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a.  	 Here we s t r e s s  t he  l i n e a r i t y  of the  Laplace transform. We begin 

with the  knowledge (derived i n  the  lec ture)  t h a t  

e 
a t1 = 	-l .(s > a ) .  


s - a  


We then wr i t e  cosh b t  as  f (ebt + eebt) t o  obtain 

Let t ing a equal b and then -b i n  (1)yie lds  


2(ebt) = -s - b  (S > b) 


and 


so  t h a t  ( 2 )  becomes 

a c o s h  b t )  = 
1 1-[-2 s - b  + 
 1 -1s + b  (where 1.1 > l b l ) .  

In  other  words, 


X(cosh b t )  = - ( s  
(s 

+ 
-
b)  

b)  
+ 

(S 
(s 

+ 
-
b)  
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2 .9.1 (L) continued 

b. 	 Here we i l l u s t r a t e  t h e  so-called 
-
" s h i f t i n g  theorem." Namely, i f  

I(£ (t))= f(s) then .X[eatf ( t ) l  = f ( s  - a ) .  That is ,  multiplying 

f  (t)by eat s h i f t s  t he  value of s by an amount [ i . e . ,  t o  
(s - a l l .  The proof i s  not  d i f f i c u l t .  Spec i f i ca l l y ,  l e t  

then 

dn t h e  o the r  hand, 

Comparing (5) and (6), we obtain  t he  desi red r e s u l t .  

Note #1 

Our approach, while v a l i d ,  more o r  l e s s  presupposes we know t h e  

desi red r e s u l t  [otherwise, why would we have known t o  deduce ( 5 )  

from ( 4 ) l .  In  r e a l  l i f e ,  we might have been more l i k e l y  t o  f i r s t  

compute dp[eatf (t)] , thus obtaining (6) , and then seeing how t h i s  

was r e l a t ed  t o  F(s). 

Note # 2  

A s  indicated i n  t he  l ec tu re  and as  w e  s h a l l  s ee  i n  l a t e r  exer-

c i s e s ,  one of ten  s t a r t s  with t he  Laplace transform and then tries 

t o  f i n d  t he  function.  This i s  the  problem of f inding inverse  -
transforms. What p a r t  (b) t e l l s  us i s  t h a t  i f  # (g( t ) )  = f (s - a )  

then g ( t )  = e a tf (t). This i s  i l l u s t r a t e d  i n  p a r t  (c) . 



- - 
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2.9.1 (L) continued 


c. From Lerch's Theorem and part (a), we know that if 


then 


f (t) = cosh bt. 

Now, given that 


s - a 

a s )  = 	 2 

(S - a12 - b 


we see from (7) that 


g(s) = f(s - a). 


Applying part (b) to (71, we see that 


-
f(s - a) = aeatf (t) I 


= 3[eat cosh btl , 


-
and since F(s - a) = g (s) , we conclude from (10) that 

-
g(s) = ?[eat cosh btl, 

g (t) = eat cosh bt 

g-l-g (s) = x-' lde[eat cosh bt] ) . -+ 
g (t) 	 these 


cancel 
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2.9.1 (L) continued 

-Note 

A s  s t a t e d  i n  t he  l e c t u r e ,  Lerch's theorem says t h a t  i f  f and g a r e  

continuous and i f  f and g have the  same Laplace transform then f  

and g a r e  equal. W e  should keep i n  mind t h a t  the  value of a de f i -

n i t e  i n t e g r a l  does not depend on whether we introduce some f i n i t e  

jump d i scon t inu i t i e s  i n  t h e  integrand. That is ,  we iden t i fy  t h e  

d e f i n i t e  i n t e g r a l  with an a rea  and the  area  of a region does not  

depend on changing the  heights  of some i so l a t ed  points .  Thus, i f  

t he  condi t ion t h a t  f  and g a r e  both continuous i s  removed, Lerch's  

theorem s t a t e s  t h a t  two functions which have t he  same transform 

cannot d i f f e r  on any i n t e r v a l  of pos i t i ve  length ( i . e . ,  i so l a t ed  

jump d i scon t inu i t i e s  involve changes on i n t e r v a l s  of zero length,  

namely a po in t  i s  an i n t e r v a l  of zero leng th) .  

