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1 

INVENTED NUMBER SYSTEMS 

A 

In t roduc t ion  

There a r e  many mathematical quo ta t ions  t o  t h e  e f f e c t  t h a t  God gave 

man t h e  whole numbers, b u t  t h a t  t h e  rest of t h e  number system was 

invented  by man. The meaning of t h i s  not ion  i s  t h a t  it was r a t h e r  

n a t u r a l  f o r  man t o  be aware of t h e  need t o  count.  Indeed, even i n  

t h e  most modern mathematical vocabulary t h e s e  "counting" numbers 

a r e  c a l l e d  t h e  n a t u r a l  numbers. 

Negative numbers w e r e  unna tu ra l  i n  t h i s  con tex t  i n  t h e  sense  t h a t  it 

was n o t  p o s s i b l e  t o  have a c o l l e c t i o n  wi th  fewer than no members. In  

f a c t ,  even zero  was cons idered  an unna tu ra l  number because one would 

n o t  need t o  use a symbol t o  i n d i c a t e  t h a t  nothing was p resen t .  This  

i d e a  i s  c a r r i e d  through i n  a t r i v i a l  way i n  t h e  usua l  place-value 

n o t a t i o n .  W e  w r i t e  107 t o  i n d i c a t e  t h e  number one hundred seven 

wi th  t h e  zero  se rv ing  a s  a p lace  holder  t e l l i n g  us t h a t  no 

t e n s  a r e  p r e s e n t .  W e  need t h e  zero  only because we have no way of 

keeping t r a c k  of t h e  va r ious  denominations i n  p lace  value  n o t a t i o n  

o t h e r  than by t h e  p o s i t i o n  of a d i g i t .  For example, t h e  Romans 

would w r i t e  one hundred seven a s  C V I I  and t h e  f a c t  t h a t  no t e n s  

w e r e  p r e s e n t  was apparent  from t h e  absence of t h e  concre te  ( v i s i b l e )  

symbol X.  I n  t h i s  same sense ,  when we  w r i t e  t h e  number one hundred 

t h i r t y  seven i n  p l a c e  v a l u e ,  w e  w r i t e  137 - -n o t  0137 t o  i n d i c a t e  

t h a t  t h e r e  a r e  no thousands. I n  o t h e r  words, zero was invented 

when p lace  value  was invented ,  b u t  man was d e a l i n g  wi th  a r i t h m e t i c  

long be fo re  t h e  inven t ion  of p lace  value .  

I n  any c a s e ,  when t h e  n a t u r a l  numbers a r e  augmented by zero,  t h e  

r e s u l t i n g  system of numbers i s  r e f e r r e d  t o  a s  t h e  whole numbers, 

and when w e  a l low nega t ive  numbers a s  w e l l  a s  p o s i t i v e ,  t h e  

r e s u l t i n g  system is c a l l e d  t h e  i n t e g e r s .  

The aim of t h i s  chap te r  i s  t o  c r e a t e  t h e  mood f o r  understanding why 

man i n v e n t s  new numbers. I n  t h i s  sense ,  w e  s h a l l  r e v i s i t  t h e  

i n t e g e r s ,  t h e  r a t i o n a l  numbers, and t h e  i r r a t i o n a l  numbers. The 

union of t h e  r a t i o n a l  numbers and t h e  i r r a t i o n a l  numbers i s  c a l l e d  

t h e  r e a l  numbers, and what w e  would l i k e  t o  do i s  t o  make it seem 

n a t u r a l  t h a t  t h e  word " r e a l "  i n  t h i s  con tex t  i s  no t  very appropr ia t e .  

Once t h i s  i s  done, w e  s h a l l  devote t h e  nex t  chap te r  of t h e s e  no tes  

t o  t h e  d i s c u s s i o n  of t h e  complex numbers, a number system which 

1.1 



somehow seems u n r e a l  t o  t h e  s t u d e n t ,  y e t  is a s  r e a l  a s  any of t h e  

p rev ious ly  s t u d i e d  number systems. 

A Note About Number Versus Numeral 

I n  any a r t i f i c i a l  (man-made) language t h e r e  i s  a d i f f e r e n c e  between a 

concept  and t h e  words used t o  denote t h e  concept.  I n  mathematics 
t h i s  problem u s u a l l y  i s  f i r s t  encountered i n  t h e  s tudy of elementary 

a r i t h m e t i c .  W e  l e a r n  about  t h e  concept of number, b u t  we denote 

numbers by symbols c a l l e d  numerals.  Thus, f o r  example, X ,  10 ,  7 + 3 ,  

5 x 2 ,  and 1111111111 a r e  each numerals which denote t h e  number t en .  

Now while t h e  n a t u r a l  numbers might have been "God given" ,  t h e  

numerals t o  denote t h e s e  numbers were invented  by man. I t  i s  f a i r  

t o  assume t h a t  man found t h e  s i m p l e s t  symbols t h a t  would s u f f i c e  

and only  invented  more complicated symbols when t h e  s impler  ones 

proved t o  be  inadequate  o r  cumbersome. For example, t a l l y  marks a r e  

a very v i s u a l  system of numerals. That  i s ,  somehow o r  o t h e r  it is 

e a s i e r  t o  v i s u a l i z e  t h e  concept of " three-ness"  looking a t  t h e  

numeral I11 than a t  t h e  numeral 3, b u t  by t h e  same token t a l l y  

marks would be extremely awkward a s  a numeral system i f  w e  wished 

t o  denote t h e  number one b i l l i o n  ( a  number r a t h e r  easy  t o  denote i n  

o rd ina ry  p l a c e  va lue  numerals,  namely, 1,000,000,000). 

Looking a t  t a l l y  marks, it is  n o t  d i f f i c u l t  t o  see t h a t  t h e  concepts  

of a d d i t i o n  and m u l t i p l i c a t i o n  l e n t  themselves very n i c e l y  t o  t h i s  

system of numerals. For example, t o  add two n a t u r a l  numbers* 

w e  had only  t o  "amalgamate" t h e  t a l l y  marks t h a t  r ep resen ted  each 

of t h e  two ( n a t u r a l )  numbers. 

