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2

Electrodynamic L'aws,
Approximations and Relations




2.1

Prob. 2.3.1 a) In the free space region between the plates, 3V=§=ﬁ=0 and

Maxwell's equations, normalized in accordance with Egs. 2.3.4b are

xE =-24 | &) B
YXH = ?_E'. (2 m
- 03"' ()

v-H = o0 @ m

For fields of the form given, these reduce to just two eqguations.

o _ M I

= -9y (5)
d? );E
dHy _ _gdtx (6)
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Here, the characteristic time is taken as 1/¢&> so that time dependences

exp jwt take the form

it
E = &E(%)C b @H(i)e D

For the time-rate expansion, the dependent variables are expanded in ﬁ “’/“ex ﬂ
o0

A a n ®

E=2 EwB 0 H, Q8,8 ®
X nz0 J b 3

so that Egs. 5 and 6 become

P—[X mﬁ “31” 1

Hy. B
31 nso neco 2 ] (2)

s_[z; Ay 8] = - liE“p] (10

-

Equating like powers of ﬁ results in a hierarchy of expressions .Jl“

Py .
t
P Mo \'\%" (11)
33 3 g
. (12)
l_in-” -— -3 Em.‘) —_
Boundary conditions on the upper and lower plates are satisfied identically. ﬂ
(No tangential E and no normal B at the surface of a perfect conductor.) At
2=0 where there is also a perfectly conducting plate, Ex=0. At z=—f , BAmpere's ﬁ

law requires that i/w=HY (boundary condition, 2.10.21). (Because w3 s, the

magnetic field intensity outside the region between the plates is negligible
compared to that inside.) With the characteristic magnetic field taken as Io/w,

where i(t) = 1i(t) Io' it follows that the normalized boundary conditions are

é,‘(O) =0 , C\Q("):‘-

(13)



2.2

Prob. 2.3.1 (cont)

The zero order Eqg. 12 requires that

)

ﬁt‘.’ =0 (13)

92
and reflects the nature of the magnetic field distribution in the static limit

/3 —& 0. The boundary condition on Hy' Eq. 13, evaluates the integration

constant.

a
The electric field induced through Faraday's law follows by using this result

in the zero order statement of Eq. 11. Because what is on the right is independent

of z, it can be integrated to give
A

Exo=-3% (15)
Here, the integration constant is zero because of the boundary condition on
Ex’ Eq. 13. These zero order fields are now used to find the first order fields
The n=1 version of Eq. 12 with the right hand side evaluated using Egqg. 15 can
be integrated. Because the zero order fields already satisfy the boundary
conditions, it is clear that all higher order terms must vanish at the appropriate
boundary, Exn at z=0 and Hyn at z=1. Thus, the integration constant is evaluated

and

a -
Hg, -2 (2°-1) (16)

This expression is inserted into Eq. 11 with n=1, integrated and the constant

evaluated to give

szl =32\3 Q7
If the process is repeated, it follows that
&
i | & % I'y
= = \7 - 2 4+ =
HH‘ a6 < © (18)
oS
. | s 3 19
E =-J'_(_.z R ) 9)
X &\ 30 3 (/3
so that, with the coefficients defined by Egs. 15-19, solutions to order are

A A

%'x:: E.o* a8 + E,, ﬁz; H'f l—\5,+ \2\3‘(3 +\1315’ (20)



2.3

Prob. 2.3.1(cont.)

Note that the surface charge on the lower electrode, as well as the surface
current density there, are related to the fields between the electrodes by
= ! - 21
o=E, K= Hy 2y
The respective quantities on the upper electrode are the negatives of these
quantities. (Gauss'law and Ampere's law). With Egqs. 7 used to recover the time

dependence, what have been found to second order in /3 are the normalized fields

_ 2 4 .
E,=2i-1(2 B +4(352 --'3-%2+-‘2)/32]m 2 =0 (22

$
- - L2t AN - (23)
W= [ -z-(i-l)ﬂ+4(62 ~2 e ) g et 2 i,
The dimensioned forms follow by identifying
E =4t le (24)
w
e) Now, consider the exact solutions. Egs. 7 substituted into Egs. 5 and 6
give Jz‘
a:.* (25)
a t
E. = 3—“‘1 (26)

Solutions that satisfy these expressions as well as Egs. 13 are

g = W(Fz)/mr (20)
€ < w3 oniB - o

These can be expanded to second order in B as follows.

;\35 l—-_{(si +;.(3» 2t (29)

—-Sﬂ {——i“ﬁz,‘,c..

(1- o+ f3 z )("‘ (’lz@*’iitﬁl)* (’iz/“{?‘.ﬁl)z)

H

i

2 3
(1-4a2 s HEM(+40+ S a- L+ 5,0%

1

{ 4 kS 2
~3(@-Ner (g -2+ %)a



2.4
Prob. 2.3.1(cont.)
) Y 5
- i(@é)'sl(wi)"?i(m*)“
-‘=0?|__LB+_L1 (30)
3 4-[‘3 - .

ERSr S NI YE L (3 4 (2.5 2]
3 L ?-(3 ‘)I6+4 36 32 +6)f$
These expressions thus prove to be the same expansions as found from the

time-rate expansion.



2.5
Prob. 2.3.2 Assume
%':‘i;\Ex(elt) 1"('0(? 6,,/%,0-—»0
H=¢ H, (2,9 i,
and Maxwell's equations reduce to
OBy - _ o, ; -2Hy _ DeE L)
- - ['] H —_—g = o—X =
Sz S < ot St
In normalized form (Eqs. 2.3.5a-2.3.10a) these are
OE, dH . -2Hy _ 3, 2
3 EY '3 g o2 ot ('-)

Let
Ex-: E)\o +ﬂE’(\ +ﬁzEXl+.- ()
3
H?=E3° +p Hb‘ '\'ﬂz H3Z+.‘..

Then, Eqs. 2 become

BE“ QE,u BH o aEXl DH =
S el o] elTeE e -0 “
QH )Exo oM +; X\ _é_l_.‘h_l )Exz =0
(32 S5 el

Zero order terms in A4 require

= |

oo 5 . = Ea ()= 2 = ®
P Hb" = _)Exo - A'VQ H ::.—__'_Sl_l} 2 (6)
>3 >t af a3 7 e GF ot

Boundary conditions have been introduced to insure E‘(—S?,i):l)/o\ and, because
K, (0t) =0, Hy(o,2) =0

Now consider first order terms.