To keep things  simple, however, we have added the  condi t ion t h a t  

a l l  funct ions  under consideration a r e  continuous. By means of an 

example, i f  w e  def ine  f  by f  (t)= 1 f o r  a l l  t ,  and g by g ( t )  = 1 

unless  t = 0,1,2,3,  and 4 a t  which po in t s  g ( t )  = 100; then t h e  

Laplace transform of both f  and g i s  given by s.1 When we dea l  

with i n t e g r a l s ,  it i s ,  i n  a sense,  a r t i f i c i a l  t o  d i s t i ngu i sh  be- 

tween f  and g s ince  both f  and g lead t o  the  same a rea  under t he  

curve. 

a .  f [sinh 3 t l  = x l Z ( e  - e-3t,13t 



Solutions 

Block 2: Ordinary Differential Equations 

Unit 9: The Laplace Transform, Part 1 


2.9.2 continued 


b. 	 By the "shifting theorem" of part (b) in the previous exercise, we 


conclude from (1) that 


3 ~	 [ sinh 3tl ~ =e ~ 

(s - 412 - 9 '  


We are given that 


Comparing (2) and f 3), we conclude that 

g[g(t) I = sinh 3tl. ; ~ [ e ~ ~  


Hence, by Lerch's Theorem, 


g(t) = e4t sinh 3t. 

2.9.3(L) 


a. 	 One way to compute X(cos bx) is to use the definition to conclude 


that 


X(cos bx) = cos bx dx* 

whereupon we could "bludgeon out" the result by integrating the 


right side of (1) by parts etc. 


A more sophisticated way, which also illustrates yet another real 


application of complex numbers is to observe that 


* N o t i c e  t h e  s w i t c h  f r o m  t t o  x .  We h a v e  d o n e  t h i s  d e l i b e r a t e l y  
i n  o r d e r  t o  e m p h a s i z e  t h e  f a c t  t h a t  X [ f ( t ) ]  d o e s  n o t  depend  on 

1m 
-st

w h e t h e r  we u s e  t o r  x .  Namely,  2 [ f ( t ) ]  e q u a l s  e  f  ( t ) d t ,  
0 


i n  w h i c h  t i s  a dummy v a r i a b l e .  T h a t  i s ,  t h e  i n t e g r a l  i s  a f u n c -
t i o n  of  2,n o t  of  t !  F o r  t h i s  r e a s o n ,  many a u t h o r s  w r i t e  x ( f )  
r a t h e r  t h a n  ~ ( f ( t ) )  . 
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2.9.3 (L) continued 


+cos bx = 31 (eibx -ibx1 

= cosh (ibx) . 
Now in Exercise 2.9.1, we showed that 


X[cosh bxl = S 


s2 - b2 


where b was assumed to be real. The key point is that structur- 

ally our definition of X[f (t)I makes good sense even if f (t) 
happens to be a complex function of a real variable. (In that 

case, we would write f(t) as gl(t) + ig2(t) where gl and g2 are 
real and apply the previous theory to gl and g2 separately.) 

In particular, assuming that (3) holds even when b is not real, we 


may replace b in (3) by ib to obtain 


Hence, from (2) 


b. From (5), we know that 

and from the previous exercise, we know that 


3

X[sinh 3x1 = 


s2 - 9' 


Hence, from (6 ) and (7 ) , we conclude that 
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2.9.3 (L) continued 

s o  t h a t  by t h e  l i n e a r i t y  of 2, 

Z[cos  3x + s i n h  3x1 = + 3 

s 2 + 9  s 2 - 9 '  

Theref o r e ,  

f  (x)  = cos  3x + s i n h  3x. 

[We s h a l l  r e v i s i t  r e s u l t  (8)  i n  t h e  nex t  e x e r c i s e . ]  

S ince  our  t e x t  does n o t  d i s c u s s  t h e  Laplace transform, we a r e  in-

c lud ing  a s h o r t  t a b l e  of func t ions  and t h e i r  t ransforms.  (This 

t a b l e  i s  shown on t h e  fo l lowing page.) Some of t h e s e  r e s u l t s  w i l l  

be  de r ived  i n  t h e  e x e r c i s e s  ( i n  t h i s  u n i t  and t h e  next )  and some 

of them have a l r eady  been d iscussed i n  t h e  l e c t u r e .  Other r e s u l t s  

w i l l  be  in t roduced i n  t h e  nex t  u n i t .  Our main aim h e r e  i s  t o  pre-  

s e n t  t h e  r e s u l t s  s o  t h a t  you may make re fe rence  t o  them a s  needed. 

