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Study Guide
Block 1: An Introduction to Functions of a Complex Variable

Unit 8: Complex Integration, Part 1

Overview

While our text does not discuss this topic at all, the fact is
that integration plays a decidedly more crucial role in the calcu-
lus of complex functions than does differentiation. In fact, many
important properties of analytic functions are proven through
integration rather than differentiaticn.

For this reason we wanted to present at least a minimum introduc-
tion to this topic as a closing point for our present discussion
of complex variables. In all fairness, however, (and perhaps
this is why the topic is omitted in the text) complex integra-
tion is a subtle and rather difficult concept and usually one
needs much experience to feel at home with it. Our hope is

to wet your appetite and try to allay any mental blocks which
might arise in a regular course on complex variables.

Our apwroach is to have you watch the lecture and then try the
exercises; with an additional batch of exercises comprising
Unit 9 which is optional.
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Exercises:

1.8.1(L)

Compute

2i
L zdz.

Compute

21 _
I zdz

first along the line segment c, which joins 0 to 2i and then
along the path c, where c, is the right half of the circle
centered at i with radius 1.

1.8.2

Explain why

i
J[ 2ezzdz is unambiguous, and then find the value of this integral.

1.8.3

Compute

355
Jf zzdz along each of the following paths, c:
1

c is the line segment which joins 1 to i.

c= {z: 2= eie, 0 <0< % } [i.e., c is the first quadrant of the
circle |z| = 11.

1.8.4(L)

Under what conditions is

B dz
/ S
AT

(continued on next page)
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1.8.4(L) continued

unambiguous, and under these conditions what is the value of

Jrz dz .
1 22

b. Verify the answer to part (a) along the contour c where

(0< €<1)

¥
L A
!

p
m e

1.8.5

a. Compute
P J[z dax
Ve e
o (x - 1)
b. Compute

p-’Q -_95-1
(s} (x - 1)

1.8.6(L)

a. Suppose |f(z)| < M for all z on the curve ¢ and that the length of

c is L. Prove that

c
b. Let Cr = {z: z = Reio, 0 <8 < n}. Use (a) to find an upper bound
for
iz
e
| 4( — dz L
R Z
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1.8.6(L) continued

c. Use (b) to conclude that

iz
N e dz- -
lim l{ ——;?—- =0,

Rse R

1.8.7

Show that

3 + 4i
I (x

o

2 4+ iydaz | < 5 /337

if the path is the straight line segment which joins 0 to 3 + 4i.

1.8.8(optional)

In this exercise we would like to show that the analog of

F(x) = f(t)dt - F'(x) = £(x)

X

o
holds for complex functions as well, provided that f is analytic
(in the real case we only had to assume that f was [piecewise]
continuous). The exercise affords us a good review of several

principles but may be omitted without loss of continuity.

Show that f(z) is analytic in N and z N, then

a 4

& f £(z)dz = £(z)
z
o

for any path lying in N which joins z_ to z.

1.8.9(L)

Suppose f(z) is analytic and that ¢ is any simple closed curve
which contains z = a. Let c, = {2: z = a + Relo} where g lies

R
within c.
a. Use the fact that Ets ;ﬁ%lgﬁ = §i§l%5 to prove that
c c
R

(continued on next page)
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1.8.9(L) continued

21 "
ffz(#f; - 1[ f(a + re'®)ao.
Cc (o]

b, Use the result of part (a) and let R+ 0 to show that

. - f(z)dz
Bali=ms L wra

c. Use (b) to compute

where ¢ is any simple closed curve which contains z = i in its

interior.

d. Let c be any simple closed curve which encloses the origin.

Compute

f sin zdz
). z
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Unit 9: Complex Integration, Part 2

1. Overview

It is not possible to present the complete flavor of complex inte-
gration in two units. All we wish to do here is present a little
embellishment of the ideas developed in the previous unit so that
the interested reader may gain a bit more insight to the impor-
tance of complex integration. While many of the results derived
in the exercises may seem "artificial" to you, we try to add real-
ism to our presentation by ending the unit with three exercises
which show how complex integration may be used to evaluate real
integrals.

This unit consists solely of exericses and their solutions, inter-
spersed with some general comments and notes where we feel it im-
portant to do so. In no way, however, is this unit meant as a
complete study of complex integration. Rather, this unit ends our
treatment of complex calculus with the hope that you now have a
general overview of complex variables, especially in regard to
being able to view complex numbers, functions and calculus as
being real.