By way of i l l u s t r a t i o n ,  t o  denote t h a t  t h e  sum of t h r e e  and f o u r  

i s  seven,  w e  w r i t e  3 + 4 = 7. I n  t h e  t a l l y  system we would not 
w r i t e  t h a t  I11 + 1111 = 1111111. Rather a l l  w e  would do i s  w r i t e  

I11 1111, t h e  sum obvious ly  being t h e  t o t a l  number of w r i t t e n  t a l l y  

marks. Notice t h a t  t h i s  exp la ins  very  v i v i d l y  why t h e  n a t u r a l  

numbers a r e  commutative wi th  r e s p e c t  t o  add i t ion .  That i s ,  whi le  

it may n o t  s e e m  s e l f  e v i d e n t  t h a t  3 + 4 = 4 + 3**, it s u r e l y  seems 

*We say  " n a t u r a l "  s i n c e  t a l l y  marks would n o t  be  used i n  any o t h e r  

c o n t e x t .  


** In f a c t  i f  3 + 4 = 4 + 3 seems n a t u r a l  because  a l l  we d i d  was 
change t h e  o r d e r ,  n o t i c e  t h a t  3 :  4 and 4 + 3  r e p r e s e n t  d i f f e r e n t  
numbers even  though " a l l "  we d i d  was change t h e  o r d e r .  



c l e a r  t h a t  I11 1111 and 1111 I11 r e p r e s e n t  t h e  same number of t a l l y  

marks. 

I n  a s i m i l a r  way, one could view m u l t i p l i c a t i o n  of n a t u r a l  numbers 

very n i c e l y  i n  terms of t a l l i e s ,  and t h i s  i d e a  i s  r e f l e c t e d  i n  t h e  

f a c t  t h a t  we read  3 x 4 a s  3 t i m e s  4 even though t h e  word "t imes" 

does n o t  appear i n  t h e  a r t i f i c i a l  expressi'on 3 x 4 .  That i s ,  w e  view 

3 x 4 a s  t h r e e ,  f o u r  t i m e s  ( o r  a s  f o u r ,  t h r e e  t i m e s ) .  Thus, i n  

t e r m s  of t a l l i e s  w e  have 

We could pursue t h e  advantages of t a l l y  systems t o  g r e a t  extremes 

and while such a d i scuss ion  i s  h igh ly  informat ive  and very i n t e r e s -  

t i n g ,  it i s  n o t  necessary  t o  make t h e  p o i n t  w e  a r e  h i t t i n g  a t  i n  t h i s  

chap te r .  Rather ,  wi th  t h e  preceeding remarks a s  an in t roduc t ion ,  n o t i c e  

t h a t  n e i t h e r  subrac t ion  nor  d i v i s i o n  Pent themselves t o o  we l l  t o  a 

tal ly-mark i n t e r p r e t a t i o n .  For example, i n  t e r m s  of t a l l i e s  we 

could t a k e  t h r e e  from f i v e  b u t  w e  could n o t  t a k e  f i v e  from t h r e e .  

That  i s ,  i n  terms of our  modern n o t a t i o n  5 - 3 = 2 would be w r i t t e n  

very n i c e l y  i n  t a l l y  n o t a t i o n  (and n o t i c e  h e r e  t h a t  we a c t u a l l y  

seem t o  cap tu re  t h e  f e e l i n g  of what it means when we say " take  

away"; t h a t  i s ,  i n  t h e  t a l l y  system we a c t u a l  t a k e  away [ d e l e t e ]  

some t a l l i e s  from t h e  rest) .  On t h e  o t h e r  hand, 3 - 5 could n o t  

be i n t e r p r e t e d  i n  terms of t a l l i e s .  

A s  f o r  d i v i s i o n ,  c e r t a i n l y  6 i 3  = 2 could be viewed p i c t o r i a l l y  a s  

I11 I11 i n d i c a t i n g  t h a t  i f  s i x  t a l l i e s  a r e  d iv ided  i n t o  groups of 

t h r e e  w e  g e t  t h r e e  such groups. Yet we cannot view 5 t 3  i n  t h e  same 

way, s i n c e  w e  cannot  "break up" f i v e  i n t o  a whole number of groups 

of  t h r e e .  To be s u r e ,  we would g e t  one such group and two of t h e  

necessary  t h r e e  t o  form ano the r ,  b u t  t h e  f a c t  remains t h a t  i f  a l l  

w e  have i s  t h e  t a l l y  system, we must inven t  new numbers ( n o t  j u s t  

numerals) t o  r e p r e s e n t  t h e  type  of number named by 3 - 5 o r  5+3. 

I n  t h e  remainder of t h i s  chap te r  we s h a l l  emphasize number concepts  

and in t roduce  systems of numerals on ly  f o r  t h e  purpose of high- 

l i g h t i n g  c e r t a i n  remarks. W e  may a l s o  tend t o  g e t  a b i t  c a r e l e s s  

i n  our  c o l l o q u i a l  use  of "number" when w e  mean "numeral", e t c . ,  b u t  



we hope t h a t  i f  t h i s  should occur it w i l l  be  c l e a r  from con tex t  what 

it meant. 

The Ra t iona l  Numbers 

Why d i d  man i n v e n t  numbers o t h e r  than whole numbers? Often one 
answers t h i s  q u e s t i o n  by g iv ing  excuses r a t h e r  than reasons .  Among 
t h e  va r ious  excuses a r e  t h a t  w e  must o f t e n  t a k e  f r a c t i o n a l  p a r t s  

of  t h e  whole ( a  f r i g h t e n i n g  s ta tement  t o  beginning s t u d e n t s ) .  Y e t  

it i s  more common t o  r e f e r  t o  one -ounce than t o  one-s ix teenth  of a 

pound, o r  t o  one dime r a t h e r  than t o  one-tenth of a d o l l a r .-

Even t h e  p r a c t i c a l  s i d e  i s  o f t e n  misunderstood. For example, t h e  

e x i s t e n c e  of t h e  f r a c t i o n  3 would ha rd ly  h e l p  t h e  f a t h e r  f i g u r e  

o u t  how t o  bequeath t h r e e  r ace  horses  t o  two sons! Most l i k e l y  

t h e  f a t h e r  would g i v e  each son one horse  and d i s t r i b u t e  t h e  p r o f i t  -
from t h e  s a l e  of  t h e  t h i r d  horse .  

I n  essence ,  t h e  concept  of d i v i s i o n  was n o t  always meaningful i n  

problems t h a t  l e n t  themselves t o  a tal ly-mark i n t e r p r e t a t i o n .  