Keep i n  mind t h a t  t h e  t a b l e  is  used i n  two ways. On t h e  one hand, 

w e  may s t a r t  wi th  f  and then  look up and on o t h e r  occas ions ,  w e  

s t a r t  wi th  T and then look up f .  

2.9.4 (L) 

We f i r s t  observe t h a t  our  denominator may be  w r i t t e n  i n  t h e  form 

(s - a l 2  + b2 simply by observing t h a t  

Using o u r  s h o r t  l is t  of Laplace transforms given on t h e  fo l lowing 

page, w e  n o t i c e  t h a t  would be  t h e  Laplace t ransform of 
s2 + 42 

cos  4 t ;  hence,  by t h e  " s h i f t i n g  theorem," (S - 2,  i s  t h e  
(s - 212 + 4 

Laplace t ransform of e2t cos 4 t .  
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2.9.4 (L) cont inued 

Function 	 Transform Function Transform 

-1 
(1) f ( t )  ~ ( s )  = /

m 

e - s t f ( t ) d t  (7)  1 
0 S 

(2)  a f  (t)+ b g ( t )  a F ( s )  + b g ( s )  (8) s i n  a t  
a 

s2 + a 2 

(3)  f  (t) snF(s)- 1 sn-kf(k-1) 

k = l  
(0 )  ( 9 ) c o s a t  

S 

s2 + a 2 

( 4 )  e a t f ( t )  
-
f (s - a )  (10) s i n h  a t  

a 

s2 - a 2 

S 
(5) tnf (t) (-l)n (s) 	 (11) cosh a t  

s2 -	a2 

t 
(6)  	 f ( x ) d x  $ f ( s )  


0 


S i m i l a r l y ,  is  t h e  Laplace t ransform of s i n  4 t ,  s o  aga in  by 
s2 + 42 

t h e  s h i f t i n g  theorem, 
4 i s  t h e  Laplace t ransform of 

(s - 212 + 4 

With t h i s  a s  f o r e s i g h t ,  w e  now proceed a s  fo l lows:  

= 2 f ( e2 t  cos  4 t )  + 7 X(e2ts i n  4 t )  

2 t  = n 2 e  cos  4 t  + 3 eZts in  4 t ) ,  
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2.9.4(L) continued 


so that by Lerch's theorem, 


2t

f (t) = 2e cos 4t + ;e2tsin 4t 

Hence, by Lerch's theorem, 


5
Then, since , c - ~ ( ~ ~= sin 5t, we may use the shifting theorem 
+ 52) 


to conclude that 


Using (2) in (1) yields 
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2.9.5 continued 

Therefore, 

~ ( f(t)) (;f= e-2tsin 5 t )  ; 

whence, 

Hence, 

That i s ,  

Therefore, 

Consequently, 


A = T,1 B = -,,1 and C = --2 
1 
' 


S.2.9.10 




-- 

Solutions 

Block 2: Ordinary Differential Equations 

Unit 9: The Laplace Transform, Part 1 


2.9.5 continued 


Thus, (3) yields 


Accordingly 


so that 


1 1 -2t - 1 t,-2t
f(t) = -4 - -4 e 2 

d. Using partial fractions, we have 


Multiplying both sides of (4) by s + 1 and letting s = -1, we 

obtain 

Similarly, multiplying both sides of (4) by s + 2 and letting 
s = -2 yields 
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2.9.5 continued 

Now mul t ip ly ing  both  s i d e s  of ( 4 )  by s + 3 and l e t t i n g  s = -3, w e  

o b t a i n  

-8C = = -4.(-2) (-1) 

P u t t i n g  t h e s e  va lues  of A, B ,  and C i n t o  (4)  y i e l d s  

Hence, 

That is ,  

Given t h a t  

w e  have t h a t  

By t h e  l i n e a r  p r o p e r t i e s  of x, (2)  becomes 


X ( y n )  + 2x(yW + ~ ( y )= x(et). 

o r ,  s i n c e  X(et = X I  

1 
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2.9.6 (L) continued 

Now, a s  desc r ibed  i n  t h e  l e c t u r e ,  w e  know t h a t d ( y 8 )  and 6Q(yW) may 

b e  r e l a t e d  t o  Z ( y )  by 

and 

P u t t i n g  ( 4 )  and (5) i n t o  ( 3 )  y i e l d s  

Equation ( 6 )  ho lds  f o r  any choices  of  y (0)  and y '  (0)  , b u t  i n  t h i s  

e x e r c i s e ,  w e  have chosen t h e  i n i t i a l  cond i t ions ,  y ( 0 )  = y ' ( 0 )  = 0. 

