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Electromagnetic Forces, Force

Densities and Stress Tensors
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3.1

Prob. 3.3.1 With inertia included but I_I=0, Eqs. 3 become

(1)

With an imposed E = Qe exp a'wt , the response to these linear
equations takes the form 1}; = Re 1"_4_. exp 6'0 t . Substitution into Eqs. 1
gives

1:;* _ % | | | )
- my (Y, +3%)

Thus, for the effect of inertia to be ignorable

Vi D> e 3

In terms of the mobility \D...E 'Z.,/m+\}+ » EQ. 3 requires that

(4)
7:/1’1"‘“t>> w = 2§
For copper, evaluation gives

(:76x0") /(2 M) (3%16%) = 934X 10" H, >> § (5)

At this frequency the wavelength of an electromagnetic wave is

|
= c/; =3x108/9,34 XD ? , which is approaching the optical range{32_« m),

Prob. 3.5.1 (a) The cross-derivative of Eq. 9 gives the reciprocity

condition .
% = D hd - B—j—z (D
3 DV, Y, PR

from which it follows that ClZ = C21.

(b) The coenergy found in Prob. 2.13.1 can be used

with Eq. 3.5.9 to find the two forces.
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3.2

Prob. 3.5.1 (cont.)

—;5_..“”—_\- ZQQ‘.‘. -.)DC,, 1 t 3 Cea

17 3%, T 4 % 3% M t—__ll*—;“'d" 2% (2)
..?_\_“_. | ;_(_.’__“ _\g.\} DCLI _\__\_ ,d")cr.'& (3)
;z".;?z—-s ' % t % At %2

The specific dependences of these capacitances on the displacements are

determined in Prob. 2.11.1. Thus, Eqs. 2 and 3 become

f = de, l_;-ﬂ;f(:‘-_-é- -—\';\)m.:t Sz -]

2

-

f=de |Sur & _1ard ®
: Gy T3h )

Prob. 3.5.2 (a) The system is electrically linear, so w' =% Cvz, where
C is the charge per unit voltage on the positive electrode. Note that

throughout the region between the electrodes, E=v/d. Hence,

,__:_‘2_ YWGQ +$ (¢ 6031 (1)

(b) The force due to polarization tending to pull the

slab into the region between the electrodes is then

&:%ﬁ‘é: wd (6-%)(%) (2)

The quantity multiplying the cross-sectional area of the slab, wd, can
al ternatively be thought of as a pressure associated with the Kelvin
force density on dipoles induced in the fringing field acting over the
cross-section (Sec. 3.6) or as the result of the Korteweg-Helmholtz
force density (Sec. 3.7). fhe latter is confined to a surface force
density acting over the cross-section dw, at the dielectric-free space

interface. Either viewpoint gives the same net force.

Prob. 3.5.3 From Eq. 9 and the coenergy determined in Prob. 2.13.2,

¢ = ;w;(;},i) _ 4 ._[(a b vt o b] D



3.3

Prob. 3.5.4 (a) Using the coenergy function found in Prob. 2.14.1,

the radial surface force density follows as

S W hd o :
TSR TAE v >

(b) A similar calculation using the A's as the

independent variables first requires that w(ll, XZ’ ¥ ) be found, and this
requires the inversion of the inductance matrix terminal relations, as
illustrated in Prob. 2.14.1. Then, because the 1fdependence of W is

more complicated than of w', the resulting expression is more cumbersome
to evaluate.

Tzl M. - ¢ X2 oG5 -od) 5
sn%d 3% 21‘!7'/4(0? (o.z_,iz)z (Q‘.{‘)" +(q?-_€z)'-§3 t (2)

However, if it is one of the A's that is contrained, this approach

is perhaps worthwhile.