However, t h e r e  a r o s e  a p p l i c a t i o n s  of numerical  problems i n  which 

only  n a t u r a l  numbers were mentionedbut t h e  s o l u t i o n  requ i red  more 

than n a t u r a l  numbers. Such problems could n o t  be viewed e f f e c t i -  

ve ly  i n  terms of t a l l y  marks. For example, suppose w e  have a 5 

inch l e n g t h  and w e  want t o  c u t  it i n t o  t h r e e  p a r t s  of equa l  l eng th .  

Notice t h a t  w e  e i t h e r  know how t o  t r i s e c t  a l i n e  segment o r  we 

d o n ' t ,  and t h a t  once w e  know how t o  d i v i d e  a l eng th  i n t o  

t h r e e  p a r t s  of equa l  l eng th  it r e a l l y  makes no d i f f e r e n c e  what t h e  

l eng th  of t h e  or ig ianalsegment  i s  (except  i n  t e r m s  of t h e  a c t u a l  

answer) . 

I n  a s i m i l a r  way, one could encounter  t h e  same kind of problem i n  

t h e  sense  t h a t  it is  no more meaningful f o r  a  p a r t i c l e  t o  t r a v e l  s i x  

f e e t  i n  two seconds than t o  t r a v e l  f i v e  f e e t  i n  two seconds, and 

t h a t  i n  each case  w e  want t o  compute t h e  average speed of t h e  

p a r t i c l e .  Not ice ,  i n  o t h e r  words, t h a t  t h e r e  a r e  meaningful prob- 

l e m s  which involve  knowing on ly  t h e  n a t u r a l  numbers, b u t  whose 

s o l u t i o n  can n o t  be obta ined w i t h i n  t h e  framework of t h e  n a t u r a l  

numbers. 

To rephrase  t h i s  i d e a  from a  more a l g e b r a i c  p o i n t  of view, n o t i c e  



t h a t  one does need any number system more ex tens ive  than t h e  n a t u r a l  

numbers f o r  t h e  equat ion  

t o  be meaningful.  Namely t h e  equat ion  asks  us  t o  f i n d  a  number such 

t h a t  when it i s  m u l t i p l i e d  by 2 ( a  n a t u r a l  number) t h e  r e s u l t  i s  3 

( a l s o  a  n a t u r a l  number). However, s i n c e  twice any n a t u r a l  number i s  

an even n a t u r a l  number and s i n c e  3 i s  odd, we s e e  t h a t  t h e  meaningful 

equat ion  2x = 3 cannot  have a s o l u t i o n  which i s  a n a t u r a l  number. 

I n  any even t ,  w e  now a r r i v e  a t  a  crossroads  t h a t  i s  t h e  very crux of 

s c i e n t i f i c  i n v e s t i g a t i o n .  We have t h e  choice of saying t h a t  w e  d o n ' t  

c a r e  whether t h e  equat ion  2x = 3 has a s o l u t i o n  o r  saying it i s  

impera t ive  t h a t  2x = 3 have a s o l u t i o n .  Should w e  decide  t h a t  we 

want 2x = 3 t o  have a s o l u t i o n ,  w e  must inven t  new numbers, and u n t i l  

they  a r e  invented  t h e  equat ion  has no s o l u t i o n s ,  o r ,  i f  w e  wish t o  

g i v e  i n t o  t h e  f a c t  t h a t  w e  a r e  comfortable only  wi th  t h a t  which 

we b e l i e v e  e x i s t s ,  w e  may say  t h a t  t h e  s o l u t i o n s  of t h e  equat ion  

a r e  imaginary. Hopefully,  it i s  c l e a r  t o  you t h a t  t h e  word "imaginary" 

i s  used i n  t h i s  con tex t  only t o  denote a concept t h a t  does n o t  appear 

t o  be meaningful t o  t h e  use.  That i s ,  it i s  i n  t h i s  sense  t h a t  

r e a l n e s s  i s  i n  t h e  eyes  of t h e  beholder .  

Moreover, t o  make s u r e  t h a t  t h e  r a t i o n a l  number system ( r e c a l l  t h a t  

system impl ies  s t r u c t u r e )  was a " l e g i t i m a t e "  ex tens ion  of t h e  n a t u r a l  

number system, one had t o  make s u r e  t h a t  whatever r u l e s  were invented  

f o r  combining r a t i o n a l  numbers they had t o  be c o n s i s t e n t  wi th  t h e  

r u l e s  f o r  how t h e s e  numbers would be  combined had they been n a t u r a l  

numbers. For example, one might have l i k e  t o  add common f r a c t i o n s  

(by t h e  way, common f r a c t i o n s  a r e  b u t  one form of numeral f o r  

denot ing  r a t i o n a l  numbers; another  well-known numeral system f o r  

denot ing  t h e  r a t i o n a l  numbers i s  i n  terms of  decimals and t h i s  

w i l l  be d i scussed  i n  more d e t a i l  i n  t h e  nex t  s e c t i o n )  by adding 

numerators and adding denominators. Had w e  done t h i s ,  then  t h e  

sum of two an.d t h r e e  would depend on how w e  wrote t h e  numbers. 

For example, w e  would have 

etc. 
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A t  any r a t e ,  s i n c e  t h e  a n c i e n t  Greeks were p r i m a r i l y  i n t e r e s t e d  i n  

geometry and s i n c e  t h e  concept of l eng th  and d i s t a n c e  were s o  c r u c i a l  

t o  t h i s  s tudy ,  it should n o t  seem t o o  s t r a n g e  t h a t  t h e  a n c i e n t  Greeks 

w e r e  t h e  f i r s t  t o  develop t h e  r a t i o n a l  numbers i n  t h e  form of a 

l o g i c a l  sc ience .  

Of course ,  t h e  t a l l y  system became inadequate a s  a  model f o r  t h e  

r a t i o n a l  numbers and f o r  t h i s  reason t h e  number l i n e  r ep laced  t h e  

t a l l y  system a s  a  model f o r  t h e  "new" r e a l  number system, t h a t  i s ,  

t h e  system of r a t i o n a l  numbers. 

D 

The I r r a t i o n a l  Numbers 

Once t h e  r a t i o n a l  numbers were invented ,  t h e  a n c i e n t  Greek be l i eved  

t h a t  no o t h e r  numbers would eve r  have t o  be invented .  H e  be l i eved ,  

i n  o t h e r  words, t h a t  every  ( r e a l )  number was expressab le  a s  t h e  

q u o t i e n t  of two whole numbers and accordingly  he never thought  

much about  t h e  need t o  i n v e n t  o t h e r  (extended) number systems. 