Accordingly, ( 6 )  becomes 

W e  nex t  invoke p a r t i a l  f r a c t i o n s  and consider  

* S i n c e  t h e  domain of y ( s )  i s  an i n t e r v a l  of  the  form s > a ,  we may 
guarantee  t h a t  our denominator never  v a n i s h e s  b y  choos ing  s > 1 .  
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2.9.6 (L)  continued 

from which w e  conclude t h a t  

Therefore, 

s o  t h a t  

Solving (9) y i e l d s  C 
1 = z, B 

1 
4 '= A -- = -- 2 ' s o  t h a t  ( 8 )  becomes 

Thus, ( 7 )  becomes 

Our t a b l e s  revea l  t h a t  

(ii) a e - t )  1 = -s + l  

Consequently, (10) becomes 
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2.9.6 (L) continued 

Hence, 

Notice i n  t h i s  e x e r c i s e  t h a t  w e  could have solved t h i n g s  n i c e l y  by 

t h e  undetermined c o e f f i c i e n t s .  W e  e l e c t e d  t o  use  Laplace t r ans -  

forms simply t o  s o l v e  a problem which we could e a s i l y  check. 

Indeed,  t h e  g e n e r a l  s o l u t i o n  of y" + 2y' + y = 0 i s  y = cle-t + 

c2te-t whi le  a p a r t i c u l a r  s o l u t i o n  of y"  + 2y' + y = e t  i s  

y = f et. Hence, t h e  g e n e r a l  s o l u t i o n  of y" + 2y' + y = 0 i s  

Hence, 

us ing  y ( 0 )  = y ' ( 0 )  = 0 i n  (12) and (13) y i e l d s  

. 

s o  t h a t  

c1 -- -z1 and c2  = --1 
2 I 

whereupon (12) becomes 

which agrees  wi th  (11). 
S.2.9.15 



Solu t ions  
Block 2: Ordinary D i f f e r e n t i a l  Equations 
Uni t  9: The Laplace Transform, P a r t  1 

2
x ( y n )  + 2X(y1) + 2 ~ 3 ~ )26(1) = g-= 

Now 


x ( y n )  = -yl (0) - s y ( 0 )  + S2y(s, 


and 


Y(y'  = -y(O) + sY(s). 

Using (2)  and (3) i n  ( 1 1 ,  w e  ob ta in  


2 
-yl (0)  - s y ( 0 )  + s2y(s) - 2y(O) + 2 s y ( s )  + 2Y(s) = g, 

and s i n c e  y (0)  = 0 and y '  (0)  = 1, t h i s  becomes 

-1 + (s2 + 2s + 2 ) y ( s )  = 

Hence, 

2
(s 

;.2 


+ 2s + 2 ) y ( s )  = f + 1 

Theref o r e ,  

Using p a r t i a l  f r a c t i o n s ,  w e  have 
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2.9.7 continued 


From (5) , we have that 

Hence, 


Therefore, 


Thus, from (5) 


1 S

Now we know that a 1 )  = g and we also know that y(cos x) = 

s2 + 1' 
Hence, by the shifting theorem, 

-X s + l 

R[e cos x] = 


(s + 112 + 1' 


Consequently, (6) may be rewritten as 
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2.9.7 cont inued  

= 1 - e-X c o s x .  

y ~~1 - y l  = eZt -+ 

ny1l7  - x = 3 ( e 2 5  -+ 


1

'x(y'H) - rg(y')  = n. 


