12, V is arbitrary, while i distinguishes
the particular physical processes considered. The differential form of Eq. 12 follows by applying Gauss'
theorem to the first term and (because V is arbitrary) setting the integrand to zero:

oW .
- i _
V'Si+-8-t—'— ¢i (13)

This is a canonical form which will be used to describe various subsystems. In a given region, Wy can
increase with time either because of the volumetric source ¢f or because of a power flux -n-§i into the
region across its bordering surfaces.

For an electrical lumped parameter terminal pair, power is the product of voltage and current. This
serves as a clue for finding a statement of power flow from the basic laws. The generalization of the
voltage is the potential, while conservation of charge as expressed by Eq. 2.3.25a brings in the free
current density. So, the sum of Eqs. 2.3.25a and the conservation of polarization charge equation,

Eq. 2.8.5, is multiplied by ¢ to obtain

o[v. (3f+3p) + g-t- (o +p)1 = 0 (14)

With the objective an expression having the form of Eq. 13, a vector identity (Eq. 15, Appendix B)
and Gauss' law, Eq. 2.3.23a, convert Eq. 14 to

+3)+0 S vVeE=0 (15)
In the last term the time derivative and divergence are interchanged and the vector identity used again
to obtain the expression
3W
Vi, +52=0, (16)

where, with Eq. 2.8.10 used for 3#,

-)
o _E
—- >
§e=_<1>(3f+Jp+ at) @[3+ +vx(3xv)]
w zichi
e 2 o
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¢e = =-E (Jf + Jp) = =K. [ P x Pxv

Which terms appear where in this expression is a matter of what part of a physical system (which subsystem)
is being described. Note that W does not include energy stored by polarizing the medium. Also, it can
be shown that V-§e = V- (% x H), so that §é is the poynting vector familiar from conventional classical
electrodynamics. In the dissipation density, E-Jgf can represent work done on an external mechanical
system due to polarization forces or, if the polarization process involves dissipation, heat energy

given up to a thermal subsystem.

The polarization terms in ¢ can also represent energy storage in the polarization. This is illus-
trated by specializing Eq. 16 to describe a subsystem in which P is a single-valued function of the
instantaneous E, the free current density is purely ohmic, jf = dﬁ, and the medium is at rest. Then, the
polarization term from ¢e can be lumped with the energy density term to describe power flow in a subsystem
that includes energy storage in the polarization:

R W
R Tl @
where 5 3

> > _ > _ >

8, = ook + & 3 215wy = I E6B; ¢, = -of-E

o
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Note that the integral defining the energy density Wg, which is consistent with Eq. 7, involves an inte-
%rand which is time dependent only through the time dependence of B: E = B[D(t)]. Thus, oWg/3t =
(3B/5t).

With the power flux density placed on the right, Eq. 17 states that the energy density decreases
because of electrical losses (note that ¢E < 0) and because of the divergence of the power density.

2.14 Conservation of Magnetoquasistatic Energy

Fundamentally, the energy stored in a magnetic field involves the same work done by moving a test
charge from a reference position to the position of interest as was the starting point in Sec. 2,13,
But, the same starting point leads to an entirely different form of energy storage. In a magnetoquasi-
static system, the net free charge is a quantity evaluated after the fact. A self-consistent representa-
tion of the fields 1s built upon a statement of current continuity, Eq. 2.3.26b, in which the free
charge density is ignored altogether. Yet, the energy stored in a magnetic field is energy stored in
charges transported against an electric field intensity. The apparent discrepancy in these statements is
resolved by recognizing that the charges of interest in a magnetoquasistatic system are at least of
two species, with the charge density of one species alone far outweighing the net charge density.

Thermodynamics: Because the free current density is solenoidal, a current "tube" can be defined as
shown in Fig. 2.14.1. This tube is defined with a cross section having a normal 1n in the direction of
the local current density, and a surrounding surface having a normal perpendicular to the local current
density. An example of a current tube is a wire surrounded by insulation and hence carrying a total cur-
rent i which is the same at one cross section as at another.

Fig. 2.14.1

Current tube defined as having
cross-sectional area ds per-
pendicular to the local current
density, and an outside surface
with a normal vector perpendicular
to the current density.

For bipolar conduction, and a stationary medium, the current density within the tube is related
to the charge density by the expression

> ->
J.= 0y, -0 (1)

Here the conduction process is visualized as involving two types of carriers, one positive, with a charge
density p+, and the other negative, with a magnitude p-. The carriers then have velocities which are,
respectively, v+ and v-. Even though there is a current density, in the magnetoquasistatic system there
is essentially no net charge: pf = p+ - p- = 0. In an increment of time &t, the product of the respective
charge densities and net displacements is p+v+6t and - p_v dt. The work done on the charges as they
undergo these displacements is the energy stored in magnetic form. This work is computed by recognizing
that the force on each of the charged species is the product of the charge density and the electric

field intensity. Hence, the energy stored in the field by a length of the current tube d% is to first
order in differentials df% and ds,

-V, - p v ) -Estdsdf = -J_-Estdsds (2)

+ 4+ FeT- £

The expression for the free current density, Eq. 1, is used on the right to restate the energy stored
in the increment of time St. The unit vector 1 is defined to be the direction of jf. Thus, 35 =
(3foIh) ne Because the current density is solenoidal it follows closed paths. The product 3f Inds
is, by definition, constant along one of these paths, and if Ihdl is defined as an increment of the
line integral, it then follows from Eq. 2 that the energy stored in a single current tube is

-3f-Inds (§ E.Indz)cc ' 3)
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Fig. 2.14.2

Schematic representation of
a magnetoquasistatic energy
storage system. Currents
are either distributed in
current loops throughout the
volume of interest, or con-
fined to one of n possible
contours connected to the
discrete terminal pairs.

By contrast with the electroquasistatic system, in which the electric field intensity is induced
by the charge density (Gauss' law), the electric field intensity in Eq. 3 is clearly rotational. This
emphasizes the essential role played by Faraday's law of magnetic induction.

It is helpful to have in mind at least the abstraction of a physical system. Figure 2.14.2 shows
a volume of interest in which the currents are either distributed throughout the volume or confined to
particular contours (coils), the latter case having been discussed in Sec. 2.12.

First, consider the energy stored in the current paths defined by coils having cross-sectional
area ds. From Eq. 3, this contribution to the total energy is conveniently written as

—jf-Inds(§ E-Indx)st =16\ )

C,
i

Faraday's law and the definition of flux linkage, Eqs. 2.12.,1 and 2.12, 6, are the basis for representing
the line integral as a change in the flux linkage.

Because the free current density is solenoidal, the distribution of free currents within the
volume V excluded by the discrete coils can be represented as tke superposition of current tubes. From
Eq. 4 and the integral form of Faraday's law, Eq. 2.7.3b with vg = v = 0 (the medium is fixed), it
follows that the energy stored in a current tube is

_'>.'? ->
Yeurrent tube Je 1nd5(J 6§-nda) )

stube

The magnetic flux density is also solenoidal, and for this reason it is convenient to introduce the mag-
netic vector potential K, defined such that B = V x A, so that the magnetic flux density is automatically
solenoidal. With this representation of the flux density in terms of the vector potential, Stokes's
theorem, Eq. 2.6.3, converts Eq. 5 to

+ r I-> - + . * - + .
Jf.Inds § 8k 1ae § Gg-6h)dsar I 3 6Xav (6)
Ctube Ctube Vtube

Here, jf is by definition in the direction of Iﬁ, so that 3f-6x takes the component of §& in the Ih direc-
tion. The second equality is based upon recognition that the product ds.d% 1s a volume element of the

current tube, and the line integration constitutes an integration over the volume, vtube’ of the tube.

To include all of the energy stored in the distributed current loops, it is necessary only that
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the integral on the right in Eq. 6 be extended over all of the volume occupied by the tubes. The combina-
tion of the incremental energy stored in the discrete loops, Eq. 4, and that from the distributed current
loops, Eq. 6, is the incremental total energy of the system

n > >
Sw=12 1,81, + [ J_.S8AdV 7)
i=1 i 1 IV £

In this expression, V is the volume excluded by the discrete current paths. This incremental magnetic
energy storage is analogous to that for the electric field storage represented by Eq. 2.13.3.

In retrospect, it is apparent from the derivation that the division into discrete and distributed
current paths, represented by the two terms in Eq. 7, is a matter of convenience. In representing the
incremental energy in terms of the magnetic fields alone, it is handy to extend the volume V over all
of the currents within the volume of interest, including those that might be represented by discrete
terminal pairs. With this understanding, the incremental change in energy, Eq. 7, is the last term
only, with V extended over the total volume. Moreover, Ampere's law represents the current density in

terms of the magnetic field intensity, and, in turn, the integrand can be rewritten by use of a vector
identity (Eq. 8, Appendix B):

Sw = f V x H.6Rav = J[ﬁ.v x 6A + V.(H x SA)]av (8)
\Y \Y

The last term in Eq. 8 can be converted to a surface integral by using Gauss' theorem. With the
understanding that the system is closed in the sense that the fields fall off rapidly enough at infinity
so that the surface integration can be ignored, the remaining volume integration on the right in Eq. 8
can be used to obtain a field representation of the incremental energy change. With the curl of the
vector potential converted back to a flux density, Eq. 8 becomes

8w = I He §Bav 9
\Y
The integrand of Eq. 9 is defined as an incremental magnetic energy density
oW = U688 (10)
It is helpful to note the clear analogy between this energy density and the incremental total energy

represented by lumped parameters. In the absence of volume free current densities that cannot be
represented by discrete terminal pairs, Eq. 7 reduces to the lumped parameter form

Sw =

no~s

o1 1180 (11)
The magnetic field intensity plays the continuum role of the discrete terminal currents, and the magnetic
flux density is the continuum analog of the lumped parameter flux linkages. The situation in this mag-
netic case is, of course, analogous to the electrical incremental energy storages in continuum and in
lumped parameter cases, as discussed with Eqs. 7 and 8 of Sec. 2.13.