B“x\__BHo_J__ l'} :_‘_Azu | 2,2

S T?c—_“i?ﬂ"-z# Ex &EE\?‘?—(E 4 (7
H 31) 2 g? - - 31} :
S_fl-_- -z\:—m =_£§4__*_3_% (*-4)> Hgn-g“l_é'f"x"z'(%_z
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Prob. 2.3.2 (cont.)

The integration functions in these last two functions are determined
by the boundary conditions which, because the first terms satisfy the boundary
conditions, must satisfy homogeneous boundary conditions; Ex\('é: "I)=O’ H,a' (0)=0-

In normalized form, we have

o af A+
g v | (& ®
Ho= —L 8v -8 dV | (& _
¢ a Y ag .\3z<3 z>+
In unnormalized form
B(t e, dv | :
E)\ O\) ‘\'/“(; Tzz(i X’)—\—"'
(9)

|

a

3 3
H% €° él—}z—/”ogaél};_\_(%___zxt).\_.-.

Compare these series to the exact solutions, which by inspection are

E, = 2 (psut =¥ cosat] --—-(,3 S PR

® % cos %E,Q a

= 120 { %; ~ 3 z
Hy= e 2 (S8 st =B[22 4y ()02 4200 ]

Thus, the formal expansion gives the same result as a series expansion of the

exact solution. Note that what is being expanded is
2

z

JRLICS) >

(% [ o= eG

The quasi-static equations are Eqs. 5 and 6 in unnormalized form, which

respectively represent the one-dimensional forms of Y XE=O and conservation



2.7

Prob. 2.3.2 (cont.)

of charge ( H';—b Ki in lower electrode), give the zero order solutions.
Conservation of charge on electrode gives linearly increasing Kz which is the

same as Hy.
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Prob. 2.3.3 In the volume of the Ohmic conductor, Egs. 2.2.1-2.2.5, with P=

M=%=0) become

UXE = - 20 (1)
RedT
VRH = ¢ 28 o€ (2)
2L
(3)
v.€,E &

(4)

AT

Fields are now assumed that are transverse to their spatial dependence, z, that

satisfy the boundary conditions on the electrodes at x=0 and x=a (no tangential

E or normal H) and that have the same temporal dependence as the excitation.

E=EGR@= Bﬂléx(i)ﬁzﬂp i“‘t] (5)
F\ = n(i,t) = 21 a*‘.ﬁg(i)nxyiatl (6)

It follows that ﬂ‘ =0 and that all components of Egs. 1 and 2 are iéantically
satisfied except the y component of Eq. 1 and the x component of Eg. 2, which

require that
o

dE, _ _;wowo W

.:}5- g @ro Ty (7)

-“Hl_: = (o *-;“‘—e)ﬁv. (8)
:

Transverse fields are solenoidal, so Egs. 3 and 4 are identically satisfied
with /ﬁ- =0. (See Sec. 5.10 for a discussion of why ﬁ=0 in the volume of a
uniform conductor. Note that the arguments given there can be applied to a
conductor at rest without requiring that the system be EQS.)

Elimination of E between Egs. 8 and 7 shows that

Jtﬂ . 0% _ 2 .
_A_i—"i % H'& =0 5 % = C«D/“o€° -9 Q/uoc" (9)
and in terms of H Ay, E_ follows from Eg. 8.

é . AH (10)
% 43¢ €o. c\i
b) Solutions to Eq. 9 take the form
A H -a'&-.z .,;?ez
= e (11)
H'é L € 4 H_
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Prob. 2.3.3(cont.)

In terms of these same coefficients, H+ and H_, it follows from Eqg. 10 that

e R -4R2 X

= - 3 *
Ex } H e _ H e% (12)
Crﬁ§3¢¢’€o + =

Because the electrodes are very long in the y direction compared to the spacing
a, and because fringing fields are ignored at z=0, the magnetic field outside
the region between the perfectly conducting electrodes is essentially zero. It
follows from the boundary condition.required by Ampere's law at the respective

ends (Eq. 21 of Table 2.10.1) that

H%(O.tB-:.O ) \:\‘(o\ o) (13)
a ° .
“‘g(ﬂqit) = ¥ anp gt P H.a(‘lﬂ = X (14)

Thus, the two coefficients in Eq. 11 are evaluated and the expressions of Egs.

11 and 12 become those given in the problem statement.

¢) Note that

. 2 2
®2 = J;t/‘oeo £ - a""/“‘c-x =ﬁw‘fe,.) 'é(“ ) (15)
so, \QR\ { { { provided that w‘f;,., {¢\ and w\f:‘((\ . To obtain the limiting

form of Ex' the exponentials are expanded to first order in kﬂ . In itself,

the approximation does not imply an ordexring of the characteristic times.

However, if the frequency dependence of Ex expressed by the limiting form is to

have any significance, then it is clear that the ordering must be “J° ¢ T ( ‘T‘e I
m em

as illustrated by Fig. 2.3.1 for the EQS approximation.
With the voltage and current defined as YV = [ (-jlt)q ( = !
LS >
Kc{ , it follows from the limiting form '
of Ex that R - - . ‘&ut
= X (16) w:.@u\/c R ___C.l
5
old_ .o (6‘. > *
[~ a = — ‘ot
This is of the same form as the relation . 4 a‘“
a L = “’. vt €
& X

Y = ‘Pl\‘ N a“dC (17)

found for the circuit shown. Thus, as expected, C= EOXJ/& and R= QA /U"XJ . '
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Prob. 2.3.3(cont.) 2.10

In the MQS approximation, where C..)T,_ is arbitrary, it is helpful to

write Eg. 15 in the form

13 =J -.i‘~9 T (,\ g "—“re? (18)