Then, s i n c e  


X(yln) = s 3 ~ ( 8 )- 2Y (0)  - SY'  ( 0 )  - yll ( o )  


and 


X ( y l )  = sT(s) - y ( 0 )  I 


(1)becomes 

S3?(S) - SZY(0) - s y '  (0)  - y" (0)  - sy(s) + y (0)  = 
1 

~ u tw e  a r e  t o l d  t h a t  y(O) = ~ ' ( 0 )= ~ " ( 0 )= 0 ,  SO (2)  becomes 

(s3 - s ) ? ( s )  = 
1 
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2.9.8 continued 


Use of partial fractions yields 


Rather than use undetermined coefficients etc., in (4) we may 


"pick off" A, B, C, and D rather conveniently by multiplying both 

sides of (4) by s, s - 1, s + 1, or s - 2. For example, multi- 

plying both sides of (4) by a (assuming, of course, that s # O), 
we obtain 

Now, letting s = 0 in (5) [i.e., we take the limit of both sides 

of (5) as s + 0 since (5) was derived under the assumption that 

s # 01, we obtain 

Similarly 


D = -1 

6 


so that from (3) and (4) , we conclude that 
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2.9.8 continued 


1 + l( sy(s)  = $($) - $(-) - $(&) 6 !2) 

1 
= t ~ ( 1 )- T 2(et) - e + i z(eZt) 

1 - ; 6 e2t).= z ( ~  et - i e-t + L 

Therefore, 


y(t) = 1. (e2t - - 3et + 3).
6 
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The u n i t  s t e p  f u n c t i o n ,  u a ( t ) ,  i s  de f ined  by 

P i c t o r i a l l y  

u a ( t )  i s  t h e  f a c t o r  we  u s e  i f  w e  want g (t) "delayed" u n t i l  

t = a. Namely, i f  we  l e t  

t h e n  f ( t )  = 0 ,  u n t i l  t > a s i n c e  f o r  t 5 a ,  u , ( t )  = 0;  and f o r  

t > a,  f ( t )  = g ( t  - a )  s i n c e  f o r  t > a ,  u a ( t )  = 1. I n  summary, 

means 
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2.10.1 con t inued  

For  example, if g (t)= s i n  t i s  de layed  u n t i l  t = 2 ,  w e  would 

r e p r e s e n t  t h i s  f u n c t i o n  as 

P i c t o r i a l l y ,  

y = u 2 ( t ) s i n ( t  - 2)  i s  t h e  curve  y = s i n  t s h i f t e d  t o  beg in  

a t  t = 2,  and is  0 p r i o r  t o  t -> 2.

a. I f  £ ( t )  = u a ( t ) ,  t hen  

m 

$ ( £ ( t )  ) = 1 u a ( t ) d t  

and s i n c e  u (t)= 0 f o r  t -< a and 1 f o r  t > a,  w e  have t h a t  a 
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2.10.1 continued 


Hence, 


b. 	 The r e s u l t  of (a) g e n e r a l i z e s  a s  fo l lows 

,.a 


I, e-stua (t)f (t - a )  d t  + la e-stua (t)f  ( t - a )  d t  
= 

Now, t o  p u t  (1) i n  t e r m s  of t h e  more f a m i l i a r  d ( f )  , w e  make t h e  

change of v a r i a b l e s  x = t - a i n  t h e  i n t e g r a l  i n  (1) t o  o b t a i n  

& [ u a ( t ) f ( t  - a ) ]  = -S (X + a)f (x) dx 

I n  o t h e r  words, de lay ing  f ( t )  u n t i l  t = a  y i e l d s  a  new func t ion  

whose t ransform i s  e-as f ( s ). 

c. 	 To emphasize i n v e r s e  t ransforms w e  w r i t e  ( 2 )  i n  t h e  form 

X-l[e-asf (5)1 = ua (t)f ( t  - a ) .  
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2.10.1 continued 


Thus, 


where 

= &(e-2t s i n  t). 


Hence, 


so t h a t  

Thus, from (4) w e  conclude t h a t  

Caution 


Our r e c i p e s  g e t  a b i t  confusing i f  we  a r e  n o t  c a r e f u l .  