Just as it is often convenient in dealing with electrical lumped parameters to use the voltage
as an independent variable, so also in magnetic field systems it is helpful to use the terminal currents
as independent variables. In that case, the coenergy function w' is conveniently introduced as an
energy function

n
Sw' = I Aiaii (12)

i=1

In an analogous way, the co-energy density, w', is defined such that

oWw' = BeSH; W' = HB-W (13)

Power Flow: Thus far, the storage of energy in magnetic form has been examined. The postulate
has been that all work done in moving the charges against an electric field is stored. In any system
as a whole this is not likely to be the case. The general magnetoquasistatic laws enable a deduction
of an equation representing the flow of power, and the rate of change of the stored energy. This places
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the energy storage in the context of a more general system.

A clue as to how an energy conservation statement might be constructed from the differential mag-
netoquasistatic laws is obtained from Eq. 2, which makes it clear that the product of the free current
density and the electric field intensity are closely cennected with the statement of conservation of
energy. The dot product of the electric field and Ampere's law, Eq. 2.3.23b, is

E.[vx'ﬁ-:?f] =0 (14)

Use of a vector identity (Eq. 8, Appendix B) makes it possible to rewrite this expression as
E-V X - V-(E X ﬁ) = E-jf (15)

With the additional use of Faraday's law to represent V x E, Eq. 15 takes the form of Eq. 2.13.16, with

_> >
SezExH
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e =2 Mot (16)
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¢g = B - B - - WV x (gt x V)

These quantities have much the same physical significances discussed in comnection with Eq. 2.13.16.

To place the magnetic energy storage identified with the thermodynamic arguments in the context of
an actual system, consider a material which is ohmic and fixed so that ¥ = 0 and jf = 0E. Then the
second term on the right in Eq. 16c is in the form of a time rate of change of magnetization energy
density. Hence, the power flow equation assumes the form of Eq. 2.13.17, with

§E =ExH
>
B > >

Wy = [ H. 8B a7
o .

b = -0E-E

Implicit is the assumption that fis a single-valued function of the instantaneous B. The resulting
energy density includes magnetization energy and is consistent with Eq. 2.14.10.

2.15 Complex Amplitudes; Fourier. Amplitudes and Fourier Transforms

The notion of a continuum network Is introduced for the first time in the next section. The associ-
ated transfer relations illustrated there are a theme throughout the chapters which follow. Among several
reasons for their use is the organization they lend to the representation of complicated, largely linear,
systems. In this chapter, the continuum networks represent electromagnetic fields. Later, they re-
present fluid and (to some degree) solid mechanics, heat and mass transfer, and electromechanical continua
in general. These networks make it possible to set aside one part of a given problem, derive the associ-
ated relations once and for all and accumulate these for later use. Such relations will be picked up over
and over in solving different problems and, properly understood, are a useful reference.

Complex Amplitudes: In many practical situations, excitations are periodic in one or two spatial
directions, in time or in space and time, The complex amplitude representation of fields, useful in
dealing with these situations, is illustrated by considering the function ®(z,t) which has dependence
on z given explicitly by

o(z,t) =Red(t)e Jk2 (1)

With the wavenumber k real, the spatial distribution is periodic with wavelength A = 2m/k and spatial
phase determined by the complex amplitude 3. For example, if ¥ = 3,(t) is real and k is real, then
d(z,t) = ®o(t) cos kz.

The spatial derivative of ¢ follows from Eq. 1 as

a9

E’

Re {-§k8 (t)e K3 (2)

2.29 Secs. 2.14 & 2.15



The following identifications can therefore be made:
[0(z,8), 22 (2,6) IICS[B(E), - JIB(D)] 3)

with it being understood that even though complex amplitudes are being used, the temporal dependence is
arbitrary. There will be occasions where the time dependence is specified, but the space dependence is
not.. For example, complex amplitudes will take the form

®(z,t) = Red(z)ed¥t (4)

where $(z) is itself perhaps expressed as a Fourier series or transform (see Sec. 5.16).

Most.often, complex amplitudes will be used to represent both temporal and spatial dependences:

3(z,t) = Reded (Wt-k2) (5)

The (angular) frequency w can in general be complex. If & is periodic in time with period T, then T =
2r/w. For complex amplitudes &, the identifications are:

[0(z,6), 32 (2,6), 32 (2,8)1<0C>18,-1k3, Jub] ®

If w and k are real, Eq. 5 represents a traveling wave. At any instant, its wavelength is 2m/k,
at any position its frequency is w and points of constant phase propagate in the +z direction with the
phase velocity w/k.

Fourier Amplitudes and Transforms: The relations between complex amplitudes are identical to tliose
between Fourier amplitudes or between Fourier transforms provided that these are suitably defined. For
a wide range of physical situations it is the spatially periodic response or the temporal sinusoidal
steady state that is of interest. Simple combinations of solutions represented by the complex amplitudes
then suffice, and there is no need to introduce Fourier concepts. Even so, it is important to recognize
at the outset that the spatial information required for analysis of excitations with arbitrary spatial
distributions is inherent to the transfer relations based on single-complex—amplitude solutions.

The Fourier series represents an arbitrary function periodic in z with fundamental periodicity
length £ by a superposition of complex exponentials. In terms of complex Fourier coefficients ﬁn(t),
such a series is '

© —jknz
@(Z,t) = I 35n(t)e

n=—-m

. = -~*=~
sk = 2om/8; 9% =0 | (7)

where the condition on En insures that ¢ is real. Thus, with the identification & - &, and k * kp, each
complex exponential solution of the form of Eq. 1 can be taken as one term in the Fourier series. The
mth Fourier amplitude &, follows by multiplying Eq. 7 by the complex conjugate function exp(jkyz) and.
integrating over the length £ to obtain only one term on the right. This expression can then be solved .
for ¢y to obtain the inverse relation

. +2 Jkpz
o = %—[: d(z,t)e dz (é)

If the temporal dependence is also periodic, with fundamental period T, the Fourier series can also
be used to represent the time dependence in Eq. 7:

L)

=0 9

. A%
mn > “mn -m-n

40 4o jlugt-knz)
o(z,t) = I I & e

m=-—-00 n=-~o

where the condition on the amplitudes insures that ¢(z,t) is real. One component out of this double sum-
mation is the traveling-wave solution represented by the complex amplitude form, Eq. 5. The rules given
by Eqs. 3 and 6 pertain either to the complex amplitudes or the Fourier coefficients.

. The Fourier transform is convenient if the dependence is not periodic. With the Fourier transform
®(k,t) given by .

~ o0

80c,e) = | o(z,t)e*? dz

=00
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the functional dependence on z is a superposition of the complex exponentials

+o . -
d(z,t) = I o(k,t)e Jkz % (11)

«-=00

The relation between the transform and the transform of the derivative can be found by taking the trans-
form of 3®/9z using Eq. 11 and integrating by parts. Recall that Svdu = uv ~ fudv and identify
du + 39/3zdz and v + exp jkz, and it follows that

400
o 4
f -%% ejkz dz = erkz -jk I @ejkz dz (12)

-00

For properly bounded functions the first term on the right vanishes and the second is —jks(k,t). The

transform of 39/9z is simply -jkd and thus the Fourier transform also follows the rules given with
Eq. 3.

Extension of the Fourier transform to a second dimension results in the transform pair

- s 1 (ut-kz) dk dw
d(z,t) = I j d(k,w)e o o
LT (13)
4o 4o
B(k,w0) = j I @(z,t)e—J(wt-kz)dt dz

which illustrates how the traveling-wave solution of Eq. 5 can be viewed as a component of a complicated
function. Again, relations between complex amplitudes are governed by the same rules, Eq. 6, as are the
Fourier amplitudes &(k,w).

If relationships are found among quantities a(t), then the same relatioms hold with & + & and
3( )/9t + jw, because the time dependence exp (jwt)is a particular case of the more general form &(t).