(¢) Evaluation of Eq. 2 with Xz = 0 gives the surface

force density if the inner ring completely excludes the flux.
v

o
awt o (o -€*Y

Note that according to either Eq. 1 or 3, the inmer coil is compressed,

(3)

as wduld be expected by simply evaluating J. x u, H. To see this from

f
Eq. 1, note that if A2=0, then i,=-1,.
Prob. 3.6.1 Force equilibrium for each element of the static fluid
is

VP = F:=v X_‘\i(G—‘Eo)E"l (1)

where the force density due to gravity could be included, but would not
contribute to the discussion. Integration of Eq. (1) from the outside
interface (a) to the lower edge of the slab (b)(which is presumed well

within the electrodes)can be carried out without regard for the details
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3.4

Prob. 3.6.1 (cont.)
of the field by using Eq. 2.6.1.

b b .~ | z 2
fvP.Asz = Jv[%(e-e,)e_]-éﬁ::) &-P&=3<€-€.ﬂ‘5u-551 )

a (N
Thus, the pressure acting upward on the lower extremity of the slab is

= Ngo
R, =% (e-€)E (3
which gives a force in agreement with the result of Prob. 3.5.2, found

using the lumped parameter energy method.
i 2
.‘:: WAPb :WA'Z(G’GQ)E @

Prob. 3.6.2 With the charges comprising the dipole reséectively at ;:_+ and ;_,
the torque is -

’-Y- = ?‘,'X '?_-é (i\.;.) - %" A %E(?') (1)
Expanding about the position of the negative charge, ;_ ’

T2 (LadixgB@) gl vE - Rxq ) @)

To first order in d this becomes the desired expression.

The torque on a magnetic dipole could be found by using an energy argument

for a discrete system, as in Sec. 3.5. Forces and displacements would be
replaced by torques and angles. However, because of the complete analogy
summarized by Egs. 8-10, \:\ «»© and S—D f—bﬂoM This means that 9 <+®4 M

and so the desired expression follows directly from Eq. 2.

Prob. 3.7.1 Demonstrate that for a constitutive law implying no inter-

action the Korteweg-Helmholtz force density

F=f € +PVE+Y ($eBE4W-ED -2 %\'f’;;de) (1)

becomes the Kelvin force density. That is, ( ):.0. Let )('C = c/—")

@&, =2 and evaluate ( )

— - 2 - -
w:SE-SD: D - E.D (2)

Thus,

(3)



3.5

Prob. 3.7.1 (cont.)

so that
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Prob. 3.9.1 In the expression for the torque, Eq. 3.9.16,

T %Xl 49l 30

so that it becomes

(4)

(5)

(1)

= g[l'} (4F-2F) 46 (2F -xB) 4 (, (x F, -9 )&V @

v
Fo= dN/3x

Because

JF - :;T; %___j .D‘S' ﬁ.( )\ ‘/
S[C (‘a b )+L ax xéx\s).“' ‘)X )P
v
_ \[C (24T = 29 _d&Tn; . d=
- SI.“(‘BXS - ‘30‘)X D)‘J \‘0 axo) (3)
v T2 Tas
T3y 22 _ X Ty — dx
+ ‘3(3 i T'a X % "+ ‘363?5-)
_r T|3 -T$|
T 2%y 1 3x _ D4l D ‘
+ (s dX; - la 3% - 'S-) +_rl0 S%;)lt&v
Ty Tz
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3.6

Prob. 3.9.1 (cont.)

Because —r"b :‘[‘é; (symmetry)

e Ssé;s[“‘(ﬂ’é'ﬂ‘é 4 (FT5- Xy “Te("—fzr“a'ﬁsﬂ‘(\/ @
Y

From the tensor form of Gauss' theorem, Eq. 3.8.4, this volume integral

becomes the surface integral

% (4T -3 + <, (zT.a 3+ e (KT T sda

(5)
= §, T x(F 7)) da
s
Prob. 3.10.1 Using the product rule,
?=%€V(E-E)=V(%€E'E -1lE.Eve (1)

The first term takes the form VT while the second agrees with Eq. 3.7.22 if

&:O,

In index notation,

-\
T =3¢ %.(EkEﬁ) @
where € is a spatially varying function.
F:: =c E&DE& (3)
DXL

Because VXE 0,

€. _>
F= €Tt --S-,-(-&(GEQE@ _v,2€E )

DXe

Because fs :Vo€§_= O , the last term is absent. The first term takes the

required form é_\—iﬁ /;Xpe .
Prob. 3.10.2 From Eqs. 2.13.11 and 3.7.19,

W =I’6-s€ =B +d, E)5E =L o£% dop* T3 =F ED-3 W @
Thus, the force density is (JE; /)X = JF; /AX,, , 90, /;xé O)

F = ;;r ixD >_w._.