For example, 


b u t  

The p o i n t  is  w e  must n o t  confuse eat f (t) i n  (5) with  e-ass (s) 
i n  (6). 
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2.10.1 continued 

Note: 

I n  a d d i t i o n  t o  t h e  f a c t  t h a t  t h e  u n i t  s t e p  func t ion  g ives  us a 

new a p p l i c a t i o n  of  computing i n v e r s e  t ransforms,  it should be 

again  po in ted  o u t  t h a t  t h e  u n i t  s t e p  func t ion  occurs independently 

of any a p p l i c a t i o n  of  t h e  Laplace t ransform i n  t h e  sense  t h a t  

many p h y s i c a l  s i t u a t i o r s r e q u i r e  t h e  t i m e  de lay  of a  given s i g n a l .  

For example, i f  t h e  equat ion  of  t h e  s i g n a l  i s  y = f ( t ) ,  b u t  w e  

de lay  t h e  s t a r t  of  t h e  s i g n a l  t o  t h e  t i m e  t = to, then t h e  new 

equat ion  of t h e  s i g n a l  becomes 

2.10.2 

Very o f t e n  i n  mathematics, whether o r  n o t  t h e  Laplace t ransform 

is involved,  w e  a r e  c a l l e d  upon t o  d e a l  wi th  p e r i o d i c  func t ions .  

This  occurs ,  obvious ly ,  when we a r e  d e a l i n g  wi th  t h e  c i r c u l a r  

func t ions ;  and it a l s o  occurs  much more s u b t l e l y  on the  advanced 

l e v e l  i n  t h e  sense  t h a t  many important  a p p l i c a t i o n s  involve  

t r igonomet r i c  series ( f o r  example, Four ie r  series which a r e  

d i scussed  i n  Chapter 18  of  t h e  t e x t  and which we  s h a l l  touch 

upon i n  t h e  n e x t  Block) r a t h e r  than power series. For t h i s  

reason,  an a n a l y s i s  o f  p e r i o d i c  func t ions  is  important  i n  i t s  

own r i g h t ,  b u t  i n  t h e  p r e s e n t  e x e r c i s e  we l i m i t  ou r  d i scuss ion  

t o  an i n v e s t i g a t i o n  of t h e  Laplace transforms of  such func t ions .  

a .  	 To c a p i t a l i z e  on t h e  f a c t  t h a t  f ( t )  = f ( t  + p)  f o r  a l l  t w e  

w r i t e  

X [ f  	(t)1 =/ e-stf (t)d t  
0 
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2.10.2 continued 

W e  now l e t  t = x + np i n  (1) t o  obtain  

o r  s i nce  f (x  + np) = f (x) [which i s  why we made the  change of 

var iab le  t = x + np], 

g t f ( t )1 = ,zie-pS) % eeSx , ( X I  dx. 

But f o r  . lul< 1, 

and s ince  p ,0, e-PS 4 1, s o  t h a t  

Thus, from ( 2 )  we see  t h a t  i f  f i s  of exponential order and 

per iod ic  with period p > 0, then 

b. Let f ( t )  be per iod ic  of period p = 2 where 
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2.10.2 cont inued  


Then 


Hence, 
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2.10.2 continued 


P i c t o r i a l l y  f is  given by: 


2.10.3 

In  t h i s  exerc i se  w e  t r y  t o  show how t h e  appearance of c e r t a i n  

expressions t h a t  a r i s e  i n  a p a r t i c u l a r  study force  us t o  i nves t i -  

ga te  ce r t a in  aspects  of a t op i c  t h a t  we may not otherwise have 

e lec ted  t o  study; and t h a t  when such a need a r i s e s  we of ten  must 

draw on knowledge t h a t  was acquired previously i n  our study, but 

which a t  t he  time might not have seemed too important. It i s  

t h i s  l a t t e r  aspect  t h a t  i s  very important i n  the  learning pro- 

cess s ince  one of ten  lea rns  t o  apprecia te  a r e s u l t  when it i s  

used a s  means toward an end r a t h e r  than as  an end i n  i t s e l f .  