Now, i n  o r d e r  f o r  u s  t o  a p p r e c i a t e  t h e  f a c t  t h a t  it seemed n a t u r a l  

t h a t  t h e  r a t i o n a l  numbers completed t h e  number system, l e t  us  

review t h e  type  of  reasoning t h e  a n c i e n t  Greek used i n  a r r i v i n g  

a t  h i s  dec i s ion .  

I n  terms of t h e  number l i n e ,  l e t  us  look a t  a segment of u n i t  

l eng th .  I f  w e  b i s e c t  t h i s  segment, t h e  midpoint i s  a r a t i o n a l  

number ( q u i t e  i n  g e n e r a l ,  t h e  average of two r a t i o n a l  numbers i s  

again  a r a t i o n a l  number). I f  w e  then  b i s e c t  each of  t h e  two new 

segments t h e  new p o i n t s  of d i v i s i o n  a l s o  denote r a t i o n a l  numbers. 

I f  w e  cont inue  i n  t h i s  way it seems t h a t  we even tua l ly  f i l l  i n  

t h e  e n t i r e  segment. Of course ,  w e  never do r e a l l y  f i l l  i n  t h e  

e n t i r e  segment phi losophica l ly-speaking b u t  it i s  i n  r e a l i t y  

f i l l e d  i n  because a p h y s i c a l  l i n e  has  th ickness  and even tua l ly  

t h e  d i s t a n c e  between two p o i n t s  of subd iv i s ion  i s  less than t h e  

th icknessof  t h e  l i n e  drawn wi th  our  peno i l .  Never theless ,  w e  

g e t  t h e  f e e l i n g  t h a t  w e  can make our  l i n e s  t h i n n e r  and t h i n n e r  

and t h a t  i n  t h i s  way w e  can n e g l e c t  t h e  th ickness  of  our  l i n e s ;  

and e v e n t u a l l y  t h e  e n t i r e  segment does g e t  f i l l e d  i n .  



W e l l ,  what w e  can s a y  f o r  s u r e  i s  t h a t  even i f  t h e  l i n e  i s  no t  

f i l l e d  i n  completely,  any e r r o r s  can be made a r b i t r a r i l y  small ;  

b u t  t h e  f a c t  t h a t  w e  do  n o t  f i l l  i n  t h e  l i n e  completely can be seen 

very  d r a m a t i c a l l y  from t h e  fo l lowing obse rva t ion .  I f  we assume t h a t  

our  segment extends  from 0 t o  1, then t h e  midpoint  of the  segment i s  
I
a t  t h e  p o i n t  2. I f  we now b i s e c t  each of t h e  two new segments w e-

1 3o b t a i n  t h e  p o i n t s  and T ;  and i f  we then b i s e c t  each of these  new 
1 3 5  7segments we o b t a i n  t h e  a d d i t i o n a l  p o i n t s  6 ,  8, 8, and -. ~ i c t o r i a l l ~ ,8 

Notice then t h a t  t h e  on ly  p o i n t s  w e  can o b t a i n  i n  t h i s  way a r e  those  

which when represen ted  a s  common f r a c t i o n s  have denominators equal  

t o  2 ,  4 ,  8 ,  16; and i n  g e n e r a l ,  2". I n  o t h e r  words, n o t  only d o n ' t  

w e  f i l l  i n  t h e  e n t i r e  l i n e  i n  t h i s  way, b u t  w e  even m i s s  most of t h e  

r a t i o n a l  numbers - i n  p a r t i c u l a r  those  with denominators 3 ,5 ,6 ,7 ,9 ,  

10,11,12,13,14,15,  e t c .  

C e r t a i n l y ,  t h i s  r e s u l t  does n o t  prove t h e  e x i s t e n c e  of numbers which 

a r e  non- ra t iona l ,  b u t  i t  does demonstrate t h a t  t h e  given proof i s  

inadequate.  

Perhaps t h e  e a s i e s t  way t o  s e e  why t h e r e  should be i r r a t i o n a l  numbers 

i s  i n  terms of decimals.  I t  should be noted t h a t  when represen ted  

a s  a decimal every  r a t i o n a l  number e i t h e r  t e rmina tes  o r  e l s e  r e p e a t s  

t h e  same c y c l e  of d i g i t s  e n d l e s s l y  ( i n  t h i s  sense ,  a l l  r a t i o n a l  

numbers a r e  r ep resen ted  by r e p e a t i n g  decimals s i n c e  a te rminat ing  

decimal such a s  0.5 may be viewed a s  t h e  r e p e a t i n g  end less  decimal 

0.50000000 .....) .  The e a s i e s t  way t o  see t h i s  i s  t h a t  i f  we t r y  t o  

conver t  m- i n t o  a decimal ,  w e  e i t h e r  e v e n t u a l l y  o b t a i n  a remainder of n 
0 i n  which case  t h e  decimal perminates o r  else we have the  same 

remainder occur  twice  i n  which case  t h e  e n t i r e  cyc le  between the  
1

repea ted  remainders a l s o  r e p e a t s .  For example i f  w e  w r i t e  --1 a s  a 

decimal w e  o b t a i n  



The remainder 1 r e p e a t s -

'0 4 9 J
-a 	 s o  w e  again  have 1 followed by e n d l e s s l y  many O ' s ,  

j u s t  a s  when we began. 

[Notice,  of  course ,  t h a t  t h e  f i r s t  r epea ted  remainder need n o t  be 
8 t h e  f i r s t  remainder. For example i n  w r i t i n g  a s  a decimal we have 

0.533.. 	. 
15 " Q ~ O O O F i r s t  remainder 

7

7369-\~irst 

3
r epea ted  remainder 

m The f a c t  t h a t  a remainder must r e p e a t  when i s  w r i t t e n  i n  decreased 

' 

from fol lows from t h e  profound, b u t  s imple ,  obse rva t ion  t h a t  s i n c e  

t h e r e  can be b u t  n remainders (0 through n - 1) when a number i s  

d iv ided  by n any set of more than n numbers must have t h e  p roper ty  

t h a t  a t  l e a s t  two* have t h e  same remainder when d iv ided  by n. Hence 

no l a t e r  ( b u t  it may happen sooner)  than a f t e r  t h e  (n  + l)th0 a 

remainder must r e p e a t .  