Zrl

__EED;‘_L _._(g_ &) 3;5:. (2)

The Kelvin stress tensor, Eq. 3. 6 5 differs from Eq 1b only by the term in 3,

so the force densities can only differ by the gradient of a pressure.



3.7

Prob. 3.10.3

(a) The magnetic field is "trapped" in the region between tubes. For an

infinitely long pair of coaxial conductors, the field in the annulus is

: |
uniform. Hence, because the total flux Ta Bo must be constant over the
length of the system, in the lower region '

LN -
z a2 _ b2
(b) The distribution of surface current is as sketched below. It is '
determined by the condition that the magnetic flux at the extremities be
as found in (a) and by the condition that the normal flux density on any l
of the perfectly conducting surfaces vanish. /(1)

(¢) Using the surface force density K x <§>, it is
reasonable to expect the net magnetic force in the

z direction to be downward.

(d) One way to find the net force is to enclose the

[}

"blob" by the control volume shown in the figure and

integrate the stress tensor over the enclosing surface. / S 1,/ | L l
r § |
] ) i
f = T .n.da | !
z zj j 4 { H i
S L4 /'
/ : b1 ,r(Q .
Contributions to this integration over surfaces (4) and ’ i , ‘ : \ l
. 7 A ﬁl / l ;
(2) (the walls of the inner and outer tubes which are o} : 7 ol
’ VA o] | e
perfectly conducting) vanish because there is no shear / Yula A4 "'3)"/""
stress on a perfectly conducting surface. Surface (5) cuts under the "blob" =

and hence sustains no magnetic stress. Hence, only surfaces (1) and (3) make

contributions, and on them the magnetic flux density is given and uniform.

)

Hence, the net force is 2 4
2 * 2. k3
f :no,"(_?_’L)-ﬂ(of~b)—E&z&—ﬁ =-Ta B, b (2)
2 2o aM, (of - b%) Ao (oF 1)

Note that, as expected, this force is negative. l

)
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3.8

Prob. 3.10.4 The electric field is sketched in the Mr-—--——c-—-—-- [l

figure. The force on the cap should be upward. To
find this force use the surface S shown to enclose
the cap. On S1 the field is zero. Omn 82 and S3 the

electric shear stress is zero because it is an equi-

potential and hence can support no tangential E. On

S4 the field is zero. Finally, on S5 the field is | —— —-—’—:
that of infinite coaxial conductors. : : S’ : |
(
=_ = V. | : A '
E= ¢ -, — (1) ' || |
NG T I S
( | . S |
1 | i 3 |
Thus, the normal electric stress is : : : :
e\ .
- z | | ! |
M= =2B =-g 22— _ (2 ) i' |
? r 2 |
2 L.E(2) ¥ ! | ! [
R L b, S
-;4——--;—’__ e o 4
and the integral for the total force reduces to +-riih="z
a Vz 2
-‘— = . h.Ao\=- 1. 2wdy = __o_g_“,‘_‘_“ a =TV, &(3)
2 2 y! €2 2 th_a_ b 2 (3)
Prob. 3.10.5 S b > .
- = )eoE )E (1)
E‘(Fy“'ﬂg)Ec"S‘;{é ¢ = (G-EE\ GE
, a
Because SF: - QEA , the last term becomes
A%y 3K
€., 3B L e g = L€, Ep®
Thus ' b ’ \
k= gé(G,E;Eé—j 3:35.5&5&) (3)

where the quantity in brackets is Tij' Because Tij is the same as any
of the Tij's in Table 3.10.1 when evaluated in free space, use of a surface
S surrounding the object to evaluate Eq. 3.9.4 will give a total force in

agreement with that predicted by the correct force densities.




3.9

Prob. 3.10.6

Showing that the identity holds is a matter of simply writing out
the components in cartesian coordinates. The i'th component of the force

density is then written using the identity to write JxB where J = Vxi.