The problem t h a t  occurs i n  t h i s  problem i s  t h a t  of f inding t h e  

Laplace transform of t f ( t ) ,  once the  Laplace transform of f ( t )  

i s  known. This problem would a r i s e ,  i n  pa r t i cu l a r ,  i f  we were 

studying l i n e a r  equations with constant coe f f i c i en t s  i n  the  sense 

t h a t  t h e  previously described method of undetermined coe f f i c i en t s  

requi res  t h a t  the  r i g h t  s i de  of t he  equation have t h e  form 

t n f  (t) f o r  c e r t a i n  spec i a l  choices of f .  

a .  	 One way of t r y i n g  t o  compute 2( t f (t))once ,& ( f  (t)) i s  known 

i s  t o  invoke t h e  bas ic  de f in i t i on  t h a t  

and then t r y  t o  express t he  r i g h t  s i de  of (1) i n  a way which 

S.2.10.8 
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2.10.3 continued 

he lps  us g e t  a t  g ( f ( t ) ) .  For example, w e  might t r y  t o  i n t e g r a t e  
-stby p a r t s  l e t t i n g  u  = t and dv = e f ( t ) d t ;  whence du = d t  and 

However, i f  w e  remember t h a t  f o r  s u i t a b l y  chosen funct ions  

F ( s , t )  t h a t  

and t h a t  e-stf ( t ) d t  i s  of  t h i s  type  i f  F  i s  of  exponent ia l  

o r d e r ,  then  

= L-t.-st. I t ,  d t  

*The t h e o r e m  s t a t e s  t h a t  i f  a F ( s , t ) / a s  i s  p i e c e w i s e  c o n t i n u o u s  
on a < s 2 b f o r  e a c h  t a n d  i f  

[F(s. d t  a n d  lrng d t

b o t h  c o n v e r g e  u n i f o r m l y ,  t h e  a b o v e  s t a t e d  r e s u l t  h o l d s .  I n  
p a r t i c u l a r ,  s i n c e  J F ( ~ )  1 5 ~ e e t c .  ~ we~ may , p r o v e  t h a t  

t-03 

c o n v e r g e s  u n i f o r m l y  f o r  s > a. A l l  we a r e  d o i n g  i n  o u r  p r e s e n t  
e x a m p l e  i s  " d o i n g  w h a t  comes n a t u r a i l y "  b u t  u s i n g  t h i s  f o o t n o t e  
a s  a r e m i n d e r  t h a t  i n  i m p r o p e r  i n t e g r a l s  we c a n n o t  a v o i d  a c e r t a i n  
a m o u n t  o f  " n a s t y "  t h e o r y  t o  j u s t i f y  t h e  v a l i d i t y  o f  o u r  r e s u l t s .  
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2.10.3 continue6 

The l e f t  s i d e  of (2) may be wr i t t en  a s  

so  t h a t  from (2) we conclude t h a t  

Note: 


We may now proceed inductively.  For example, 


Recall ing from (2) t h a t  

and observing t h a t  

we see  t h a t  ( 4 )  may be rewr i t t en  as  

This process may then be appl ied t o  

e t c . ,  s ince  each time we d i f f e r e n t i a t e  with respect  t o  s ,  a 

f ac to r  of -t i s  introduced and we may conclude t h a t  f o r  any 

pos i t i ve  i n t ege r  n, 
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2.10.3 continued 

. 	 W e  apply t h e  r e s u l t  o f  p a r t  ( a )  toward t h e  s o l u t i o n  of  t h e  


equat ion  


s u b j e c t  t o  t h e  i n i t i a l  c o n d i t i o n a l  y ( 0 )  = y 
0 

.* 

Equation (5)  is c a l l e d  t h e  Besse l  Equation of  o r d e r  0 and t h e  

s o l u t i o n  which obeys t h e  s p e c i f i c  i n i t i a l  cond i t ion  y ( 0 )  = 1 

i s  denoted by Jo(t) and i s  c a l l e d  Bessel's func t ion  of  t h e  

f i r s t  k ind  o f  o r d e r  zero.  Besse l  equat ions  a r i s e  i n  many 

a r e a s  of a p p l i e d  mathematics. 