Averages of Periodic Functions: An identity often used to evaluate temporal or spatlal averages of
complex~amplitude expressions is

<{e iedkz po § e-jkz> = -:ZL- Re A B* (14)
z .

where ( >z signifies an average over the length 2m/k-and it is assumed that k is real. This relation
follows by letting : :

Re A e_jkz Re B e~ikz _ % [K e_jkz + K*ejkz}%[]'i e dkz i*ejkz:] _ (15)

and multiplying out the right-hand side to obtain
%I} E e-2jkz + K*‘ﬁ*ezjkzil+ -1—'-,:2 §*+ K*ijl (16)

The first term is a linear combination of cos 2kz and sin 2kz and hende averages to zero. The second
term is constant and identical to the right-hand side of Eq. 14.

i

A similar theorem simplifies evaluation of the average of two periiodic functions expressed in the
form of Eq. 7:

$o -jk,z +o -jk z
<AB> =<  Ky(t) e o I B (t)e '“>
z n=-—o =2 0O Z

o 40 a7
= % AB_ = I AB*
n=-0 n=--0
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0f course, either the complex amplitude theorem of Eq. 14 or the Fourier amplitude theorem of Eq. 17
applies to time averages with kz -+ -wt.

2.16 Flux-Potential Transfer Relations for Laplacian Fields

It is often convenient in the modeling of a physical system to divide the volume of interest into
regions having uniform properties. Surfaces enclosing these regions are often planar, cylindrical or
spherical, with the volume then taking the form of a planar layer, a cylindrical annulus or a spherical
shell. Such volumes and bounding surfaces are illustrated in Tables 2.16.1-3. The question answered
in this section is: given the potential on the bounding surfaces, what are the associated normal flux
densities? Of immediate interest is the relation of the electric potentials to the normal displace-
ment vectors. But also treated in this section is the relation of the magnetic potential to the normal
magnetic flux densities. First the electroquasistatic fields are considered, and then the magnetoquasi-
static relations follow by analogy.

Electric Fields: If any one of the regions shown in Tablés 2.16.1-3 is filled with insulating
charge-free (pf = 0) material of uniform permittivity €,

P = (e - eo)'ﬁ, D = ek 1)
the governing field equations are Gauss' law, Eq. 2.3.23a,

v.d =0 2)
and the condition that % be irrotational, Eq. 2.3.24a. The latter is equivalent to

E=-vo (3)
Thus, the potential distribution within a volume is described by Laplace's equation

V2 = 0 | (4)
In terms of &,

D= -evo 5)

Magnetic Fields: For magnetoquasistatic fields in an insulating region (J¢ = 0) of uniform per-
meability .

M= - 0.3 = (6)
Ho

Thus, from Ampére's law, Eq. 2.3.23b, H is irrotational and it is appropriate to define a magnetic
potential ¥:

>

H=-W )
In addition, there is Eq. 2.3.24b:
v.E=0 : , (8)
Thus, the potential again satisfies Laplace's equation .
VY = 0 | ®
and in terms of ¥, the magnetic flux density is
B = -uw (10)
Comparison of the last two relations to Eqs. 4 and 5 shows that relations now derived for the

electric fields can be carried over to describe the magnetic fields by making the identification
(¢,B,e) ~ (¥,B,1).

Planar Layer: Bouﬁding surfaces at x = A and x = 0, respectively denoted by o and B, are shown
in Table 2.16.1. So far as developments in this section are concerned, these are not physical boundaries,
They are simply surfaces at which the potentials are respectively

®(A,y,2z,t) = Re 5u(t)eXP["j (kyﬁkzz)]; $(0,y,z,t) = Re 6B(t)exp[-j (ky}""kzZ)] (11)
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Table 2.16.1. Flux-potential transfer relations for planar layer in terms of electric
potential and normal displacement ($,Dy). To obtain magnetic relations,
substitute (@,Dx,e) + (Y,B.,1).

Planar layer

[~a | [ 1 ] [ze]
X Dx ~coth(yA) m ¢
= €y (a)
B —_1 pe
_DxJ - |cIReD coth(yA) ] :P ]

v4 éa' [ A 1 1 Ra-
~coth (YA) m Dx
1
. -3k y + I,2) ] ®

® = Re d(x,t) e ~B -1 ~8

P ] _———s Tnh (YD) coth(yA) ] LDXJ
Yy = kz + k2
y P

These will be recognized as generalizations of the complex amplitudes introduced with Eq. 2.15.1. That
the potentials at the o and B surfaces can be quite general follows from the discussion of Sec. 2.15,
which shows that the following arguments apply when ¢ is a spatial Fourier amplitude or a Fourier trans-
form.

In view of the surface potential distributions, solutions to Eq. 4 are assumed to take the form

® = Re d(x,t) exp[-j (ky + k2)] (12)
Substitution shows that
2~

40 _ % - 05 y=VE2 + K2 (13)
dx2 y z

Solutions of this equation are linear combinations of e or giternatively of sinh yx and cosh yx.
With ¥; and ¥, arbitrary functions of time, the solution takes the form

P = 51 sinh yx + 52 cosh yx (14)

The two coefficients are determined by requiring that the conditions of Eq. 11 be satisfied. For the gim-
ple situation at hand, an instructive alternative to performing the algebra necessary to evaluate ($;,%2)
consists in recognizing that a linear combination of the two solutions in Eq. 14 is sinh y(x - A). Thus,
the solution can be written as the sum of solutions that are individually zero on one or the other of the
bounding surfaces. By inspection, it follows that

% . 30 sinh.yx 3B sinh y(x - A)
¢ =20 sinh vyA ° sinh YA (15)

From Eqs. 5 and 15, D can be determined:

-

-jk.y + k_2z)
@_ 9% _ %0 cosh yx _ 3B cosh y(x-A) ] y z
x - €3xE Re Y[% sinh YA 0 sinh YA e (16)

Evaluation of this equation at x = A gives the displacement vector normal to the o surface, with complex
amplitude D¥. Similarly, evaluated at x = 0, Eq. 16 gives D8. The components of the "flux" (ﬁ%,Dﬁ) are
now determined, given the respective potentials (8%,6P). The transfer relations, Eq. (a) of Table 2.16.1,
summarize what is found. These relations can be solved for any pair of variables as a function of the
remaining pair. The inverse transfer relations are also summarized for reference in Table 2.16.1, Eq. (b)
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Fig. 2.16.1. (a) Transfer coefficients as a function of Ay = A V ky + k2.
(b) Distribution of ® across layer. z

That the layer is essentially a distributed capacitance (inductance) is emphasized by drawing
attention to the analogy between the transfer relations and constitutive laws for a system of linear
capacitors (inductors). For a two-terminal-pair system, Eq, 2.11.5 comprises two terminal charges
(q1,92) expressed as linear functions of the terminal voltages (vi,v2). Analogously, the (Dg,DX)
(which have units of charge per unit area and an arbitrary time dependence) are given as linear func-
tions of the potentials by Eq. (a) of Table 2,16.1. A similar analogy exists between Eq. 2.12.5,

expressing (A1,A2) as functions of (i1,i2), and the transfer relations between (B%,BE) (units of flux
per unit area) and the magnetic potentials (WQ,WB).

According to Eq. (a) of Table 2.16.1, Dy is induced by a "self term" (proportional to the potential
at the same surface) and a "mutual term.”" The coefficients which express this self- and mutual-coupling
have a dependence on Ay (2m/y the wavelength in the y-z plane) shown in Fig. 2.16.la. Written in the
form of Eq. 15, the potential has components, excited at each surface, that decay to zero, as shown in
Fig. 2.16.1b, at a rate that is proportional to how rapidly the fields vary in the y-z plane. For long
waves the decay is relatively slow, as depicted by the case Ay = 0.5, and the mutual-field is almost as

great as the self field. But as the wavelength is shortened relative to A (Ay increased), the surfaces
couple less and less.

In this discussion it is assumed that Yy is real, which it is if ky and k, are real. In fact, the
transfer relations are valid and useful for complex values of (ky,kz). If these numbers are purely

imaginary, the field distributions over the layer cross section are periodic. Such solutions are needed
to satisfy boundary conditions imposed in an x-y plane.

Cylindrical Annulus: With the bounding surfaces coaxial cylinders having radii o and B, it is
natural to use cylindrical coordinates (r, 6, z). A cross section of this prototype region and the

coordinates are shown in Table 2.16.2. On the outer and inner surfaces, the potential has the respec
tive forms

(a,0,2,t) = Re 3%(c) e d @2 50 0 5 ¢y = Re 3B (r)ed @OHK2) a7

Hence, it is appropriate to assume a bulk potential

® = Re 5(r,t)e-j(me+kz) (18)

Substitution in Laplace's equation (see Appendix A for operations in cylindrical coordinates), Eq. &,
then shows that

2% = 2

L2418 02+ 255 -0 (19)
r dr 2

dr r

By contrast with Eq. 13, this one has space-varying coefficients. It is convenient to categorize the
solutions according to the values of (m,k). With m = 0 and k = 0, the remaining terms are a perfect
differential which can be integrated twice to give the solutions familiar from the problem of the field

Sec. 2.16 2.34



Table 2.16.2. Flux-potential relations for cylindrical annulus in terms of electric potential and
normal displacement (®,D,). To obtain magnetic relations, substitute (<I>,Dr,e)+(‘l’,Br,u).

o = Re 3(r,t)e I (@O + k2)

B2 £,(8,0) g (0,8) |3

=g (a)
Pl g (Bo0)  £,(0,8) (|3
k=0, m=0

(" + Y
£, () =-"Lm_—
y [(y) D™
m 1
gy (6y) =5
(& - O™

k#0, m=0,1,2:..%
Jk[B_(3kx)J] (Jky) - I (Jkx)H] (Jky)]

e e
I LR CO R e

-2 (®)
~B € ~B
3 G, (B,0)  E (@,B)||D;
k=0, m=0

[+ O]
F (x,¥) -X._.Y_____

n [( 5HE - OH™]

2y
G x,y) =
B [ - "

k * 0, m = 0,1,2.