The second terms is negligible (the displacement current is small compared

to the conduction current) if w\fe(< 1 , in which case

Cr+d/s. 3 SaE ‘cho— e

°
Then, the magnetic field distribution assumes the limiting form

£ 2 s(wz+®) -2 j@t-%)
M= Ged — (ke Ui R g6
= vy X T -

4 e d5. 65— s et \C T C -ete
That is, Eddy currents induced in the conductor tend to shield out the magnetic

field, which tends to be confined to the neighborhood of the current source.
The skin depth , Sh’serves notice that the phenomena accounting for the
superimposed decaying waves represented by Eq. 20 is magnetic diffusion. With
the exclusion of the displacement current, the dynamics no longer have the attributes
of an electromagnetic wave.
It is easy to see that this MQS approximation is valid only if “Te <41,
but how does this imply that w‘f;_(( i-» Here, the implicite relation between
m‘fé and ’rehcomes into play. What is considered negligible in Eq. 18 by making

w‘f;((j is neglected in the same expression written in terms of ‘Izmand 1\,..‘

as Eq. 15 by making M 4‘.\1;. Thus, the ordering of characteristic times
[ ]

is T <L " ( T , as summarized by the MQS sketch of Fig. 2.3.1l.

d] The electroquasistatic equations, Egs. 2.3.23a-2.3. 25a} require that

DE: =0 (21)
o2

so that E is independent of z (uniform) and
dﬁ __(0-_‘306\& (22)

It follows that this last expression can be integqrated on z with the constant of
integration taken as zero because of boundary condition, Eg. 13. That HY also

satisfy Eq. 14 then results in



2.11

Prob. 2.3.3(cont.)

a a

g = (R/e) /(1w gt 23
which is the same as the EQS limit of the exact solution, Eg. 16.

e) In the MQS limit, where Egs. 2.3.23a-2.3.25a apply, equations combine to

show that H satisfies the diffusion equation.

Yy S
_l—- DZH - __!:\_1 Az‘“‘ - - aT C\ (24)
ASSFEIT T OIEC /S M

Formal solution of this expression is the same as carried out in general, and

results in Eq. 20.

Why is it that in the EQS limit the electric field is uniform, but that in
the MQS limit the magnetic field is not? In the EQS limit, the fundamental
field source is /62 while for the magnetic field it is 3%. For this particular
problem, where the volume is filled by a uniformly conducting material, there is
no accumulation of free charge density, and hence no shielding of E from the
volume. By contrast, the volume currents.can shield the magnetic field from the

volume by "skin effect"....the result of having a continuum of inductances and

resistances. To have a case study exemplifying how the accumulation of /‘2

(at an interface) can shield out an electric field, consider this same configuratio

but with the region 0 x ¢ a half filled with conductor ( 0<¢ x {b) and half free

space ( b¢{x<a).

Prob. 2.3.4 The conduction constitutive law can be used to eliminate
E in the law of induction. Then, Eqs. 23b-26b determine ﬁ, M and hence

jf. That the curl of E is then specified is clear from the law of induc-
tion, Eq. 25b, because all quantities on the right are known from the MQS

solution. The divergence of E follows by solving the constitutive law for

E and taking its divergence.

7.8 =v.(%s_)_vx<vx,uo\4> -

All quantities on the right in this expression have also been found by
solving the MQS equations. Thus, both the curl and divergence of E are

known and E is uniquely specified. Given a constitutive law for f, Gauss

Law, Eq. 27b, can be used to evaluate P

=]
o G G5 TS G5 @ o8 &5 "R S
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Prob. 2.4.1 For the given displacement vector in Lagrangian coordinates, the

velocity follows from Eq. 2.6.1 as

9% -
v = 33 = f‘ﬂm(ntw\c + Q1Y “-«—(.D.z‘:+9)¢' (1)
In turn, the acceleration follows from Eq. 2.6.2.
& =%Li =X nlm (D246)( +anvn(Qtr)i l 2
But, in view of Eq. 1, this can also be written in the more familiar form
G=-O0% (3)

Prob. 2.4.2 From Eg. 2.4.4, it follows that in Eulerian coordinates the

acceleration is

)ax ‘R‘ﬁ;})( "'(1’);243 ¥ _.1) .’=—D.x¢ -.Q.té_c (4)

Using coordinates defined in the problem, thlS is converted to cylindrical form.
Because Ce_s e 4 sw D =\ , it follows that

- 1 n

a=--0¢rY é, (6)

which is equivalent to Eq. 3 of Prob. 2.4.1.

Prob. 2.5.1 By definition, the convective derivative is ‘the time rate of

change for an observer moving with the velocity v, which in this case is U-i_x.

Hence, DQ_- A §
Dt St

and evaluation gives A

(c..) ﬁU)§

Because the amplltudes are known to be equal at the same position and time

it follows that W-kU =o', Here, ¢ is the doppler shifted frequency. The
special case where the frequency: in the moving frame is zero makes evident
why the shift in frequency. In that case ©= 0 and the moving observer sees
a static distribution of é that varies sinusoidally with position. The fixed
observer sees this distribution moving by with the velocity U =@ /k and hence

observes the frequency kU.
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Prob. 2.5.2 To take the derivative with respect to primed variables, say f;

observe in A(x,y,z,t), that each variable can in general depend on that variable

(say t').
' X x’
Y Y
A//é
\\iz\ 2’ W
t\._; 2’
Thus
SA | DADE U DA dx DA S
—_—t = ¢ ¢ &2 < Ac.'
3¢ Stst T Sx 5S¢ "—g‘-g%,*é—;g—:, (2)
From Eq. 1,
X =x"x Ut dt
/ >tl
p / ot’
2=2"3(0,t >4 .y (3)
3?! - 9
t =¢'
;lji = Cj}
- X
SO

oA: _ éﬁ (1)+

St’ 3¢t D Y

P_‘t_\iuﬂ%-_g_éiu\a x DA:

53 Le™

:)AC AT
S'E+M A (&)

Here, if A is a vector then Ai is one of its cartesian components. If A‘.'P([’,

the scalar form is obtained.

Prob. 2.6.1 For use in Eg. 2.6.4, take
as A the given one dimensional function
with the surface of integration that
shown in the figure. The edges at x=a
and x=b have the velocities in the x
direction indicated.