Therefore ,  i f  w e  admit  t h a t  any decimal should name a r e a l  number 

and i f  w e  agree  t h a t  we can i n v e n t  decimals t h a t  a r e  n e i t h e r  ter-

minat ing  nor  r e p e a t i n g ,  then w e  have admit ted  t h a t  t h e r e  must be 

numbers o t h e r  than r a t i o n a l  numbers. That  i s ,  i f  every  r a t i o n a l  

number i s  represen ted  by a t e rmina t ing  o r  a r e p e a t i n g  decimal and 

t h e r e  a r e  decimals t h a t  n e i t h e r  t e rmina te  nor r e p e a t ,  then  t h e r e  

must be numbers which a r e  n o t  r a t i o n a l .  

A s  an example of a non-terminating,  non-repeating decimal cons ider  

* T h i s  a p p a r e n t l y  s i m p l e  o b s e r v a t i o n  i s  known u n d e r  t h e  o m i n o u s  name 
o f  D e d e k i n d ' s  " C h e s t  o f  Drawers  P r i n c i p l e s " .  For  e x a m p l e ,  g i v e n  
400 p e o p l e  a t  l e a s t  two must  c e l e b r a t e  t h e i r  b i r t h d a y  on t h e  same 
day  o f  t h e  y e a r  ( b u t  we c a n ' t  b e  s u r e  w h i c h  day ( o r  d a y s )  i t  w i l l  
b e ,  s i n c e  t h e r e  a r e  o n l y  3 6 5  ( o r  a t  m o s t  3 6 6 )  d a y s  i n  a y e a r .  



whereA means t h a t  each time ano the r  9 i s  added t o  t h e  cyc le .  

C e r t a i n l y  t h e  above decimal cannot r e p e a t  t h e  same cyc le  end less ly  

s i n c e  each cyc le  c o n t a i n s  one more 9 than  t h e  previous cyc le .  

Notice of course t h a t  w e  can approximate an i r r a t i o n a l  number by 

a s u i t a b l e  chosen r a t i o n a l  number t o  a s  g r e a t  a degree of accuracy 

a s  w e  d e s i r e .  For example, wi th  r e s p e c t  t o  our above i r r a t i o n a l  

number n o t i c e  t h a t  t h e  r a t i o n a l  number 0.49499 (which i s  r a t i o n a l  

because it te rmina tes )  i s  accura te  t o  f i v e  decimal p laces  a s  an 

approximation t o  t h e  given i r r a t i o n a l .  

I f  t h i s  seems a b s t r a c t ,  r e c a l l  t h a t  w e  w e r e  o f t e n  t o l d  i n  high 

school  t h a t  IT= 2 2 . Y e t  wi thout  proving t h e  p o i n t  h e r e ,  t h e  f a c t  

remains t h a t  i s  an i r r a t i o n a l  number ( i n  f a c t  it i s  t ranscendenta l*)  

while 7--L L i s  r a t i o n a l .  

What i s  22 meant i n  t h i s  con tex t  was t h a t  while and - w e r e  no t  equa l ,  
7 

a s  decimals they w e r e  r ep resen ted  a s  

I f  w e  c a n ' t  measure beyond 

t h e  n e a r e s t  hundreth we cannot 
22d i s t i n g u i s h  between IT and T .  

The f a c t  t h a t  w e  can approximate any i r r a t i o n a l  number by a r a t i o n a l  

number t o  a s  c l o s e  a degree of accuracy we d e s i r e  means t h a t  from a 

p r a c t i c a l  p o i n t  of view w e  never need i r r a t i o n a l  numbers ( s i n c e  they 

can always be replaced by " s u f f i c i e n t l y  c l o s e "  r a t i o n a l  numbers). 

Never theless ,  w e  hope t h a t  our  d i s c u s s i o n  has shown t h a t  t h e r e  a r e  

c e r t a i n  " r e a l "  numbers which s e e m  unnatura l .  

What may be even more alarming i s  t h a t  w e  cannot  even say  t h a t  t h e r e  

a r e  r e l a t i v e l y  few of such d i s t u r b i n g  numbers a s  t h e  i r r a t i o n a l s .  

While w e  do n o t  want t o  e n t e r  i n t o  a d i scuss ion  of d i f f e r e n t  o r d e r s  

of  i n f i n i t y  a t  t h i s  t i m e ,  t h e  f a c t  i s  t h a t  t h e r e  a r e  more i r r a t i o n a l  

numbers than r a t i o n a l  numbers. A s  an i n t u i t i v e  device  t o  h e l p  sense  

what t h i s  means immagine a device  t h a t  al lows us  t o  pick a d i g i t  from 

* S e e  N o t e  # 3  a t  t h e  e n d  of  t h i s  c h a p t e r  f o r  a d e f i n i t i o n  o f  

t r a n s c e n d e n t a l .  




0 through 9 a t  random. 

Suppose w e  then agree  t o  c o n s t r u c t  an e n d l e s s  decimal by us ing  o u r  

random device  t o  p ick  a number which w e  s h a l l  use f o r  our  f i r s t  

decimal p l a c e ,  a second number f o r  o u r  second decimal p l a c e ,  e t c .  

I t  would s e e m  t h a t  t h e  chances of  t h i s  device  y i e l d i n g  an end less  

chain  i n  which t h e  same cyc le  of d i g i t s  was u l t i m a t e l y  always re-

peated i s  ve ry  smal l  ( i n  f a c t ,  from t h i s  p o i n t  of view, it seems 

l i k e  a mi rac le  t h a t  t h e r e  should even be one r a t i o n a l  number). Y e t  

u n l e s s  t h e  same sequence of d i g i t s  i s  u l t i m a t e l y  r epea ted ,  t h e  

decimal cannot  r e p r e s e n t  a r a t i o n a l  number. 

A t  any r a t e ,  w e  s h a l l  cont inue  wi th  t h e  more q u a n t i t a t i v e  a s p e c t s  of 

i r r a t i o n a l  numbers i n  t h e  no tes  a t  t h e  end of t h i s  chapter .  But f o r  

now w e  would l i k e  t o  conclude wi th  t h e  obse rva t ion  t h a t  once he d i s -  

covered t h a t  n o t  a l l  numbers w e r e  r a t i o n a l ,  t h e  a n c i e n t  Greek invented  

t h e  term i r r a t i o n a l  t o  mean a l l  numbers t h a t  w e r e  n o t  r a t i o n a l ,  and 

i n  t h i s  way, he apparen t ly  completed t h e  e n t i r e  number system. 