£ (x,y) = [0 Gl (ky) - I Qky)H (Gkx)]

En (%) = RIT GQeOR, Gky) - 3, Gk, Gl

KK (k) T} (ky) - I ()R (ky)]

£ (x,y) = [1_GaX_(ky) - :[m(ky)Km(kx)]

1
Sm(X.Y) = X[Im(kx)Km(ky) - Im(ky)Km(kx)]

. [J,;,qu)nm(jkw - B! (k) (3ky)]
Fal¥) = 3% T GR (0) — 3% GE0R, i) ]

-2
€aY) = T (37 Gky) B (3 -3 (3kx)E] (3ky) ]

L [TLGa0K (ky) = K ()T (ky)]
FaG0oy) = L 7ar <ky)1<' ) = 1 K ()]

1 .
K0 (11 K (k) - 17 (K. (ky) ]

Gm(x’}’) =

o~ <0
n: = €£_(0,0)8%;

5B o 235,
Dr = Sfm( 58073

fm(O yO) = -

kIlzl (ko)

kK (kB)

£ (=8) = - w (d)

See Prob. 2.17.2 for proof that Hy(jkx)Jp(jkx) - Jm(jkx)H'm(jkx) = - 2f(mkx) and Kpy (kx) Iy (kx)

- In(kx)Ky(kx) = 1/kx incorporated into gy and G
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Fig. 2.16.2. (a) Modified Bessel functions. (b) Self-field coefficients of cylindrical
transfer relations in limits where surfaces do not interact.

between coaxial circular conductors. In view of the boundary conditions at r = o and r = B,

SRR -5 B 'O > S in &)
3 = 3% _-% N . B, + (g - ) L5 @b = 0,0 (20)
In @) In @) In ()

For situations that depend on 6, but not on z (polar coordinates) so that k = 0, substitution shows the
solutions to .Eq.19 are r- . By inspection or algebraic manipulation, the linear combination of these
that satisfies the conditions of Eq. 17 is

d =

Bym r\m rm _ O.m
o [0 - @M g (@7 - @Y

+ ;3 (mk) = (m,0) (21)
Bym _ (&ym Bym _ oym ’
(Gm- @™ Q" - @
For k finite, the solutions to Eq. 19 are the modified Bessel functions Ip(kr) and Km(kr). These play
a role in the circular geometry analogous to exp(#Yx)in Cartesian geometry. The radial dependences of

the functions of order m = 0 and m = 1 are shown in Fig. 2.16.2a. Note that I, and Ky are respectively
singular at infinity and the origin.

Just as the exponential solutions could be determined from Eq. 13 by assuming a power series in x,
the Bessel functions are determined from an infinite series solution to Eq. 19. Like ¥, k can in general
be complex. If it is, it 1s customary to define two new functions which, in the special case where k
1s real, have imaginary arguments:

J (Jkr) = ijm(kr), H (jkr) = -12; j'(“’ﬂ) K_(kr) (22)

These are respectively the Bessel and Hankel functions of first kind. For real arguments, Iy and K, are
real, and hence J, and Hy can be either purely real or imaginary, depending on the order.

Large real-argument limits of the functions Im and Km reinforce the analogy to the Cartesian

Jec. 2.16 2.36



exponential solutions:

1 T
lim I_(u) = exp(u); lim K (u) =\/5— exp(-u) (23)
u-+oo m v 21u u->co m 2u P

Useful relations in the opposite extreme of small arguments are

2 2 ) Gu)™
lim jH_ (ju) = —-ln (=)} lim J_(ju) = %4
0 1.781072u’° ;1o ’m iom
m (24)
limH(ju)=QL—_—]-‘&;m#0
m
u*0 Jm(ju)

By inspection or algebraic manipulation, the linear combination of J and H satisfying the boundary
conditions of Eq. 17 is

[H (jkB)J (jkr) - In (jkB)H (3kr)] g [Jm(jka)Hm(jkr) - Hm(jku)Jm(jkr)]

® = ¥ @GR, R - I, GHE, R] ¢ L OWL W) T Ger.GE] @)

The evaluation of the surface displacements (D%,DE) using Egs. 20, 21, or 25 is now accomplished
using the same steps as for the planar layer. The resulting transfer.relations are summarized by
Eq. (a) in Table 2.16.2. Inversion of these relations, to give the surface potentials as functions of
the surface displacements, results in the relations summarized by Eq. (b) of that table. Primes denote
derivatives with respect to the entire specified argument of the function. Useful identities are:

uI;(u) = mlm(u) + ul UI;(U) = “mIm(u) + uIm_l(u)

m+1(u);
uKA(u) = me(u) - uKm+l(u)

Ré(u) = —Rl(u) (26)

uR&(u) = —mRm(u) + uRm_l(u); uRé(u) mR (u) - uR +1( u)

where Ry can be Jm’ Hm’ or the function Nm to be defined with Eq. 29.

Two useful limits of the transfer relations are given by Eqs. (¢) and (d) of Table 2.16.2. 1In
the first, the inner surface 1s absent, while in the second the outer surface is removed many wave-
lengths 2m/k. The self-field coefficients f,(0,0) and fj(w,B) are sketched for m=0 and m=1 in
Fig. 2.16.2b, Again, it is useful to note the analogy to the planar layer case where the appropriate
limit is kA > oo, In fact, for ko or kP reasonably large, the k dependence and the signs are the
same as for the planar geometry:

lim of (0,a) -+ -ka; 1lim BE (=,B) > kB @n
m
koo k>

For small arguments, these functions become

2

lim af 0,0) + - Lea) ; lim BEf («,B) -+ 1
kr0 2" g0 © In [rgigmr]
o 1.781072kB

(28)

lim uf (0,0) > -m for m # 0; lim Bfm(w,B) > m form # 0
ka0 kB+0

In general, k can be complex. In fact the most familiar form for Bessel functions is with k purely
imaginary. 1In that case, Jm is real but Hm is complex. By convention

B () = J (u) + 3N () (29)
where, if u is real, J, and Ny are real and Bessel functions of first and second kind. As might be

expected from the planar analogue, the radial dependence becomes periodic if k is imaginary. Plots
of the functions in this case are given in Fig. 2.16.3.
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Fig. 2.16.3. Bessel functions of first and second kind and real arguments. References
for the Bessel and related functions should be consulted for more details
concerning their properties and numerical values,l+4

Spherical Shell: A region between spherical surfaces having outer and inner radii o and B, respec:
tively, is shown in the figure of Table 2.16.3. In the volume, the potential conveniently takes the
variable separable form

® = Re d(r,t) 0(0)e~I™ (30)

where (r,6,9) are spherical coordinates as defined in the figure. Substitution of Eq. 30 into Laplace's
equation, Eq. 4, shows that the ¢ dependence is correctly assumed and that the (r,0) dependence is
determined from the equations

2

1 d do m 2
—— — [sin 0 53] - —— = -K
sin 00 d6 deé sin2 A
o 31
14 ,248, .2
E dr (r ar) = K

where the separation coefficient K2 is independent of (r,0). With the substitutions

u = cosf, Vvl - u® = sin@ (32)

Eq. 3la is converted to

2 2
- L-uPr@-2poe-o (33)
u 2
du 1-u
For K2 = n(n+l) and n an integer, solutions to Eq. 33 are
0 = B (u) (34)

1. F. B. Hildebrand, Advanced Calculus for Applications, Prentice-Hall, Englewood Cliffs, N.J., 1962,
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2. S. Ramo, J. R. Whinnery and T. Van Duzer, Fields and Waves in Communication Electronics, John Wiley
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Office, Washington D. C. 20402, 1964, pp. 355-494.
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1945, pp. 128-210.




Table 2.16.3. Flux-potential transfer relations for spherical shell in terms of electric

potential and normal displacement (®,D.).
substitute (®,Dy,€) - (‘I’,Br,u).

