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Block 1: Rn Introduction to Functions of a Complex Variable 

U n i t  4: Comulex Functions of a C m l e x  Variable 

1. overview 

The main a i m  of this Black is to study the  calculus of functions 
of a complex variable. Just as was the case when we studied real 

variables, our approach is first to discuss the nunber system, 

and then to apply the limit: concept to these functions. 

In our f i r s t  three u n i t s  we have developed the complex number 

system in some detail and you should now feel a b i t  more at 

home with the concept of this number s y s t e m .  In this u n i t ,  as 

our title implies, we shall discuss  functions defined on the 
complex numbers; and the remainder of the Block will then be 
devoted to the ttrpics usually identified w i t h  calculus. 

You will nutice &at there is no lecture for this uni t .  The 

reason is t h a t  from a gaametrical point of view, as we shall 
show in the exercises, tha study of complex functions of a 

complex variable is equivalent to the seal problem of describing 
mappings of the =-plane into the uv-plane. The only difference, 
in *t:erms of the language of the Argand diagram, is that the xy- 

plane becomes known as the s-plane while the  uv-plane becomes 

known as the w-plane. Then in a way analogous to the notation 
of writing y = f (x )  in the study of real functions of a real 
variable, we write w = f ( 2 )  when we are studying a compler 
f unetiona of a complex variable, 

Skim Thomas, Section 19.3, ( A f t e r  the exercises you may wish 
to re-read this section in greater de ta i l ,  but our i n i t i a l  aim 

is fo r  you to read just enough to get a quick overview of what 
this unit deals w i t h .  Then you should proceed dicactly to the 

exercises since our feeling is that the best way to learn this 
topic is in term of working specific exercises. If there are 

still  certain points bothering you after you have completed 
this unit,you way be heLped by the lecture of tRe following 

unit which begins with a review of t he  concepts in this 

u n i t  .) 
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3.  Exercises 

a. In terms of the Argand diagram, discuss the set  S if S is the 

subset of complex numbers defined by 

S = {z:z = cos t + i sin k, 0 < t < TI. - - 

b. Let C denote the complex numbers and suppose that f:C + C is 
2 defined by f(z1 = z . W i t h  S as in part (a), describe the hage  

of S with respect to f . 

L e t  S be the region of the z-plane which consists of the unit 

circle centered at the origin between 8 = O 0  and 8 = 90°; let 

T be the l i n e  of slope 1 which passes through the origin; and 
lies in the first quadrant, and le t  f :C + C be defined by f (2 )  = 

3 
8 .  

a. U s e  polar coordinates to find the image of S and T w i t h  respect 

to f. 

b. Write f ( z )  in the form u(x,y)  f i v(x,y)  where u and v are real- 
valued functions of the rea l  variables x and y .  

1.4.3 

Find the real and imaginaxy parts of w as functions of x and y 

if w = f(z) and 
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1 . 4 . 4  (L) 

Interpret each of the following geometrically. 

a. f(z) = F 
b. E ( z )  = z $. C where C is a given complex number 

c. f ( z )  = Cz where C is a given complex number. 

1 . 4 . 5  

a. Describe, geometrically, the image of f if f :C + C i s  defined 

b, Describe f in the form 

1 .4 .6  

S i s  the region of the z-plane consisting of the portion of the 

circle of radius 2 centered at the origin between 8 = 0' and 

Q = 6 0 ' .  Describe the curve in the w-plane defined by w = z4 + 
3 + 4i where ZES. 

1-4.7 

suppose f (a1 = a3,  compute lim f ( z )  
z+(l + i) 

Compute 

where h is a c~mglex variable. 
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The last two exercises are optional, but we hope that you w i l l  

study them the same as if they had bean ~ q u i r e d  problems. 
The reason they are optional is that they have no direct bearing 
on the study of complex-valued f u n ~ t i o n s  of a complex variable, 

They are important, however, to explain why we do no t  spend too 

much t i m e  studying complex valued functians of a real  variable 
or real valued functions of a complex variable. In other words, 
once the real numbers R and the emnplex numbers C each ex i s t  
in their own right, there are four rather natural types of 
functions to study, Namely: (1) f : R  + R, ( 2 )  f:R -P C, (3) 

f : C + R, and ( 4 )  f:C + C. Case (1) was discussed in Part 1 
of our course and Case ( 4 )  is the discussion of this Block .  

The optional exercises try to explain why we omit a special 

treatment of cases ( 2 )  and ( 3 ) .  

1.4 .9  

2 
a. Let t denote a real variable. Cmpute f m ( t ]  if f(t) = t + t i. 

3t b. ~ i n d  f ( t )  if fm(t) = t2 + e i and f ( 0 )  = 1 + i. 

1.4.10 

Suppose y = f(z) [ i ,e , ,  f is a real-valued function of a complex 

variable]. Show that if f * ( z )  exists then f g ( z )  must be identi- 

cal ly equal to zero. 
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