Thus, Eg. 2.6.4

becomes

Ag g;g Q(x,t)Ax =

Az

4
/ST = 7
/ 7/
/, nt ’
8y, M\
L7 ’ S
»4' Ry
1 { X
b(&) a ()
db_, da
A4 d4

o [Tbe+ St alicoy sode]

The second term on the right is zero because A has no divergence.

Thus, Ay can

be divided out to obtain the given one-dimensional form of Leibnitz' rule.
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Prob. 2.6.2 a) By Gauss' theorem,

gv-Hv = g)ﬁ-zhéa (1)
v _ s

where on Sl’ -in=?1, on SZ’ in=-ﬁ and on the sides -]:.n has the direction of
- XAQ/ . Also, -inda integrated between Sl and 82 is approximated by
-17'5‘\' Xég - Thus, it follows that if all integrals are taken at the same

instant in time,

SVV Ady= ggm.a da - gi\(a-v\ da - §7m‘mt xdd

b) At any location, Sa2 l _SS o
. 5 DA :
A(trot)= AR +Szot+ (3)

Thus, the integral over 52 when it actually has that location gives

SA(twt) Anda = XA(Q.MAMP Xé}\_bt.ﬁ day . @

Sa
Because 82 differs from Sl by terms of higher order than At , the second

integral can be evaluated to first order in At on S

jA(t+b-t) »da= SA({_) nda o Sgﬂbt‘“éa (5)

c¢) For the elemental volume pictured, the height is Atu h while the area of

the base is da » 80 to first order in At , the volume integral reduces to

{v'ﬂc{\/ = SV-'A ot v-nda (6)
v

S,

d) What is desired is
d SA adaz B L SR({%&-E&- ACo) - ndal D
d-\ At—+o At L
Substitution from Eq. 5 into this expression gzives :
= Lo L (A(ﬂ.aau g A (1) st.ida— A(t) n&\] (8)
ato S !
2 5| 5,

The first and last terms on the right can be replaced using Eq. 2
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Prob. 2.6.2(cont.)
e __,[ [V‘T\AV 4 &I\ D atxdd ¢+ Xé_. bt-nda %)
= steo 5E| | L \
Finally, given that A. Botx R =AxTat 48 , Eq. 6 is substituted into this
expression to obtain

% Andaz -\&L{V.R stB.adat g‘ésf‘“'“‘“ mﬁ,@,@l (10)

S S s C
] ]
With At divided out, this is the desired Leibnitz rule generalized to three

dimensions.

Prob. 2.6.3 Given the geometry of contours

a(t+at) b (2+o1)

Cl and C2’ if A is evaluated at one time,

t, Stoke's theorem applies

vaﬂ hdea = &K&i L

S

Here, S is the surface swept out by the _° '
’ a(t) %
dX

open contour during the interval A% and C

C,

is composed of Cl’ C2 and the side segments

represented to first order in Al by 1}5(‘5&), f)bt and ';65 (E(t),t)ét . Note

that for At small, i = Ag’ X195At with 'lﬂs evaluated at time t. Thus, to

linear terms in A¢ , Eq. 1 becomes

5(2) b
gva’ dgxd| ot = jﬁl
Ct Gt ¢ L(é),t
a(t) _ a C(t+ot) (2)
- Sf\\-d&-?\@s at
¢
a(trot) a(t)t
Note that, again to linear terms in A1,
b (2+at) b (t+ot) E(z+ot)
SNHM)'JL =\ A« \Bleesd o
t
t
e (t+ot) a(t+ot) & (t+01)

~ — .- .
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Prob. 2.6.3 (cont.)

The first term on the right in this expression is substituted for the third one

on the right in Eq. 2, which then becomes

6 (t) E&)
VxA).d} x{‘s\‘At = -A\ .d3 +A-Tﬂ,\ot
A Gt ae) Ot bt (4)

o) g(td
=\ A(t+ro) 4% +g %AT at-df _[\.\’,csl At
o(t+ot) 3~(t+bf():"t alt)t

The first and third terms on the right comprise what is required to evaluate

the derivative. Note that because the integrand of the fourth term is already

first order in At , the end points can be evaluated when t=t.

B(t) B(¢)
4 g- =0 LN (3R
. = — Oh At df
o)A at—o Ot >t °
a(e) alt)
O ()
+‘A.53, at -AY,|at + gvﬂbm&xc\& At
OX et 9 :
! a(t)

The sign of the last term has been reversed because the order of the cross
product is reversed. The At cancels out on the right-hand side and the
expression is the desired generalized Leibnitz rule for a time-varying

contour integration.

Prob. 2.8.1 a)In the steady state and in the absence of a conduction current, Sf,

Ampere's law requires that
IxH =9x (P xV¥) : (1)

so one solution follows by setting the arguments equal.

- — — a . -
=Pxrv =- (.{o__-" ) o (__“"‘ (2)

H P ALl v o /2 ’
Because the boundary conditions, Hz( x=%a)=0 are also satisfied, this is the

required solution. For different boundary conditions, a "homogeneous" solution

would have to be added.
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Prob. 2.8.2 (cont.)

b) The polarization current density follows by direct evaluation. -

'SP=vx(§x{;)=/q,Um(ﬂx/a)Z& (3)

Thus, Ampere's law reads

W< OHe7 = T
VKW = -2, =% U coe (Wx/a) iy (4)

where it has been assumed that )( )/;g and 9C )/D2=0. 1Integration then

|
|
R
5
gives the same result as in Eq. 2. l
c) The polarization charge is
:—V-ﬁ:-?_‘_.j". :-../a° Uﬂ-(‘ﬂx/a) (5) l
/o P PR - 5
and it can be seen that in this case, Jp=U/°r La . This is a special case '
because in general the polarization current is
Vx(ﬁxi)g'ﬁv.{r— T}‘v-ﬁ+3-vﬁ~§°v‘\." (6) .
In this example, the first and last terms vanish because the motion is rigid body,
while (because there is no y variation), the next to last term 17'-V§ :U;6/33= 0, '
The remaining term is simply fP:\-’ '
Prob. 2.9.1 a) With M the only source of El it is reasonable to presume that
i
!
i
i
i
|
1
$
|