To obtain magnetic relatioms,

® = Re $(r,t)P"(cos 0)e 3™

Z)m/-Z dml,n
dxm

m

Pn=(1-x
1 2

P°=19 Pl'xs 1’2"5(3:: - 1)

P

3 --;" (5x3 - 3x%)

1
P, =~ 3 (35x" - 3027 + 3)

P P, | By cos md P’; Ptzn cos mf Pl; P'; cos mp
1 |cos 6 -_" 12'- @3 cos? 6-1) t . %— (¢ cos> 6 - 3 cos 8) t
+ +
0 [sin 6 ||+ - |+ | |3 sinBcos® t - t 7 8in8 (5 cos? 8-1) t ™ t
+ - ¥
0 0 3 s1n% 0 -+-~l |15 s1n%6 cos® L - : T *
o] o 0 15 sin> @ -+ H
=0 %0 30 ~0
D, - £,(B,a) g, (®,8) [[0 @ 4 o1 F (8,0) ¢, (a,B) |ID, )
B g,(80) £ (a,8) [[3P #B C e,  F (@8 |BE
Y 0 x\n+l 1l yn_, 1  xntl
£ (ey) = ()" + @) )] P ) = L oy (xi + n+11(y) ]
n [x&" - yD™ " T E®T - DN
- (2n+l) = Y (2n+1) 1
g, (x»y) 2[l(£)n _ l(l)n] Ca(y) =% éﬁ-ﬁ—) [l(g)n - l(l)n]
x y'y XX yvy XX
By
B0 3" Re=-T¢ ©
o > BE = Eg-nslll 58 (@
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where Pg are the associated Legendre functions of the first kind, order n and degree m. In terms of the
Legendre polynomials Pp, these functions are summarized in Table 2.16.3. Note that these solutions are
closed. They do not require infinite series for their representation.

To the second order differential equation, Eq. 33, there must be a second set of solutions Q®
Because these are singular in the interval 0 £ 0 € m, and situations of interest here include the
entire spherical surface at any given radius, these solutions are not included. The functions Pg play
the role of exp(jkz)(say) in cylindrical geometry, while exp(jm¢) is analogous to exp(jm6). The radial
dependence, which is much of the bother in cylindrical coordinates, is actually quite simple in spherical
coordinates. From Eq. 31b it is seen that solutions are a linear combination of rf and r~(0*l), with
the assumption that surface potentials respectively have the form

[0 ]
¢<g,e,¢,t> = Re 3P (£)P] (cost) exp(imb) (35)

it follows that the appropriate linear combination is

ryn _ B\ntl ryn _ Gynt+l

s o [T - @ 1O - @M
¢ =20 O\ 1 Bn+l + 0 Bin Oyt (36)

[ (E) - @] () - (E) 1

The complex amplitudes (QQ,QB) determine the combination of cos m¢ and sin m$, constituting the dis-
tribution of ¢ with longitudinal distance. For a real amplitude, the distribution is proportional to
cos mp. In the summary of Table 2.16.3, the lowest orders of PP (cos ) are tabulated, together with
diagrams showing the zones that are positive and negative relative to each other. In the rectangular
plots, the ordinate is 0 € 6 < 7, while the abscissa is 0 € ¢ € 27, Thus, the top and bottom lines are
the north and south poles while the lines within are nodes. The horizontal register of each diagram is
determined by the complex amplitude, which determines the phase of exp(jm¢).

Evaluation of the transfer relations given in Table 2.16.3 by Eqs. (a) and (b) is now carried out -
following the same procedure as for the planar layer. From these relations follow the limiting situ-
ations of a solid spherical region or one where the outer surface is well removed from the region of
interest summarized for reference by Eqs. (c) and (d) of Table 2.16.3.

Further useful aspects of solutions to Laplace's equation in spherical coordinates, including

orthogonality relations that permit Fourier-like expansions and evaluation of averages, are given in
standard references.

2,17 Energy Conservation and Quasistatic Transfer Relations

Applied to one of the three regions considered in Sec. 2.16, the incremental total electric energy
given by Eq. 2.13.6, can be written as

Sw = - f V0. 6DAV = - [ V. (06D)dV + I oV- 8Dav (1)
v A" \')

Because pf = 0, the last integral is zero. The remaining integral is converted to a surface integral by
Gauss' theorem, and the equation reduces to

bw = - § ®6D-nda ()
S

> Similar arguments apply in the magnetic cases, Because there is no volume free current demsity,
H = -V and Eq. 2.14.9 becomes

6w = - § ¥6B.nda (3)
]

Consider now the implications of these last two expressions for the transfer relations derived in
Sec. 2.16., Discussion is in terms of the electrical relations, but the analogy made in Sec. 2.16 clearly
pertains as well to Eqs. 2 and 3, so that the arguments also apply to the magnetic transfer relationms.

Suppose that the increment of energy 6w 1s introduced through S to a volume bounded by sections of
the o and B surfaces extending one "wavelength" in the surface dimensions. In Cartesian coordinates,

5. F. B. Hildebrand, loc. cit., pp. 159-165.
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this volume is bounded by (y,z) surfaces extending one wavelength in the y and z directions. In cylin-
drical coordinates, the volume is a pie-shaped cylinder subtended by outside and inside surfaces having
length 2m/k in the z direction and 2ma/m and 27B8/m respectively in the azimuthal direction. In spherical
coordinates, the volume is a sector from a sphere with 6 = 2w/m radians along the equator, 6 extending
from 0 + 7 and the surfaces at r = o and r = 8. In any of these cases, conservation of energy, as
expressed by Eq. 2, requires that

R R

The }} indicate averages over the respective surfaces of excitation. The areas (a ,aB) are in
particular
(2w)2/k k Cartesian
o Yy 2z
a” = T cylindrica
8 [ (2m)?/uk] () cylindrical (5)
a
(4ﬂ1m)( 2) spherical
B

In writing Eq. 2 as Eq. 4, contributions of surfaces other than the o and B surfaces cancel because
of the spatial periodicity. It is assumed that (ky,kz), (m,k) and m are real numbers.

The transfer relations developed in Sec. 2,16 take the general form

¢ “A11 A2 ||Pn
- (6)

B -
¢ YY)

(=X
Q

4
L4
8w

The coefficients Aj; are real. Hence, for the gurpose of deducing properties of Ajj, there is no loss
in generality in taking (D DB) and hence (3%,8B) as being real. Then, Eq. 4 takes the form

dw = c[-a"3%6D7 + 2P3PeD) | ) X
where C is 1/2 in the Cartesian and cylindrical cases and is a positive constant in the spherical
case.

With the assumption that w = w(ﬁa,ﬁs), the incremental energy can also be written as

g = B g5 4 2 5pf - (8)

a"D°‘ B
n

where (ﬁa DB) constitute independent electrical "terminal" variables, Thus, from Eqs., 7 and 8,

-a%3% = 3, B3R _ 3w (9)
o aﬁﬁ

n

A reclprocity condition is obtained by taking derivatives of these expressions with respect to ﬁs and
ﬁn’ respectively, and eliminating the energy function. In view of the transfer relations, Eq. 6,

a%A._ = aPa (10)

12 21
Thus, in the planar layer where the areas a® and aB are equal, the mutual coupling terms Ajjs = Ajj.
That the relations are related by Eq. 10 in the spherical case is easily checked, but the complicated
expressions for the cylindrical case simplify the mutual terms (footnote to Table 2.16.2).

The energy can be evaluated by ingegrating Eq. 7 using the "constitutive" laws of Eq. 6. The
integration is first carried out with DP = 0, raising §* to its final value. Then, with D* = §%, bR 1s

raised to its final value

w = cB (D“) BA is“fsB +1 aBAzz (DB)] (11)
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With either excitation alone, w must be positive and so from this relation it follows that
All > 0, A22 >0 (12)

These conditions are also met by the relations found in Sec. 2.16.

2.18 Solenoidal Fields, Vector Potential and Stream Function

Irrotational fields, such as the quasistatic electric field, are naturally represented by a scalar
potential. Not only does this reduce the vector field to a scalar field, but the potential function
evaluated on such surfaces as those of "perfectly" conducting electrodes becomes a lumped parameter
terminal variable, e.g., the voltage.

Solenoidal fields, such as the magnitic flux density i, are for similar reasons sometimes re-
presented in terms of a vector potential A:

B=VxA 1)

Thus, 3 automatically has no divergence. Unfortunately, the vector field i is represented in terms of
another vectoy field A. However, for important two-dimensional or symmetric configurations, a single
component of A is all required to again reduce the description to one involving a scalar function.
Four commonly encountered cases are summarized in-Table 2.18.1.

The first two are two~dimensional in the usual sense. The field -ﬁ lies in the x~y (or r-0) plane
and depends only on these coordinates, The assoclated vector potential has only a z component. The
third configuration, like the second, is in cylindrical geometry, but with B independent of & and hence
with A having only an ig component. The fourth configuration is in spherical geometry with symmetry
about the z axis and the vector potential directed along ¢e.

Like the scalar potential used to represent irrotational fields, the vector potential is closely
related to lumped parameter variables. If B is the magnetic flux demnsity, it is convenient for evalua-
tion of the flux linkage A (Eq. 2.12.1). For an incompressible flow, where B is replaced by the fluid
velocity v, the vector potential is conveniently used to evaluate the volume rate of flow. In that
application, A and A become "stream functions."

The connection between the flux linked and the vector potential follows from Stokes's theorem,
Eq. 2.6.3. The flux @A through a surface S enclosed by a contour C is

%, = £.§-;da = £ V x X.nda =’i X.df (2)

In each of the configurations of Table 2.18.1, Eq. 2 amounts to an evaluation of the surface integral.
For example, in the Cartesian two-dimensional configuration, contributions to the integration around a
contour C enclosing a surface having length £ in the z direction, only come from the legs running in
the z direction. Along these portions of the contour, denoted by (a) and (b), the coordinates (x,y) are

constant., Hence, the flux through the surface is simply L times the difference A{a) - A(b), as sum~-
marized in Table 2.18.1.