BPLTR oW 2de _ (
k= éxéB 5% ‘3’3 L 3dp3%:  o%, Zdam) e

In the first term, Bj is moved 1nside the derivative and the condition
bBé/Axé =V-% =0 exploited. The third term is replaced by the

magnetic analogue of Eq. 3.7.26.

i Dd&
The second and third terms cancel, so that this expression can be rewrltten

[HB s‘a<W+z £3a, )1 W=zRf-W (3

and the stress tensor identified as the quantity in brackets.

Problem 3.10.7 The i'th component of the force density is written

using the identity of Prob. 2.10. 5 to express Jf X H H = (vxfl) x M, H

H.
¥ "/‘°(> “a) /“ /«Mai‘ié (1

This expression becomes

FF%(,%HAQ-H‘-;_ ,%""“43 -2 G AT (M Mil)- H‘)x(u
where the first two terms result from the first term in F 5 the thlrd
term results from taking the Hj inside the derivative and the last two
terms are an expansion of the last term in Fi' The second and last term
combine to give Vidto (H+MA)zV8 = © . Thus, with B =u,(H+@), the

expression takes the proper form for identifying the stress tensor.

= S5 e (M) M- 35 S Waha ®

“ -

S Gy = aEE e



3.10

Prob. 3.10.8 The integration of the force density over the volume of

the dielectric is broken into two parts, one over the part that is well
between the plates and therefore subject to a uniform field v/b, and the
other enclosing what remains to the left. Observe that throughout this
latter volume, the force density acting in the g direction is zero. That
is, the force density is confined to the interfaces, where it is singular
and constitutes a surface force density acting normal to the interfaces.
The only region where the force density acts in the § direction is on the
interface at the right. This is covered by the first integral, and the
volume integration can be replaced by an integration of the stress over

the enclosing surface. Thus,
DN ® Nt
= ad ["‘360(3) +J5€('§31

in agreement with the result of Prob. 2.13.2 found using the energy

method.

Prob. 3.11.1 With the substitution \J =’:6\1 (suppress the subscript

E), Eq. 1 becomes

&;Tmu&a S\-F\Yv-ﬁ-ﬁ(ﬁﬂb’)-\.?\.(XV\V)]AQ

(1)

(1)

where the first two terms on the right come from expand1ngVQ%=W7A&AWV Thus,

the first two terms in the integrand of Eq. 4 are accounted for. To see that

the last term in the integrand on the right in Eq. 1 accounts for remaining

term in Eq. (4) of the problem, this term is written out in Cartesian

coordinates.

- (v ¥n,
A (YA V) = cthD Y n ;;cx on gwsnﬂ

oY >4 2%
N n
N (%\ L msn, +“v9—§-;‘ N “9—;% *-l

(2)



3.11

Prob. 3.11.1 (cont.)
Further expansion gives
n({'nV)..

RS QIO ¢ C My Ny )n
"‘L“S’* 9. ¥ nx]”“[n"x 3% +n‘6 IR l (3)

[ Wy sy 31
MR TALS R “%;%-i*% P A ““7‘ .:1

7 [ D) SRR dhy n on
+ %[ 214 +n:)i-§hi 1 + N Iﬂ:& 3 .‘.ngY%_ia .\_Y\i\d -3_;]
2 . 2

Note that ni + ny + "z = 1. Thus, the first third and fifth terms become V\J .

The second term can be written as

4
The fourth and sixth terms are 31m11arly zero. Thus, these three terms

vanish and Eq. 3 is simply V& . Thus, Eq. 1 becomes

-§7ﬁx¢(§ = g{-ﬁ?!v-ﬁ + [vx -V\(R-VX))}A“ (5)
(ol S

With the given alternative ways to write these terms, it follows that

Eq. 5 is consistent with the last two terms of Eq. 3.11.8.

Prob. 3.11.2 Use can be made of Eq. 4 from Prob. 3.11.1 to convert the integral

over the surface to one over a contour C enclosing the surface.

?— = - S‘GEF\ x4l )
c

If the surface, S, is closed, then the contour,C,must vanish and it is clear
that the net contribution of the integration is zero. The double-layer can

not produce a net force on a closed surface.
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