H only depends on x and it follows from Gauss' law for H that

v.H = ~9.-M q%‘:x =/32;m (ﬂx/u)# l-\le.%._? Aam (‘_\'&’_‘) (1)

b) A solution to Faraday's law that also satisfies the boundary conditions
follows by simply setting the arguments of the curls equal.
E =-7a°M$'\} = é?—e-‘vlw(u)( (2)
-6 43
c) The current is zero because E'=0. To see this, use the results of Egs. 1

and 2 to evaluate

- 4

E = B 4Vruii= Z;_‘. 1‘_?:3(7%('%)- ,&f‘vﬁ,;.(u)]:om
ﬂ -3
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Prob. 2.11.1 With regions to the left, above and below the movable electrode
denoted by (a), (b) and (c) respectively, the electric fields there (with up
defined as positive) are

Ea= (0,-¥)/b ; Ey=-%/(b-%) ; B = W /5, )
On the upper electrode, the total charge is the area d(a-f‘) times the charge
per unit area on the left section of the electrode, - eoEa’ Plus the areadg|
times the charge per unit area on the right section, - CoEb. The charge on the

lower electrode follows similarly so that the capacitance matrix is

- - o a-?, + ?.? _(Q_gi)q r.'}‘-
?' = de, ® ot b (2)

Prob. 2.12.1 Define regions (a) and (b) as between the two coils and inside

the inner one respectively and it follows that the magnetic fields are uniform

in each region and given by
! ]

) 1
H“z%.’“b:““-\-%:%*% (1)
These fields are defined as positive into the paper. Note that they satisfy
Ampere's law and the divergence condition in the volume and the jump and boundary
conditions at the boundaries. For the contours as defined, the normal to the
surface defining Th‘is into the paper. The fields are uniform, so the surface
integral is carried out by multiplying the flux density, /a;H, by the
appropriate area. For example, :h‘ is found as
’ . ' 2
)l:/‘{o_‘_dl_TT(Q.z’ﬁt) +/u,(‘2\-+fj-)-n? (2)

Thus, the flux linkages are

L
F ] Pa“,TTQ} AT -('-
2, _ d d ' (3)
= 2 ‘
L 2 z‘(o'ﬂ's /‘o“‘% "l
- - d 4 JL .
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Prob. 2.13.1 It is a line integration in the state-space (Vl,Vé,'il, ?2) thaf
is called for. The system has already been assembled mechanically, so the
displacements ( il' ?2) are fixed. The remaining path of inteqration in the
space (vl,vz) is carried out by raising vy to its final valﬁe with v_ =0 and

2
then raising v, with vy fixed (so that>$vi=0)at its final value. Thus,

1] vz
[_ - ¢ 4 4 (l)
W = S%lﬁ"l +%1$1,2. - gj'(dl pong')?t)s-g\*'l.?z(ol )7}‘- ,?”i‘)sl’t
and with the introduction of the capacitance matrix, o
o\ t \ 2
w2z Gl 4 QY v L, (2)
Note that C21=C12:

Prob. 2.13.2 Even with the nonlinear dielectric, the electric field between

the electrodes is simply v/b. Thus, the surface charge on the lower electrode,

where there is free space, is D= €%E= €;V/b, while that adjacent to the

dielectric is

D= e_‘_obl’ 4 't)‘/t,dl ,Iq:_\, (%Y (1)

It follows that the net charge is

1= dag,u + 212 @

so that 5 b d'\jd:t}z 4_]}2‘
w' = W= € d 2 2 L:._ (3)
S‘j —5—;-(0)1" +é€l§,\'(d:b +v%) -ol,_bl

Prob. 2.14.1 a)To find the energy, it is first necessary to invert the

terminal relations found in'Prob. 2.14.1. Cramer's rule yields

d -d
¢, Mo (0°-5) L (c2-5%) s
' = -J d 2 (1)
¢ — 2 t&\ 7‘2
Mo (at-TY) o (at-§9)(s

Integration of Eg. 2.14.11 in (’hi,jgz) space can be carried out along any path.

But, in particular, integrate on "A, with )z=0. Then, with :h'at its final

value, integrate on ) with 33. =0.
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Prob. 2.14.1 (cont.)

)l , )7_ ,
[ o0 + [ ¢ (aua0)and

\ d 2 av]_z
=—.[/I,Tr(q ?l)]) ].7:1?%;‘75 A2, + ‘.—%??—).( )]?

b) The coenergy is found from Eq. 2.14.12 where the flux linkages as given in

the solution to Prob. 2.12.1 can be used directly. Now, the integration is
in (il’iz) space, and is carried out as in part (a), but with the i's playing

the role of thez's.

‘-. "z
[} ' N e 4 tl
W= I?ﬁ,(c")o)c“‘,-l-f?‘z(c”ct)Ac.‘ 3
o o
2

Prob. 2.15. 1 Follow1ng the outlined procedure,

@(t.t) e‘g“‘:z = r% ® ie-Ee o

c dz
€ 7:-00

Each term in the series is integrated to give C )
+ ~ 3“ b1y n-n
z wn)d 3
= E g"c‘ ¢ /"‘T("‘ "‘) (2)

Thus, for m # n, all terms vanlsh. The term m=n is evaluated by either taking

the limit m—en of Eq. 2 or returning to Eq. 1 to see that the right hand side
) ~
is simply §n2 . Thus, solution for §”‘ gives Eg. 8.

Prob. 2.15.2 One period of the distribution is sketched as a function of z

as shown. Note that the function starts just before z=- f/4

b dC,t
and terminates just before z=3f/4. } Q( ! )
e . R M|, g8 3
The coefficients follow directly '
from Eq. 8. Especially for i 43_@ V’(+)
ramp functions, it is often convenient Tj
to make use of the fact that < 1 9
~ R _ - Qa(i- —)v
2% .. a‘ﬁmﬁm (1) 2 ao(z*?)vo A

22
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Prob. 2.15.2 (cont.)

and find the coefficients of the derivative of §({ t), as shown in the
sketch. Thus, 9/4 g % Q k 9
L\ 28 3 - 2\/ o
-aﬁl ?i ::?E' -_—-' 2 C: - (2)

and it follows that the coeff1c1ents are as glven Note that m=0 must give § 4

because there is no space average to the potential. That the other even componentsl

vanish is implicite to Eq. 2.