In the axisymmetric cylindrical and spherical configurations, r and r sin 6 dependences are
respectively introduced, so that evaluation of A essentially gives the flux linked. For example, in

the spherical configuration, the flux linked by a surface having inner and outer radii r cos © evaluated
at (a) and (b) is simply

a
9, = §%S§i%)—e'{¢.d?€ - ??11\?6 2m(r sin 6) - 2m[ACa) - A(b)] 3
7 .

Used in fluid mechanics to represent incompressible fluid flow, A is the Stokeg's stream function. Note
that the flux is positive if directed through the surface in the direction of n, which is specified in
terms of the contour C by the right-hand rule.

2,19 Vector Potential Transfer Relations for Certain Laplacian Fields

Even in dealing with magnetic fields in regions where 3f = 0,1if the flux linkages are of interest,
it is often more convenient to develop a model in terms of transfer relations specified in terms of a
vector rather than scalar potential. The objective in this section is to summarize these relations for
the first three configurations identified in Table 2.18.1.
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With B represented in terms of X by Eq. 2.18.1, Ampére's law (Eq. 2.3.23) requires that in a region
of uniform permeability yu,

VxVx X = u}f 1)

For a given magnetic flux density %, curl R is specified. But to make K unique, its divergence must also
be specified. Here, the divergence of A is defined as zero. Thus, the vector identity Vx V x A =
V({V:hA) - V2K reduces Eq. 1 to the vector Poisson's equation:

v = -ﬁf; VX =0 (2)

The vector Laplacian is summarized in Appendix A for the three coordinq;e systems of Table 2.18.1. Even
though the region described in the following developments is one where Jf = 0, the source term on the
right has been carried along for later reference.

Cartesian Coordinates: In the Cartesian coordinate system of Table 2.18.1 it is the z component
of Eq. 2 that is of interest. The z component of the vector Laplacian is the same operator as for the
scalar Laplacian. Thus, the situation is analogous to that outlined by Eqs. 2.16.11 to 2.16.16 with
® > A. With solutions of the form A = Re A(x,t) exp(-jky) so that Yy ~ k_ = k, the appropriate linear
combination of solutions is J

~0, sinh kx +BR sinh k(x - A)
A=A - A
sinh kA sinh kA (3)

Because ﬁ = Elu, the associated tangential field intensity is given by Eq. (b), Table 2.18.1,

= _ L1204
By = - 3% (4)

Expressed in terms of Eq. 3 and evaluated at the surfaces x = 0 and x = B, respectively, Eq. 4 gives
the first transfer relations, Eq. (a), of Table 2.19.1. Inversion of these relations gives Eqs. (b).

Polar Coordinates: 1In cylindrical coordinates with no z dependence, it is again the z component
of Eq. 2 that is pertinent. The configuration is summarized in Table 2.18.1. Solutions take the
form A = Re A(r,t) exp(~jmb) and are analogous to Eq. 2.16.21 with & replaced by A:

Bym rym r.m Oy
QD7 - @ (@7 - D]

A=X + (5)
gym _ Om Bym _ Q.m
(" - @M Q" - @M
The tangential field is then evaluated from Eq. (e), Table 2.18.1:
__Ll3a ’
Hg = - Uor (6)

Evaluation at the respective surfaces r = 0. and r = B gives the transfer relations, Eqs. (c) of
Table 2.19.1. Inversion of these relations gives Egs. (d).

Axisymmetric Cylindrical Coordinates: By contrast with the two~dimensional configurations so far
considered, where the vector Laplacian of A, is the same as the scalar Laplacian, the vector nature of
Eq. 2 becomes apparent in the axisymmetric cylindrical configuration. The 6 component of Eq. 2 is the
scalar Laplacian of Ap plus (—Ae/rz) (see Appendix A). With Ay = A,

X A

1 9A 3°A
+'? or 2

2 e
N
SA LA :

2t M O "

Even though solutions do not have a 6 dependence, so that

A = Re A(r,t)e Jkz (8)

equation 7 reduces to a form of Bessel's equation to which solutions are Bessel's and Hankel's func~

tions of order unity:

A=-uJ (9)
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(Compare Eq. 9 to Eq. 2.16.19.) It follows that solutions are of the form of Eq. 2.16.25 with >4
and m = 1: R

s o 5 g BUKBI kD] - 3 QK8 o8, (ko))
=TS TSGR Gl - 3, GRBE Ok

+ A — - (10)
3, (GEayH, (JkB) - B (k)3 (TkB)
The tangential field intensity follows from Eq. 10 and Eq. (h) of Table 2.18.1:
1 2A
Hz = u—r -a—r- (11)

In performing the differentiation, observe from Eq. 2.16.26d that whether Rm is Jm or Hm,

% [rRl(jkr)] = jkrR (jkr) 12)

Evaluation of H_ at the respective surfaces r = 0 and r = B gives the transfer relations, Eqs. (e) of
Table 2.19.1. fInversion of these relations gives Egs. (f).

2,20 Methodology

As descriptions of subregions composing a heterogeneous system, transfer relations (illustrated
for quasistatic fields in Sec. 2.16) are building blocks for describing complicated interactions. By
appropriate ldentification of variables, the same relations can be used to describe different regionms.

As an example, three planar regions are shown in {
Fig. 2.20.1. The symbols in parentheses denote positions = ——(d) — __j\ x'
adjacent to the surfaces demarking subregions. At the = = —]
surfaces, variables can be discontinuous. Hence it is :0;’: =% or a— l
necessary to distinguish variables evaluated on adjacent — —'——(e)” '
sides of a boundary. The transfer relations describe = 4/;—— (f) //E//Z X
the fields within the subregions and not across the Q b///// =b o, —= _I_
boundaries. //%{/ ’éﬁ)/ = ==

The transfer relations of Table 2.16.1 can be C_— —— €0Or pu, X
applied to the upper region by identifying (o) + (d), — — (i) —\

(B) + (e), A+ aand € or u * €4 or Y,. Similarly, r —

for the middle region, (a) > (£), (8) + (g), A > b,

and € or Y * € or Y. Boundary conditions and jump rela~ Fig. 2.20.1. Convention used to denote
tions across the surfaces then provide coupling conditions surface variables.

on the surface variables. Once the surface variables have

been self-consistently determined, the field distributions within the region can be evaluated using the
bulk distributions evaluated in terms of the surface coefficients. With appropriate surface amplitudes
and x + x', where the latter is defined for each region in Fig., 2.20.1, Eq. 2.16.15 describes the
potential distribution.

This approach will be used not only in other geometries but in representing mechanical and
electromechanical processes.
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Problems for Chapter 2

For Section 2.3:

Prob. 2.3.1 Perfectly conducting plane parallel plates are shorted at z = 0 and driven by a distributed

current source at z = -%, as shown in Fig. P2.3.1.

Fig. P2.3.1

(a) Apply the normalization of Eq. 4b to Maxwell's equations used to represent the fields between the
plates. There is no material between the plates, so magnetization, polarization and conduction
between the plates are ignorable.

(b) Simplify these equations by assuming that E=E (z,g)I and H = H (z,t)I .
= =0y = Syl

(c) The driving current is i(t) = Re I, exp jwt. Find Ex’ Ey’ the surface current and surface charge
on the lower plate to second order.

(d) Convert the results of (c) to dimensional expressions.

(e) Solve for the exact fields and expand in B to check the results of (d).

Prob. 2.3.2 The parallel plates of Prob. 2.3.1 are now driven along their left edges by a voltage
source v(t). They are open along their right edges. Carry out the steps analogqys to those of
Prob. 2.3.1. A normalization that makes the EQS limit the zero order approximation is appropriate.

Prob. 2.3.3 Perfectly conducting plane parallel electrodes in the planes x = a and x = 0 "sandwich"
and make electrical contact with a layer of material having conductivity ¢ and thickness a. These
plates are driven along their edges so that the surface current is Re K exp(jwt)I in the lower plate
at z = - and the negative of this in the upper plate. The edges of the plates at z = 0 are "open~
circuit." 1In the conductor, fields take the form Ex(z,t), Hy(z,t).

(a) Show that all of Maxwell's equations are satisfied if

2 ~
d 8 dH

Y o2 _ o v fE N |
+k Hy 0; k= Ao Ho€o = Juu0; E =g Tue)

dzz

(b) Show that

A —ikz _ ejkz jt | g - Re;ﬁjk(e-jkz + ejkz)ejwt
jk& e-jkz)

£~ ¢ _ JU,
JkL - _ e_jkz x (c + jweo)(e

(¢) In Fig. 2.3.1, T » 1/w and provided Te:#'ﬂm’ there are two possibilities:

(1) L. << 1 and we << 1. Show that in this case k& << 1 and

s jwt
K e
Ex > Re (o + jweo)z

so that the system is equivalent to a capacitor shorted by a resistor (what values?).

(ii) Wt << 1, wT, << 1. Show that in this case k + (-1 + j)/dm, where the skin depth
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§ = V¥ 2/wuo, and that Hy is the superposition of "skin-effect'" waves decaying in the direction of
phase propagation.