Y e t  he had n o t  reckoned wi th  t h e  nega t ive  numbers, i f  only because 

he had n o t  thought  about  d i r e c t e d  l eng ths .  The idea  of d i r e c t e d  

l e n g t h s  wasdue mainly t o  Descartes i n  t h e  s i x t e e n t h  century ,  and 

once t h i s  was accomplished t h e  r e a l  number system ( a t  l e a s t  a s  w e  

d e f i n e  " r e a l "  today) was completed. Geometrical ly t h e  r e a l  numbers 

w e r e  t h e  set  of a l l  p o i n t s  on t h e  number l i n e .  -

Algebra ica l ly ,  they  w e r e  t h e  set of a l l  numbers whose squares  w e r e  

non-negative, i .e . ,  {x:x2 -> 01 . 

A r e  t h e r e  numbers which a r e  n o t  " r e a l " .  Well, i n  t h e  same way t h a t  

t h e  s o l u t i o n  of 2x = 3 i s  "non-real" i f  t h e  only  " r e a l "  numbers a r e  

t h e  i n t e g e r s ,  t h e  s o l u t i o n s  of x 
2+ 1 = 0 must be "non-real" i f  t h e  

only  " r e a l "  numbers a r e  those  whose squares  a r e  non-negative; f o r  

c l e a r l y  from t h e  r u l e s  of a lgebra ,  i f  x i s  a number such t h a t  

x 2+ 1 = 0 then  x 2 = -1. Since a r e a l  number cannot  have a nega t ive  

square ,  i f  w e  want x t o  be a number it must be a "non-real" number. 

I t  i s  t h i s  t o p i c  t h a t  w e  s h a l l  d i s c u s s  i n  t h e  nex t  chap te r .  



Note #1 

The Ancient Greek Proof That fi i s  I r r a t i o n a l  

Obviously t h e  a n c i e n t  Greek d i d n ' t  d iscover  t h e  i r r a t i o n a l  numbers by 

h i s  knowledge of decimals i f  only  because he knew about t h e  i r r a -  

t i o n a l s  by €00 B.C.,  and decimals w e r e  n o t  invented  a s  such u n t i l  

many hundreds of y e a r s  l a t e r .  

The a n c i e n t  Greek's  approach was t h a t  he i d e n t i f i e d  numbers wi th  

l eng th .  I n  p a r t i c u l a r ,  t h e r e f o r e ,  he f e l t  t h a t  any l eng th  he could 

c o n s t r u c t  ( a t  l e a s t  by t h e  p r i n c i p l e s  of p lane  geometry) denoted a 

r e a l  number (and indeed s o  it was s i n c e  t h e  l eng th  e x i s t e d ) .  

Now consider  t h e  i s o s c e l e s  r i g h t  t r i a n g l e  each of  whose l e g s  i s  1 

u n i t  of  l eng th .  Then by t h e  Pythagorean Theorem t h e  l eng th  of t h e  

hypotenuse must be a. That i s ,  t h e  l eng th  must s a t i s f y  12+ 12= x 2 , 
2o r x = 2  

I 


Now, i f  = 
m n and n  a r e  whole x i s  r a t i o n a l  it has t h e  form x -where  m 

numbers, and w e  may f u r t h e r  assume t h a t  we have chosen 
m,t o  be i n  

lowest  t e r m s  ( i .e . ,  m and n  show no n a t u r a l  number except  1 a s  

common f a c t o r  . 

W e  then  have upon squar ing  t h a t  

2 2 Since  2n2 i s  d i v i s i b l e  by 2  and m = 2n2 it follows t h a t  rn 

i s  a l s o  d i v i s i b l e  by 2 .  Now s i n c e  2  i s  * a prime number, it fol lows

t h a t  m must i t s e l f  be d i v i s i b l e  by 2. 

* A  n a t u r a l  number n i s  c a l l e d  p r i m e  i f  (1) n > 1 and ( 2 )  n h a s  no  
n a t u r a l  numbers  a s  f a c t o r s  e x c e p t  f o r  i t s e l f  and  1. 



[Note: I f  a , b ,  and p  a r e  n a t u r a l  numbers and ab i s  d i v i s i b l e  by p ,  

we  cannot v a l i d l y  conclude t h a t  e i t h e r  a o r  b  i s  d i v i s i b l e  by p. 

For example 4 x 9 i s  d i v i s i b l e  by 6  y e t  n e i t h e r  4 nor  9 i s  d i v i s i b l e  

by 6. What happened was t h a t  s i n c e  6  = 3 x  2  we "used up" t h e  3 a s  

a f a c t o r  of  9 and t h e  2  a s  a f a c t o r  of 4 .  But a prime c a n ' t  be  
broken up i n t o  f a c t o r s  which can be used piecemeal.  I n  t h e  p r e s e n t  
con tex t  n o t i c e  t h a t  whole 6  i s  n o t  d i v i s i b l e  by 4 ,  62 is .  The reason 

62= 6 6again  i s  t h a t  
x Z. For a  prime number p ,  however, it i s  t r u e  

t h a t  ab  i s  d i v i s i b l e  by p  i f  and only  i f  a t  l e a s t  one of t h e  numbers. 

a o r  b ,  i s  d i v i s i b l e  by p]  

Now s i n c e  m i s  d i v i s i b l e  b y 2  w e  can w r i t e  it a s  m = 2kl where kl 

i s  a n a t u r a l  number, whereupon 

S u b s t i t u t i n g  t h e  va lue  of m2 i n  (2)  i n t o  equat ion  (1) w e  ob ta in  

From equa t ion  ( 3 1 ,  by reasoning as we d i d  above, it fol lows t h a t  

n2, hence n , i s  d i v i s i b l e  by 2. 

But t h e  f a c t  t h a t  both  m and n  a r e  d i v i s i b l e  by 2 c o n t r a d i c t s  t h e  

given f a c t s  s i n c e  w e  chose m and n  s o  t h a t  was i n  lowest  terms, 

hence m and n  cannot  have 2  a s  a common f a c t o r .  Where d i d  t h i s  

c o n t r a d i c t i o n  come from? W e l l ,  a l l  of our  mathematical arguments 

w e r e  v a l i d ,  s o  t h e  f a c t  t h a t  w e  have a f a l s e  conclusion means t h a t  

w e  must have begun wi th  a t  l e a s t  one f a l s e  assumption. Y e t  t h e  

on ly  assumption w e  made was t h a t  r/Z i s  r a t i o n a l  (o therwise ,  we could 

n o t  assume t h a t  it could be w r i t t e n  i n  t h e  form where m and n  were 

n a t u r a l  numbers). Hence it must be t h a t  our  assumption t h a t  JZ i s  

r a t i o n a l  i s  f a l s e  s i n c e  it l e a d s  v a l i d l y  t o  a f a l s e  conclusion;  

b u t  i f  it i s  f a l s e  t h a t  i s  r a t i o n a l ,  then  by d e f i n i t i o n  it i s  

i r r a t i o n a l .  