TYERD

Prob. 2.15.3 The dependence on z of§ and its
, N Vo(4)
spatial derivative are as sketched. Because the 1 3/ .
. =Xz 3 El
transform of b§/§z<—> &i the integration D.i
az ‘(,VO(‘”
over the two impulse functlons gives simply t\ Id

i

N~ Foe a -esz S 4
‘dgﬁ"'gz e Ai :N( ) “Ve(t) $(1)

Solution of this expression for Q results in the given transform. More direct,

but less convenient, is the direct evaluation of Eq. 2.15.10.

Prob. 2.15.4 Evaluation of the required space average is carried out by fixing

attention on one value of n in the infinite series on n and considering the

terms of the infinite series on m. Thus,
L +0

2+ s
Chey, =) ) KB, gm (4R @

==-00 mz-®
-no

SN I\n‘“‘?.::s“"""é‘“""

NS~00 mg~-C>
Thus, all terms are zero except the one having n=-m. That term is best evaluated

using the original expression to carry out the integration. Thus,
+00

<asd =) AB, @

; T . o~ ~ 3
Because the Fourier series is required to be real, E_n = Bn and hence the

given expression of Eq. 2.15.17 follows.
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Prob. 2.16.1 To be formal about deriving transfer relations of Table 2.16.1,

start with Eq. 2.16.14

d = $ sinh ¥x + @, cosh ¥x . (1)
) ~ ~ ~
and require that §(x=b‘)§§ ) $(x=0)= QA . Thus,
’ 1T =7 [od]
sinh¥a cosh Y& %, [
(2)
~) NA
o 1 ¢,
L Jd L § L d
Inversion gives (by Cramer's rule)
~ ~d
é' snlah 1 —coth ¥6 4
= (3)
A ~6
o A
e, 2
Because Sﬁ =<c Dﬁ/é X , it follows for Eq. 1 that
D, = -€% <§| cosh¥x + & s‘mkb’x) (4)
Evaluation at the respective boundaries gives
6: cosh ¥a sinh¥o '& ,
--cX (5)
D% t o ®,
- - e o = -

Finally, substitution of Eq. 3 for the column matrix on the right in Eq. 5

gives
~aol ~ - TN A
5 cosh Y& simh¥a | [ =i —cotbun|[ &
=-c¥
NG Yo d
D;& | 0o L o | §3
i \ ~ o (6)
A —
coth ¥ Sinh ¥O 33—
= -€Y¥
' shyol | &
sinh ¥8 -c ¥o

which is Eq. (a) of Table 2.16.1.
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Prob. 2.16.1 (cont.)

The second form, Eq. (b), is obtained by applying Cramer's rule to

the inversion of Eq. 8. Note that' the determinant of the coefficients is

2
Det = -co+ksz + I — | — cosh ¥b _

Sinh' ¥ S'th\'\z XA, = - | (7
SO
EXl [ -coth Y& I 1T ~d
® ' Sinh Yo x (8)
~a €Y o ~a
§ . coth ¥o D,
i 3 L sihh ¥b 11l )

Prob. 2.16.2 For the limit m=0,k=0, solutions are combined to satisfy the

potential constraints by Eq. 2.16.20, and it follows that the electric dis-

placement is ~ l |
" Py 4 (<) <s (3)
D =-€—= = -¢ E?._————— A+ € di _~7

- ST { (%%) 2. (i%) (1)

This is evaluated at the respective boundaries to give Eg. (a) of Table 2.16.2

with fm and 9, as defined for k=0,m=0.

For k=0,m# 0, the correct combination of potentials is given by Eq. 2.16.21.

It follows that
m+l ]

N 3 (%) +(>;-)m"1_ § (5 (2" (2)
Breemls ey | - | <%>'"-<%>"1

Evaluation of this expression at the respective boundaries gives Eags. (a) of

Table 2.16.2 with entries fm and 9, as defined for the case k=0,m=0.

For X #0.m# 0, the potential is given by Eg. 2.16.25. Thus, the electric

displacement is

{IH,QP%)I.’.Q&) - T (RN, (180)]

B, = -8
T N R0 T () TR B 2]

(3)
4+ 8% 13- GRD - Gler) - W (R 3. (80T
[ Ho GRR) 3 ()~ Tm (j) Ho (58]

and evaluation at the respective boundaries gives Egs. (a) of the table with

fm and I as defined in terms of Hm and Jm' To obtain I in the form agiven,
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Prob. 2.16.2 (cont.)

use the identity in the footnote to the table. These entries can be written
in terms of the modified functions, K.m and Im by using Egs. 2.16.22.

In taking the limit where the inside boundary goes to zero, it is necessary

to evaluate
d

~ ~d ~@
O = €[ £.(0,d) B + q.(d,0) &°] (a)
Because K.m and Hm approach infinity as their arguments go to zero, gm(d,o)—*'o.

Also, in the expression for fm in terms of the functions Hm and Jm, the first

term in the numerator dominates the second while the second term in the

denominator dominates the first. Thus, fm becomes

5. (0,0)— ik Ha(58) 3, (k) )
- . (5RO H, (18R)

and with the use of Egs. 2.16.22, this expression becomes the one given in

the table.
In the opposite extreme, where the outside boundary goes to infinity, the
desired relation is
~ ~
D = ¢ [ (8,098 + §.. (@,)8"] ()
Here note that Im and Jm (and hence I& and Jé) go to infinity as their
arguments become large. Thus, gm( ﬂ,m)-"o and in the expressions for fm, the
second term in the numerator and first term in the denominator dominate to aive
§ (@,a)— —a’gé 3..(?'\%x3\-\.:(é&6> . _a{é M. (3\@6)
.Gl (5ee) Ho (584) (7)

R W (Be)
4 (RR)

To invert these results and determine relations in the form of Egs. (b) of the

table, note that the first case, k=0,m=0 involves solutions that are not

independent. This reflects the physical fact that it is only the potential
~ o) Nﬂ

difference that matters in this limit and that ( Q_, Q:) are not really

independent variables. Mathematically, the inversion process leads to an

infinite determinant.