(d) Now, consider the EQS model from the outset. Under what conditions are the laws (Eqs. 23a - 27a)
valid? Show that the solution for Ey is consistent with part (c).

(e) Consider the magnetoquasistatic laws (Eqs. 23b - 27b) from the outset and show that the result is
consistent with part (c¢). For what conditions are these laws valid?

Prob. 2.3.4 Given the EQS laws, Egs. 23a - 25a, together with conduction and polarization constitutive
laws and the material motions, E, and p gan be determined. This is generally possible because the
constitutive laws do not typically involve H. Then, if T is required, Eqs. 26a and 26b, together with

a magnetization constitutive law, can be used. It is clear that these relations uniquely define ﬁ,
because they stipulate both V x H and V - H. Consider now the analogous question of uniquely deter-

mining in an MQS system. In such a system the conduction and magnetization constitutive laws
respectively take the form

Ef = o(%,0) (& + %uoﬁ) s M= M,V

and Eqs. 23b - 25b together with a knowledge of the material motion can be used to find # and M.

Show that ¥ is then uniquely specified and that recourse to Gauss' Law is made only to make an
"after the fact" evaluation of the charge density.

For Section 2.4:

Prob. 2.4.1 A material suffers a rigid-body rotation about the z axis with constant angular velocity
Q0. The particle at the position (ro,eo) when t = 0 is found at

4 > . e
g(ro,eo,t) = rocos(Qt + 60)1x + r031n(Qt + 60)1y

at a subsequent time t. This Lagrangian description is pictured in Fig. P2.4.1. Use Egs. 2.4.1
and 2.4.2 to show that the velocity and acceleration are respectively

v = in(Qt + 6 )i + Qt + 61

V=T Q[-sin(Qt O)1x cos(Qt O)1y]
->

P

YA Y4 vixyh= (e,
Fig. P2.4.1. Specific example

in which rigid- lg
body steady 6(‘;’ \°’T) \\/ i
. . N r

rotation 1is \ y FTTT A
represented in Ot \ :

(a) Lagrangian Ty :
coordinates and eo 8 !

(b) Eulerian > X k =X
coordinates. (O) (b)

Prob. 2.4.2 One incentive for using an Eulerian representation is that motions which are time
dependent in Lagrangian coordinates can become independent of time. To illustrate, consider the
alternative representation of the rigid body rotation of Prob. 2.4.1.

The material velocity at a given point (r,8) or (x,y) is

0

i.e., the velocity is independent of time. Clearly the acceleration is not obtained by taking the
partial derlvatlve with respect to time, as might be suggested by the misuse of Eq. 2.4.2. Use
Eq. 2.4.4 to find 3 and compare to the result of Prob. 2.4.1.

- -
V= ; Qr = Q(-r sin e?x + r cos e?&) = Q.(—yiX + xi)
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For Section 2.5:

Prob. 2.5.1 A scalar function takes the traveling-wave form ¢ = Rea(x,y) expjant_kz) in the frame
of reference (¥,t). The primed frame moves in the z direction relative to the unprimed frame with
the velocity U. Use the convective derivative to find the rate of change of ¢ for an observer moving
with the velocity Ui . Compute this same time rate of change by expressing & = d(x',y',z',t") and
finding 9/9t'. Use®these results to deduce the tramsformation W' = w - kU. If w' = 0, W = kU,
Explain in physical terms.

> -
Prob. 2.5.2 A vector function A(x,y,z,t) can also be evaluated as A(x',y',z',t') where the prime
coordinates are related to the unprimed ones by Eq. 2.5.1. Show that Eq. 2.5.2b holds.

For Section 2.6:

Prob. 2.6.1 The one-dimensional form of Leibnitz' rule pertains to taking an integral between end-
points (b) and (a) which are themselves a function of time, as sketched in Fig. P2.6.1.

Fig. P2.6.1. One-dimensional form of Qb___ (_i(_]___
Leibnitz' rule specifies how derivative [ n dt

can be taken of the integral between 1 ] X
time-varying endpoints. tXT) q(f)

> >
Define A = f(x,t)iz and use Eq. 2.6.4 with a suitable surface to show that, for the one-
dimensional case, LeibnitZz' rule becomes

a(t) a
4 J f(x,t)dx = J of dx + f(a, t) f(b,t)%%

dt a3t
b(t) b

Prob. 2.6.2 The following steps lead to a derivation of the generalized Leibnitz rule, Eq. 2. 6,4
where S is pictured as S,, and S; at the times t + At and t, respectively. The vector function A
depends on both space and time. However, for convenience, the spatial dependence is not explicitly
indicated in the following. By definition:

-> ->
£ [Afda = 1m £ |aenonaa - [Aw)nda ) &)

Lt+0 Sa S,
so the first integral in brackets on the right must be evaluated to first order in At. To that end,

-
(a) Apply Gauss theorem to the volume V swept out by S during the time At. Note that n is the normal
to the open surface S and show that to first order in At,

[V-Zdv= Jz(t)';da - Jz(t)’zda— At§ v xd (2
52 SA| C1

(b) Argue that also to first order in At, Fig. P2.6.2

->

[Z(t+At)-Kda N F(t)-Kda + I%‘tl(tmt-'ﬁda + e (3)
. ) / i

S, S, Sy -vatxdy dg

(¢) Finally, show that the volume element dV, called for in evaluating the left side of Eq. 2, is
dv = Atv-nda.

(d) Combine these results to evaluate the right-hand side of Eq. 1 and deduce Eq. 2.6.4.
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Prob. 2.6.3 It is sometimes necessary to evaluate the time rate of change of a line integral of a
vector variable having time-varying end points. The problem is to evaluate the derivative

- > -
b (L) B(t + At) b(t)
d > > lim > ve > >
T J Aedg = 7 L A(E + AE)edl - [ACE)dR
2(t) a(t + At) a(t)
At

Here a and b denote time-dependent vector positions in space. What is meant by the line integration
is indicated by Fig. P2.6.3.

b(t+At)

y Fig. P2.6.3. Time-varying
, contour of line integration.

a(t+At)

a(t)

The contour of integration at the time t is instantaneously sketched. At that instanp»each point on
the contour has a velocity vg so that in a time At the contour has moved by an amount vgAt. By defin-
ition, the velocity of the end point is v, evaluated at the end point.

The theorem to be derived shows how the integration can be carried out after the time derivative
has been taken. Thus it is analogous to the generalized Leibnitz rule for differentiation of a surface
integral having time-varying geometry. The desired theorem states that

¥

B(t) HON 3
4 124 - AT + A, t) v (b A0 v (3,8) + | (Vxh)xy -db
Ty A = 3¢ + A(b,t) vs( ,t) - A(a,t) vs(a,t) ( xA)va
a(t) a(t) 5,
a

Show that this rule can be derived following steps motivated by those used in the derivation of the
generalized Leibnitz rule for a time-varying surface integration.

For Section 2.8:

Prob. 2.8.1 To illustrate how the steady-state motion of dipoles results in a 3- and hence an induced
magnetic field, consider a slab of material extending to infinity in the y and z directions between
infinitely permeable surfaces at x = *a. The slak has a thickness 2a, moves in the y direction with
uniform velocity U and supports the polarization P = —(Doa/ﬁ)sin(ﬂx/a)ix, where p, is a given con-’
stant. Fields are in the steady state and there is no free current density.

(a) Obierve that Ampere's law, Eq. 2.2.2, and the boundary conditions are satisfied by making H=73
x V. What is H?

-+ > ->
(b) Compute Jp and then use Ampere's law to find H in much the same way as if Jp were a free current
density.

-5
(c¢) Find pp and show that in this case Jp is simply the result of polarization charge in motion

For Section 2.9:

Prob. 2.9.1 To someone not appreciating the importance of keeping field transformations consistent
with the fundamental laws, it might appear that Faraday's law written in the Chu formulation

(Eq. 2.2.1) would imply that a magnetized and conducting material set into motion would aytomatically
support an electric field that would drive a free current density. 1In fact, ghere is an E, but no Jg.
Consider as a specific case a magnetized slab, having M =-(p,a/Tly)sin (Tx/a)iy, extending to infinity
in the y and z directions, having boundaries at x = #*a in the x direction and suffering a uniform y-
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Prob. 2.9.1 (continued)

directed translation with velocity U. Perfectly conducting walls bound the slab at x = ta. Steady
state conditions prevail.

-->
(a) Find the H induced by the given magnetization.
>
(b) Use Faraday's law to deduce E.

(c) Now, if the material also has a conductivity 0, so th§t an obse;xer gp rgpt in the conductor can
apply Ogm's+;aw+in the form J'. = OE', Because 'jf ='3f but ' = E + vxpoH (Eqs. 2.5.11 and 2.5.12),
Jg = 0(E + vxluH). Show that in fact Jg = 0.