A s  a pass ing  remark, t h e  type  of proof i n  which w e  show t h a t  some-

t h i n g  i s  t r u e  by showing t h a t  t h e  assumption i s  f a l s e  l eads  t o  a 



v a l i d  b u t  f a l s e  conclus ion i s  known a s  t h e  I n d i r e c t  Proof and a l s o  

under t h e  name Reduction ad Absurdem. 

Note 42 

The Unique F a c t o r i z a t i o n  Theorem 

A well-known theorem of a r i t h m e t i c  i s  t h a t  any n a t u r a l  number can be 

w r i t t e n  uniquely a s  a product  of powers of primes,  except  f o r  t h e  

o rde r  of t h e  f a c t o r s .  ( I t  i s  f o r  t h i s  reason t h a t  1 i s  n o t  con-

s i d e r e d  a prime s i n c e  we can mul t ip ly  a s  many f a c t o r s  of  1 a s  w e  

wish wi thout  changing t h e  value  of t h e  product . )  

For example while 24 can be f a c t o r e d  i n  s e v e r a l  ways i n t o  t h e  product  

of two o r  more n a t u r a l  numbers, such a s  4 x 6 ,  12 x 2, and 2 x 2 x 6 ;  

t h e r e  i s  only  one way i n  which w e  can break it down completely i n t o  

prime f a c t o r s  and t h a t  i s  a s  2 x 2 x 2 x 3 ,  o r  z 3  x 3. We could 

have w r i t t e n  i t  i n  the  o rde r  3 x Z 3 ,  b u t  o t h e r  than f o r  t h i s  r a t h e r  

t r i v i a l  swi tch  i n  o r d e r ,  w e  see t h a t  24 can be f a c t o r e d  uniquely 

( i . e . ,  i n  one and only one way) a s  a product  of powers of primes. 

The unique f a c t o r i z a t i o n  theorem a l s o  s u p p l i e s  us  wi th  an i n d i r e c t  

proof t h a t  JZ i s  i r r a t i o n a l .  Namely t h e  assumption t h a t  JZ i s  

r a t i o n a l  l eads  t o  m 2 
= 2n2 and t h i s  i s  impossible s i n c e  m2 can have 

only  an even number of f a c t o r s  of 2 while 2n2 has an odd number of 

f a c t o r s  of 2 .  

That  i s  m2 has  double t h e  number of f a c t o r s  of 2 than does m and 

s i n c e  t h e  double of a whole number ( inc lud ing  0) i s  even, m2 has 

an even number of  f a c t o r s  of  2 ( o r  f o r  t h a t  ma t t e r  m2 has an even 

number of any prime f a c t o r )  . I n  a s i m i l a r  way w e  see  that n2 has 

an even number of f a c t o r s  of 2 and s i n c e  2n2 has one more f a c t o r  

of 2 than does n2 ,  w e  s e e  t h a t  2n2 has an odd number of f a c t o r s  

of 2. 

Thus i f  m 2 = 	2n2 w e  have t h a t  t h e  same number ( i .e . ,  t h e  one denoted 
2by m2 and 2n ) has  both an even number of f a c t o r s  of 2 and an odd 

number of f a c t o r s  of 2 and s i n c e  no number i s  both  even and odd, 

t h i s  assumption t h a t  m 2 
= 2n2 c o n t r a d i c t s  t h e  unique f a c t o r i z a t i o n  

theorem. 



Suppose w e  have a polynomial whose c o e f f i c i e n t s  a r e  i n t e g e r s  and t h a t  

w e  wish t o  i n v e s t i g a t e  t h e  s o l u t i o n s  of  t h e  equat ion  obta ined when 

t h e  polynomial i s  equated t o  0. For example suppose t h e  polynomial 

equat ion  i s  given by 

where ao , . . . ,  and an a r e  i n t e g e r s .  Then t h e  amazing r e s u l t  i s  t h a t  

i f  t h e r e  i s  a r a t i o n a l  r o o t  of ( 1 1 ,  s ay ,  x  = E then  it fol lows t h a t  
9 

q  must be a  d i v i s o r  of an and t h a t  p  must be a d i v i s o r  of a 
0' 

For example i f  

has  a r a t i o n a l  r o o t ,  say E then  q  must be a d i v i s o r  of 3 ( t h a t  is ,  
q 

q i s  e i t h e r  1, -1, 3, o r  -3) and p  must be  a d i v i s o r  o f  5  ( so  t h a t  

p  = 1, -1, 5, o r  -5) . I n  o t h e r  words u n l e s s  E i s  one of t h e  
1 9numbers -+ 1, -+ 5 ,  2 5, o r  +- 7 then  '3 cannot  be a r a t i o n a l  r o o t  of 

( 2 ) .  

[Notice t h a t  w e  a r e  n o t  - saying t h a t  -+ 1, + 5 ,  +, and +- 5 a r e  

r o o t s  of (2)  - only t h a t  they a r e  t h e  on ly  p o s s i b i l i t i e s ]  

To prove t h i s  r e s u l t  (known a s  t h e  Fundamental Theorem of Polynomial 

F a c t o r i z a t i o n )  w e  r e p l a c e  x i n  (1)by where i s  assumed t o  be i n  
9 

lowest  terms. W e  o b t a i n  
5 

and i f  we  now m u l t i p l y  both s i d e s  of (3 )by  gn w e  o b t a i n  

Rewrit ing this a s  

anPn + ... + n-1 - n alpq - -aoq 



and observing t h a t  t h e  l e f t  s i d e  of (5)  i s  d i v i s i b l e  by p  ( s i n c e  each 

terms i s )  we see  t h a t  t h e  r i g h t  s i d e  i s  a l s o  d i v i s i b l e  by p. Since 

p and q  a r e  assumed t o  have no f a c t o r s  ( o t h e r  than +)- i n  common, t h e  

only  way t h a t  -aoq n  can be d i v i s i b l e  by p  i s  i f  % i s  d i v i s i b l e  by p. 