In general, Cramer's rule gives the inversion of Egs. (a) as
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Prob. 2.16.2 (cont.)
Fa(Bd)=€5,.(d4,8)/Det ; F(d,8) =€, (B8,«)
GCm(Bd)=-€Gm(pd)/Det ) Gm(d @)= - €9,..(,Q)

where Det = e{ §..(8,4)5.(4,8) —g-.(ﬂ,d)g;(d.(s)

Prob. 2.16.3 The outline for solving this problem is the same as for Prob.
2.16.2. The starting point is Eq. 2.16.36 rather than the three potential
distributions representing limiting cases and the general case in Prob. 2.16.2.

Prob. 2.16.4 a) With the z-t dependence exp j(w t-kz), Maxwell's equations

become
v-E=0 » & . RE, | )
X
4 a (2)
v.R=o 2 LW,
X A A (3)
§REG = =34 B
- - N ~ A (4)
IR =’?A‘Lt_'-? -%&Ex“b_gl:—iw/lo\'\%
9 ;€éﬁ o G; (5)
Ik YRR
3& \% = éweEx ©
= T )af oM ek (7)
X\ :)6, $ -3% HK‘D)—H"&A: %w€\:_%
t A %—;‘Q:éNCEQ (8)

A A
The components E,, E‘ ' H,. iy

2
Equations 3 and 7 combine to (‘{

~ A
4 can be written in terms of Ez and Hz as follows.

R - (w/e) )

1]

H = :g_%. SHs (9)
X ¥t 3%
and Egs. 4 and 6 give
A .
t, = 4—% b_g_%. ~ (10)
¥t ox
As a result, Egs. 6 and 3 give
A
A ‘e € A . > (11)
Hy=32% 98+ & - -jum DN,
¥* 3% 4 ¥* ox (12)
Combining Ampere's and Faraday's laws gives
- z -
c"VI(‘I‘):Q— B) (13)
E I\ E

Thus, it follows that

2 Ri 2 l:‘!i - (14)
L(s) () .

ol e T e-a &5 S D 59 N ow vy M G S R @ N = e
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Prob. 2.16.4(cont.)

b) Solutions to Egs. 14 satisfying the boundary conditions are

g - \_\ Ml“x Hﬁwx(x A) (15)

At Ea R X \%‘3 ETS (16)

E%. 2 1
c) Use is now made of Egs. 9 and 10 to obtain

%*: %\—‘-{E wﬂ.‘GX Eﬂc,nax(x A.} (17)
. B u-wﬂb’x (3 -a (18)
Also, from E,:‘qs 3xan{d 6 b
E, = - -‘%fi' \'\ (19)
ﬂ = w& § (20)
) fe X

Evaluation of these expressions at the respective boundaries gives the
transfer relations summarized in the problem.
d) In the quasistatic limit, times of interest, 1/¢J , are much longer than
the propagation time of an electromagnetic wave in the system. For propagation
across the guide, this time is A/c. = AFo €, .  Thus,

~ Q .Y (21)
Note that QA must be larger than _/']‘ but too large a value of kA means
no interaction between the two boundaries. Now, with Y—' Q_ El JEE

and H-l - 3 %‘# . the relations break into the quasi-static transfer relations.

[ '\oﬂ ' | 7 r‘\-lj
GE -wdal; PRV '§
el | (22)
L e,E;d L—,M;:Mo el Ra ] _5“

Ad ] [
- cotdRo S N
,MHx ﬂ@ Meb qj (23)

LM'gx@ ) - L E— thRa || Q@-
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Prob. 2.16.4(cont)

e) Transverse electric(TE) and transverse magnetic{TM) modes between

perfectly conducting plates satisfy the boundary conditions
d

A
- 6 -
() (W,=0) By =0 (24)
(a
- = 25
(re) (E,-0) WP =0 (25)
where the latter condition is expressed in terms of Hz by using Egs. 12 and 7.
Because the modes separate, it is possible to examine them separately. The
electric relations are already in the appropriate form for considering the
TM modes. The magnetic ones are inverted to obtain p
Ad . »
- Yo
/IOHZ _ M C,O‘d a 'm}'b Hx
A =~= A
o e 8
i e e T A L

With the boundary conditions of Eg. 24 in the electric relations and with those

(26)

. of Eq. 25 in these last relations, it is evident that there can be no response
unless the determinant of the coefficients vanishes. In each case this
requires that

|
_eiYs ¥ /o T =0

(27)

This has two solutions.

el vozo 5 cndys =21

In either case,
ntl
¥ = %— (29)
It follows from the definition of'X’ that each mode designated by n must
satisfy the dispersion equation
(A LA
kA nir
(.‘i) = & +(——— (30)
c o
For propagation of waves through this parallel plate waveguide, k must be real.

Thus, all waves attenuate below the cutoff frequency

- "
- - 31
o 52 (31)

because then all have an imagineary wavenumber, k.

‘-—.—-\‘..\-H—_—---U-‘ﬁﬂl-'
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Prob. 2.16.5 Gauss' law and E=-V® requires that if th.ere is no free charge

EVD yve -V =0 (1)

For the given exponential dependence of the permittivity, the x dependence of

the coefficients in this expression factors out and it again reduces to a

constant coefficient expression

¥3 VB L8 7>§_O
'D;( :>%‘ }iiz DR

In terms of the complex amplltude forms from Table 2.16.1, Eg. 2 requires that
4_} + 27 8 = (3)

Thus, solutlons have the form exp px where p——-7+7i A= \‘S ﬁ‘+7

(2)

A~ ~d
The linear combination of these that satisfies the conditions that § be §

and Q(S on the upper and lower surfaces respectively is as given in the

problem. The displacement vector is then evaluated as

B=- %{ﬁdcﬂxﬂ))} 7,«Jm+) crhax] (a)
PR PN
. 9l a(x-a) 42 wﬂa(x-o)]

A4

Evaluation of this expression at the respective surfaces then gives the

transfer relations summarized in the problem.
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Prob. 2.16.6 The fields are governed by

E=z-vd (1)

= 2
vD=0 (2)
Substitution of Eg. 1 and the constitutive law into Eq. 2 gives a generalization

of Laplace's equation for the potential.