For Section 2.11:

+
Prob. 2.11.]1 A plane parallel capacitor with F‘* Q y! [—*_W
electrodes at potentials v, and vy is used to . -L-
impose a field on a third electrode that is b T
grounded and free to move either longitudinally Ez =

The electrodes, shown in Fig. P2.11.1, have
depth d into paper. Ignore fringing fields
and find the capacitance matrix relating the
charges (ql,qz) to the voltages (vl,vz).

or transversely with displacements (§;, &j). | 3 | HL:Vé

Fig. P2.11.1

For Section 2.12:

Prob. 2.12.1 A pair of perfectly conducting coaxial
one-turn coils have the shape of circular cylinders
of radius a and £, each with a length d >> a.
Currents i, and i, are fed to the coils through
parallel eiectrodes having a spacing that is
negligible compared to other dimensions of

interest. Determine the inductance matrix,

Eq. 2.12.5, relating (Xl, 12) to (11,12).

Fig. P2.12.1

For Section 2.13:

Prob. 2.13.1 For the system of Prob. 2.11.1, find the total coenergy storage w'(vl,vz,gl,iz) by
integrating Eq. 2.13.10.

. a \
Prob. 2.13.2 The dielectric slab shown in Fig. P2,13.2 ¢ LR
is com%osed of material having the constitutive law D = 7 -
eE + fog \/cLZ2 + E2, The slab has depth d into the © b v

paper. Under the assumption that P£=0 in the dielectric A — 3 -——4 N
and that its edges remain well removed from the fringing

fields, find the dependence of the coenergy on (v,£). Fig. P2.13.2

For Section 2.14:

Prob. 2.14.1 For the system described in Prob. 2.12.1,
(a) Find the energy, w = w(kl,lz,g ), (b) the coenergy w' = w'(il,iz,g).

For Section 2.15:

Prob. 2.15.1 Show that the Fourier coefficients given by Eq. 2.15.8 follow from the procedure
outlined in the paragraph following Eq. 2.15.7.
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Prob 2.15.2
=V(t), -2/4 <z < Q/4 and

~

0}

=0, m even and & =
m ? ®m

Prob. 2.15.3

A function &(z,t) is a square-wave function of z with magnitude Vo (t).

That is,

o = =Vo(t), 2/4 < z < 32/4. Show that the Fourler coefficients are

4V (t)sin (E%—)/(kml), m odd

A function ®(z,t) is_zero except in the interval -2/2 < z < £/2, where it is V (t).

Show that its Fourier transform is 3(k,t) = &V o(t) 51n(k£)/(kl/2)

Prob. 2.15.4
completing Eq. 2.15.17.

For Section 2.16:

Prob. 2.16.1

Carry out the spatial average of the product of two Fourier series, as called for in

Start with Eq. 2.16.14 and the relation between potential and flux, Eq. 2.16.5 and

deduce the transfer relations of Table 2.16.1 for a planar layer.

Prob. 2.16.2
Table 2.16.2.
of Egs.

Start with Eqs.
¢ and d.

Prob. 2.16.3

Start with Eq. 2.16.36 and deduce the transfer relations of Table 2.16.3.

2.16.20, 2.16.21 and 2.16.25 and deduce the transfer relations of

Use the properties of the Bessel functions as r— 0 and r+« to deduce the limiting cases

Evaluate the

appropriate limits to arrive at Egqs. c and d.

Prob. 2.16.4
shown in Fig. P2.16.4.

=Q=0a

B.D

XX ~a-~Qa
—-'—" Hz'Ez

A region of free space is bounded by fictitious parallel planes at x

A and x = 0, as

7 77
%i/ :l-‘F-O //%

//

/
/

/
%

X Fields take the form
E = Re E(x) eJ wt-kz) ,
H = Re H(x) o (wt-kz)

so that there is no dependence on y and the time
dependence is explicitly taken as exp (jwt). The
objective is to obtain transfer relations between

g
PEP

—§
BE7

Fig. P2.16.4

tangential and perpendicular field components at
the o and B surfaces without the quasistatic
approximation.

(a) With fields taking the given form,Ashow that all components of E and H can be written in terms

of the axial components of
that E and HZ satisfy the

(b) Write E and Hz in terms of the amplitudes Ez,

on the respectlve surfaces.

(c) Show that the transfer relation

—eﬁf‘: N j%k- coth(Yh)
| |95 vmen
uﬁz 0
_ﬁﬁ_ L 0

where the other components

E
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E, and H,. (This follows from Ampere's and Faraday's laws). Also show

wave equatlon
A l\a
EB and H

2 79 HE defined as these quantities evaluated

for the layer is

-j% m 0 0 ] Pﬁ‘;‘_

-j%‘ coth(YA) 0 0 o
0 j%% coth(yA) %%-g;;ﬁ%?zy ﬁz
0 %1-{- g—ln—hl(*Y—A—)— -j%i coth(yA) | _ﬁg_

of E and ﬁ are found from

and Y =/ k

wTue
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Prob. 2.16.4 (continued)

(d) Show that in the quasistatic limit the relation reduces to the electroquasistatic and magnetoquasi-
static transfer relations of Table 2.16.1 with appropriate identification of variables for the
electric and magnetic relationms.

(e) To make a connection with TE and TM modes in a plane parallel plate waveguide, let the & and B
surfaces be perfectly conducting electrodes. Thus, the boundary conditions are

>
n
i
]

0 TM modes
Z VA4
B =B =20 TE modes
x X

where the transverse magnetic and transverse electric modes can be separated because of the
form taken by the transfer relations. Use these relations to argue that fields within that
satisfy these homogeneous boundary conditions must also satisfy the dispersion equations

wlue = K&+ (?f)z i n=1,2, 3...

Prob. 2.16.5 A planar region, shown in Table 2.16.1, is filled by an inhomogeneous dielectric, with
a permittivity that depends on x:

e(x) = GB exp2nx, N = Qn(eu /eB )/2A

The free charge density is zero.

(a) Show that the potential distribution is

Y 30 -n(x-A) sinhix _ ~B - nx sinhA(x-A)
¢=0¢ e sinhAA ¢ e sinhAA

where
A= k2+'n2

(b) Show that the transfer relations are

~0 nA
D n n2A e ~Q
X (A - cothAA)e SToid
= 68)\ A
~B _en n "’B
D prETv 3 + cothAA @

Prob. 2.16.6 A planar region, shown in Table 2.16.1, is filled by an anisotropic material having the

constitutive law D = g JE The permittivity coefficients are uniform throughout. Determine the
transfer relations in the form of Eqs. (a) of Table 2.16.1.

For Section 2.17:

Prob. 2.17.1 In developing conditions on coefficients in the transfer relations with the potentials
expressed as functions of the "flux" variables, it is natural to use the energy function as exemplified
in this section. The coenergy function is more convenient in dealing with the potentials as the inde-
pendent variables. For the transfer relations of Sec. 2.16 written in the form

~u =0
) 3

b Bii By

Bl = ~B
_ 3

D, Byy By

derive conditions analogous to those of Eqs. 2.17.10 and 2.17.12.
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Prob. 2.17.2 TUse the reciprocity condition, Eq. 2.17.10 to show

kx[Hm(jkx) J&(jkx) - Jm(jkx) Hé(jkx)] = constant

Use Eqs. 2.16.22 and 2.16.23 to establish that the constant is 2/m. Thus, the numerators of the
functions g, and Gm in the cases k # 0 of Table 2.16.2 are considerably simplified from what is obtained
by direct evaluation.

Prob. 2.17.3 With Eq. 2.17.7, it is assumed that the excitations on the & and B surfaces are in
spatial phase, and that the Ai' are real. By allowing the excitations to have arbitrary phase, it is
possible to learn more about these coefficients. In general, the expression replacing Eq. 2.17.7 in
Cartesian or cylindrical geometry is

Sw = % ¢ Re[-a"8*5(N* + 38565(5ﬁ) *1

Because Re u 8V = GrGVr + ﬁiGVi, this expression becomes

_1 o oza~o oz BxB . ~B BxB.~B
Sw=15C[-a® 8D ~adsD +ad D + adeD . ]

That is, the real and imaginary.parts of the excitations on each suEface~§re independent variables.
Use the fact that the energy is a state variable: w = w(D__, ﬁa., DB , D”.) and show that
nr’ "ni’ "nr’ "ni
"% = B -a¢?=a—"’s 5 Bef o e Bef L Bw
o T 5B o308 SIS
r i r i

~a ~0 ~B ~B

From these relations, derive reciprocity relations between the derivatives of (Qr’ ®.5 0, $.,) with
respect to (Dnr’ D., Dnr’ DP.). Assume that the Aj;j can have real and imaginary parts, and show from
these reciprocity relations Phat All and Ay, must be real and that aaAlz = aBA*Zl.

Prob. 2.17.4 TUse the results of Prob. 2.17.1 to show that the transfer relations of Prob. 2.16.5
satisfy the reciprocity relatioms.

For Section 2.18:

Prob. 2.18.1 TFor the axisymmetric cylindrical case of Table 2.18.1, show that Eq. (h) follows from
Eq. (g) and that Eq. 2.18.2 can be used to deduce the expression for the total flux, Eq. (i).

Prob. 2.18.2 Show that Eq. (k) of Table 2.18.1 follows from Eq. (j).

For Section 2.19;

Prob. 2.19.1 Derive Eqs. (e) and (f) of Table 2.19.1.
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