2. Exercises:

1.9.1(L)

a. Let c be any simple closed curve which contains z = a as an in-
terior point. Prove that for any positive integer n,

Sé (z fza)“ i

0, if n# 1

2mi, ifn =)

[Trivially, g§ B e 0 if ¢ excludes the point z = a since
¢ (z -a)
then ————}——1; is analytic in and on c.]
(z - a)

b. Suppose c is any closed curve which contains z = 0 as an interior
point. Use part (a) and the fact that
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1.9.1(L) continued

z: (-1) n22n+1

n=0 (2n+1) !
(sin z - z%)dz
converges uniformly to sin z, to compute 3 .
c z
1.9.2

2
Expand e? in a power series about the origin and use the proce-

dure described in the previous exercise to compute

ezzdz
¢ g

where ¢ is any simple closed curve containing z = 0 as an interior

point.

1.9.3 (Optional)

[This exercise involves some "sticky" constructions but proves
once and for all the very important result that if f is differen-
tiable at z = a then f(n’(a) exists for any whole number n. If
you wish to omit the exercise, you may. You should, however, find
some way of remembering the rather interesting result that if f is
analytic at z = a, then

(n) - nl f(z)dz
£ (a) = 271 ¢ _ a)n-OI

c (z

where ¢ includes z = a in its interior.]

1
By writing T =% as
1 o S 1
(C - a) - (z -a) t-a|[,_z-2a
z - a

and expanding the bracketed expression as a geometric series,

(continued on next page)
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1.9.3 continued

start with the fact that f(z) = —;r g§ %iélgi-where f is analytic

in and on c¢ to conclude that

{n) = A f(z)dz
™ (@) = g G FEEL

c (z - a)

1 (ez + 24 dz
Use part (a) to compute 5— St; where ¢ encloses

b, 2ni
c (z - 2mi)

z = 2mi.

1.9.4

Use the result established in part (a) of the previous exercise to

z 3
evaluate St; 8. = qg§_§4 Z_ dz where c is any simple closed curve
c (Z =3)

which contains z = i in its interior.

1.9.5(L)

Suppose ¢ is any simple closed curve which contains z = i and

z = =i as interior points. Evaluate Sti -%23——.

(SR Tah A b
1.9.6(L)
z3
Let £(z) = 5 5. Compute ¢f(z)dz around each of the
(z - 1) (z® + 1)

following contours.

a. ¢ = {z:2 = %e"e, 0 £ 8 g 2n}.
s ; ) | 1 1
b. ¢, where c, is the square with vertices at (ff—5)' (%.-5). (%.5),
1)

and (5,3 .
€. ¢y = {z: 2z =1 + %eie, 0 < 9 g 2n},
d. Cy where €y is the circle of radius 1 centered at the midpoint of

the line segment which joins z = 1 to z = i.
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1.9.7

95 1 + z)dz
Compute iy é_(Z—_-—z)L

1.9.8(L)

Let c be the contour

y

z-plane

©
Evaluate f = 5 by computing lim ¢ a8 o

-0 ] + X R+= Yc 1 + z
[The remaining two exercises are optional since they require a
type of computational dexterity with complex variables which in a
course as brief as ours may not have given you. Nevertheless,
even if you can't do these exercises, it might be of benefit to
read the solutions if only to get a feeling for how complex inte-
gration is used to evaluate real definite integrals.]

1.9.9 (Optional)

Describe all the singularities of ———.
Z: ol

Use the fact that the roots of a polynomial equation with real co-
efficients must occur in pairs of complex conjugates to factor
z6 + 1 into the product of three quadratic polynomials, each with

real coefficients.

Use the technique of the previous exercise to compute Jr _Eﬂi__,
AT S
[This problem differs from Exercise 1.9.8 only in that it is a bit

more difficult computationally.]
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1.9.10 (Opticnal)

w :
Evaluate _{ §i§—§dx (which is an improper, convergent real inte-
0

eizdz
z

gral) by computing ¢ , where

Cc

/./”\\' .

—R>-k k ° R

and letting k+0 and R>«.
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Quiz

1. Use DeMoivre's Theorem to express sin 76 in terms of sin 8 and

cos B.
2. (a) Find the four 4th roots of l:z-i.
2

(b) [Optional] Find an integral polynomial equation which con-

tains the four 4th roots of M
V2

as roots of the eguation.

3. (a) Express JE in the form u(x,y) + iv(x,y) where u and v are
z
real-valued functions of x and y.

(b) Use Cauchy-Riemann conditions to show that Ji is analytic

except at z = 0. .

(c) Let C be any simple curve which connects i and 2i but which
does not pass through z = 0. Compute

Jr dz
i
o T

4. Find an analytic function which has x4 - 6x2y2 + y4 as its real
part.

5. Can xsy + yS be the real part of an analytic function? Explain.

6. Use the power series expansion for sin z to compute

sin z dz
st

Cc

where C is any simple closed curve which contains z = 0 in its
interior.
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