D o) -0 (3)
‘3 OX. }xa
Substitution of

T = Rs 8.Cx)
results in .

&8 048 o5 -o

d x?

6:3.(%'4(3 + Q,?)

(4)

(5)

where

=R (__:;_z_e €40 | R, (G gie_ﬂ B \Ve e”d%B(e i+€Q+Q:e&]

This constant coeff1c1ent equation has solutions exp p, where substitution

shows that
- +)' ::A 2= B—_A:
P=47%2 .75 r (6)
Thus, solutions take the form

d= A 7 e x A, & ™

~ ‘\'d

~ N 8
The coefficients Al and Az are determined by requiring that @: Q and & = E

at x= A and x=0 respectively. Thus, in terms of the surface potentials, the
potential distribution is given by
~ ~d é?(x—a) ~g 47K (
- a,;g ; 8)
b=9% ¢ '—-_12' + 8 ¢ el nca-x)
b A Pt/ YN

The normal electric dlsplacement follows from the x component of the constitutive

law, .
3EJ ==-C é—% -\-§<€x185‘\' exigt)§ (9)

Evaluation using Eg. 8 then gives
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P;ob. 2.16.6(cont.)

7(:( -8) 8) Y Yo
{ “lﬁc ﬂ:z mhx] 3(€ 3 &)cﬁg:]lzm)

e AMQ G mﬂh(o-") %+ a-x
{ {%7 ey e Py Y ]4a(e Sbe Mﬁ(mo%

The required transfer relations follow by evaluating this expression at the

respective boundaries.

C 71T 54 1T wd]
i/ %"
D: -€, [17*‘7""’4""’3(“&5*‘ ﬁ) €A C (1)
R 2o
o - he 87° 5
% X % - e"“h? -2 wd)h]-l-é(C g‘+€ Qi) @
I O N R |
Prob. 2.17.1 In cartesian coordinates, a'l= a‘3 ,» so that Eq. 2.17.1 requires

that B12=B21. Comparison of terms in the canonical and particular transfer

relations then shows that

B,= 7‘A/ﬂ"’.“'ﬁ‘ 28 = =B

Prob. 2.17.2 Using d,An:ﬂ A21 » Table 2.16.2 gives

ﬁ‘&a[ M GBI (GR &) - T (RN (5R)

= -é@ﬂ[Hm(é%(s)Ih:(éPe@)—'S,“(éPe/s’)H..' (384

These can only be equal for arbitrary o 2 (3 if
/
¢ : = .
Rx [Ho (BX)S (R) - Tm(GRO N GRX)] = comst @
Limit relations, Eqs. 2.16.22 and 2.16.23, are used to evaluate the constant.

-afe® “u -u
Ru [('%‘)EL: e (—"'—- (1-2‘:8)+ \l_';'l;i’ e (;‘:_)Er_;‘e (‘"i‘)]= co(r;r;i-.

inn

Thus, as ¢-woo it is clear that ¢ = -2/
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Prob. 2.17.3 With the assumption that w is a state function, it

follows that

DW ~d ~sdl ~g a
BW:STd%D-\r'\"é—‘%d%DU\;' +§_-\-’:60" -\-)—chﬁ,;
Dar PLreMy 30, bﬁ"i
Because the D's are independent variables, the coefficients must agree
with those of the expression for SWin the problem statement. Thus, the

relations for the ¢'s follow. The reciprocity relations follow from taking

cross—-derivatives of these energy relations

~ ~o aAd o~
438, A8, adES
- Qﬁd == 5‘6‘4 (1) - S—,-r_-, =& — (4)

(5)

= O — (2)

~ -y =& ‘—_’-\'_d
S8 587 > 88 9O,
- Oii ) -iv - G\.(—z 3-&0 (3) a@ QE\- — &ﬂ’ v (6)
pYv 3B > pRe

The transfer relation written so as to separate the real and imaginary

parts, is equivalent to

éeﬂ - - Am. A\\é A\zv ’Alz‘; 1 6‘:‘-1

A

ol

@' - A\\l: - Anv A\‘LC A 1r ﬁ:‘

<

I

2 p
Qr - AZ\" AZ\L Az‘lf -Azzi D‘-

5(: —'A“( _Au\’ Azzi A""’" 6(3
L)L i

The reciprocity relations (1) and (6) respectively show that these transfer

relations require that A, .=-A and A

11i 11i 991~"Ayo4» SO that the imaginary
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Prob. 2.17.3 (cont.)

. o _
parts of All and A22 are zero. The other relations show that a Aer‘
B

Q _.B o, _ B, x
a Aer and a AIZi——a AZli so, a A12 a A21' Of course, A12 and

hence, A21 are actually real.

Prob. 2.17.4 From Problem 2.17.1, for

~a ,
Dn -B“ B‘l @d
~p | = . (1)

Dn "Bz\ -Btt Qﬁ

it is shown that

30 - of 3OS (2)
= =,
N i“ >R
which reciuires that
Bla T By (3)
74, .
For this system Biy =By = e //OMQ?A
Prob. 2.18.1 Observe that in cylindrical coordinates (Appendix A) with A AO 0
= = A 7 LD ;
= vxA=-228/ +.L2 (vA;)¢ (1)
Thus, substitution of AO = A(V‘ )Y gives

v

~A A L LJA ] (2)
T 32 ‘e ¥ ¥ S¥ e

BR=

as in Table 2.18.1.

Prob. 2.18.2 In spherical coordinates with A = AQ’ ('¢ (Appendix A),

B = YRR s— 2 (A, s.ne)c -L2 (rA L), N

‘ Y'sin g ; e
Thus, substitution of A¢ = A (f" 0) (Y‘ Sin QY gives

LD AY 7o 1 (L7 DA (2)
‘(‘S\heée(-:(_ ‘e ~ Y DY<5 n @ 9—(s;h9(ra

as in Table 2.18.1.

12
€ o°r

—

v

Prob. 2.19.1 The transfer relations are obtained by following the instructions

given with Eqs. 2.19.7 through 2.19.12.