S i m i l a r l y  i f  we r e w r i t e  ( 4 )  a s  

we  can conclude t h a t  anpn must be d i v i s i b l e  by q.  Hence, s i n c e  p  

and q  have no f a c t o r s  i n  common, & i s  d i v i s i b l e  by q. 

The i n t e r e s t i n g  case  occurs  when an = 1 ( i n  which case  t h e  polynomial 

i s  c a l l e d  rnonic. I n  o t h e r  words, a  monic polynomial i s  one whose 

l ead ing  c o e f f i c i e n t  i s  1). I n  t h i s  case ,  s i n c e  q  must be a d i v i s o r  

of  an ,  q i s  e i t h e r  1 o r  -1 and consequently = + p which i s  a  whole 
9 -

number. 

This  te l l s  us a g r e a t  d e a l  about how t o  e s t a b l i s h  what types of 

numbers can be i r r a t i o n a l .  Namely, any r a t i o n a l  r o o t  of a  monic, 

i n t e g r a l  ( i n t e g r a l  means t h a t  t h e  c o e f f i c i e n t s  a r e  i n t e g e r s ) ,  

polynomial equat ion  must i t s e l f  be an i n t e g e r  s i n c e  i t s  denominator 

i s  a f a c t o r  of an which i s  1. 

Thus, any r o o t  of a  monic, i n t e g r a l ,  polynomial equat ion  which i s  not  

an i n t e g e r  must be an i r r a t i o n a l  number. 

For example JT s a t i s f i e s  t h e  i n t e g r a l ,  monic polynomial equation 

Since t h i s  equat ion  cannot  have an i n t e g e r  a s  a r o o t  ( i .e . ,  1 x 1 

i s  t o o  smal l  t o  be 2 and 2 x 2 i s  t o o  b i g ,  e t c . ) ,  any r o o t  must be 

i r r a t i o n a l ,  b u t  fi i s  a r o o t  of t h i s  equat ion ,  s o  i s  i r r a t i o n a l .  

[Another way of o b t a i n i n g  t h i s  r e s u l t  i s  t o  observe t h a t  i f  9 
i s  a 

r o o t  of x2 - 2 = 0 then  q  must be a d i v i s o r  of 1 and p  a  d i v i s o r  of 

-2. Hence q  = -+ 1 while  p  = -+ 1 o r  +- 2. Thus, t h e  only p o s s i b l e  

r a t i o n a l  r o o t s  of x2 - 2 = 0 a r e  +- 1 and +- 2 ;  and none of t h e s e  

numbers e q u a l s  JZ. Hence f l  must be i r r a t i o n a l  s i n c e  it i s  a r o o t  

of t h e  equa t ion  b u t  c a n ' t  be a r a t i o n a l  r o o t . ]  



W e  should p o i n t  o u t  t h a t  "most" i r r a t i o n a l  numbers (be l i eve  i t  o r  n o t )  

cannot  be r o o t s  of i n t e g r a l  polynomial equat ions .  An i r r a t i o n a l  

number which i s  t h e  r o o t  of such an i n t e g r a l  equat ion  i s  c a l l e d  an 

a l g e b r a i c  i r r a t i o n a l ,  while any i r r a t i o n a l  number which cannot be t h e  

r o o t  of such an equat ion  i s  c a l l e d  a t r anscenden ta l  number. For 

example (and w e  do n o t  prove t h e s e  f a c t s  s i n c e  t h e  proofs  a r e  ve ry  

d i f f i c u l t  a s  w e l l  n o t  necessary  f o r  our purposes)  among t h e  t r a n s -  

cendenta l  numbers a r e  nand e. 

Notice t h a t  any r a t i o n a l  number is  au tomat ica l ly  t h e  r o o t  of some 

i n t e g r a l  polynomial equat ion .  Namely, t h e  r a t i o n a l  number m/n 

s a t i s f i e s  t h e  equa t ion  x = m/n, o r  nx - m = 0, and t h i s  equa t ion ,  

s i n c e  m and n a r e  i n t e g e r s ,  i s  an i n t e g r a l  equat ion  which has m/n a s  

a r o o t .  

Notice a l s o  our  emphasis on i n t e g r a l  polynomial. For example IT i s  

t r i v i a l l y  a r o o t  of t h e  l i n e a r  polynomial equat ion  x - IT = 0 b u t  

t h i s  equat ion  i s  n o t  i n t e g r a l ,  s i n c e  no m a t t e r  what else nmigh t  be,  

it i s  n o t  an i n t e g e r .  

I t  t u r n s  o u t  t h a t  any i r r a t i o n a l  number which involves  nothing 

worse than a r i t h m e t i c  combinations o f  r o o t s  of  i n t e g e r s  a r e  a l g e b r a i c  

numbers. I n  p a r t i c u l a r  JT i s  a l g e b r a i c  s i n c e  it s a t i s f i e s  x 2 - 2 = 0 .  

A s  a n o t  s o  t r i v i a l  example n o t i c e  t h a t  ,/T + J3 i s  a l s o  a l g e b r a i c a l l y  

i r r a t i o n a l .  Namely, JF + JS s a t i s f i e s  t h e  non- in tegra l  equat ion  

Squaring both  s i d e s  y i e l d s  

x 2 - 2 4 2  + 2 = 3  

x 2 - l = 2  J T .  

Again squar ing  w e  o b t a i n  



Thus, 42 + Jq i s  a l g e b r a i c  because it i s  a r o o t  of t h e  i n t e g r a l  

polynomial equat ion  ( 6 ) .  Moreover, by t h e  Fundamental Theorem, 

any r a t i o n a l  r o o t ,  of (6)  must have t h e  p roper ty  t h a t  
q ' q i s  a 

d i v i s o r  of 1 and p a d i v i s o r  of -7. 

Thus, no numbers o t h e r  than -+ 1 o r  -+ 7 a r e  even e l i g i b l e  t o  be 

candidates  f o r  r o o t s  of ( 6 ) .  Since 1/2+dq i s  n o t  equal  t o  + 1 o r  

t o  -+ 7 it cannot  be a r a t i o n a l  r o o t  of ( 6 ) .  Thus, s i n c e  JF + /q 
i s  a r o o t  of (6) , it i s  i r r a t i o n a l .  
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