A t  	any r a t e ,  from (5)  w e  conclude t h a t  

o r ,  s i n c e  $ is  l i n e a r  and &(o) = 0, w e  have 

2From (3), with  f (t) = d y (t)/d t2 ,  we  conclude t h a t  

d2 (t) d d [d2y(t)/ d t2 ]G i r t + ]  = - ds 
d t  


and wi th  f  (t)= y (t), ( 3 )  y i e l d s  

W e  	may f u r t h e r  s i m p l i f y  (7)  by r e c a l l i n g  t h a t  

product  of two func t ions  of s 

* L e t t i n g  t = 0 i n  ( 5 )  y i e l d s  dy/dt  = 0.  Hence y ' ( 0 )  must e q u a l  
0 s o  t h a t  we h a v e  no  c h o i c e  i n  p r e s c r i b i n g  t h e  v a l u e  o f  
y ' ( 0 )  o t h e r  than  t o  l e t  i t  b e  0 .  
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2.10.3 continued 

s o  t h a t  

Hence, (7 )  becomes 

2 
z [ t  I = ~ ( 0 )- 2s: (s)  - SJ 2 d?(s)


d t  ds 


and s ince  we a r e  given t h a t  y(0)  = yo, we may fu r the r  conclude 

t h a t  

Recall ing next t h a t  

we see  from ( 8 ) ,  ( 9 ) ,  (10) t h a t  (6) may be rewri t ten as  

Therefore, 

An in tegra t ing  f ac to r  f o r  (11) is 


r sds,. 
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2.10.3 continued 

-1 l n ( 1  + 2s ) 2 e =m,
s o  t h a t  (11) may be  w r i t t e n  a s  

Hence 

I n  o t h e r  words 

-
-- Cy ( s )  = 

G-7 
Note : 


It  is i n t e r e s t i n g  t o  n o t e  t h a t  t h e  r e s u l t  given i n  (12) does n o t  


depend on t h e  choice  of  yo. I t  can b e  shown (bu t  we d o n ' t  prove 


it here )  t h a t  i f  w e  r e q u i r e  t h a t  y (0)  = 1, s o  t h a t  y (t) = J_(t)
u 


,

then  y ( s )  

-
= 1/1 + s2. That is  assuming t h a t  ~ - ' ( l / f l  + s2  ) =  J_(t),

u 


then  s l ( c /  i n )= cJo(t).* Thus, a s i d e  from any o t h e r  

p r o p e r t i e s  of J o ( t ) , it a r i s e s  i n  t h e  s tudy of  inve r se  t ransform 

when w e  t r y  t o  f i n d  a func t ion  whose Laplace transform is a 

cons tan t  m u l t i p l e  of 

- --- 

*Even i f  we d i d n ' t  know t h a t  
-1 
2 ( 1 1  + s 2 )  = J o ( t ) ,  

we know from ( 1 2 )  t h a t & ( J 0 ( t )  = e l /  h + s 2  f o r  some number c 1 ' 
Then g i v e n  any  number c ( #  0 ) ,  we may w r i t e  i t  a s  c ( c / c ) s o  t h a t  1 1
( 1 2 )  y i e l d s  

c o n s t a n t  m u l t i p l e  o f  J o ( t ) -
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2.10.4 

In  Exercise 6.4.7 i n  Pa r t  1 of our course w e  defined the  Gamma 

Function by 

The Gamma Function a r i s e s  i n  t h e  

. 
study of t h e  Laplace Transform 

when we t r y  t o  compute s ( x n )  I n  p a r t i c u l a r ,  by d e f i n i t i o n  

-SX n
(xn) = 1e x dx. 

Comparing the  i n t e g r a l s  i n  (1) and (2), t he  subs t i t u t i on  t = 

sx  seems t o  suggest  i t s e l f  .(i.e., w e  compare t he  powers of e i n  

both i n t e g r a l s ) .  This leads  t o  

and 

s o  t h a t  (2) becomes 

The i n t e g r a l  i n  (3) i s  prec i se ly  r (n + 1). [Namely, simply l e t  

x - 1 = n i n  ( l ) . ]  Therefore, 

(" + .aecxn, = , provided n > -1'.n + l  s 

*In part  1 we showed t h a t  

converged o n l y  when x ) 0. Hence, l e t t i n g  x - 1 = n i m p l i e s  

t h a t  x > 0 ++ n > -1 .  

S.2.10.14 
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2.10.4 continued 

I n  p a r t i c u l a r ,  i f  n is a whole number,r (n  + 1) = n!; s o  t h a t  

n!
&xn) = + I i f  n i s  a whole number. 

S 

Equation (5)  could have been de r ived  wi thout  recourse  t o  t h e  

Gamma Function. The beauty of ( 4 ) ,  however, l ies i n  t h e  f a c t  

t h a t  it a p p l i e s  f o r  a l l  r e a l  va lues  of  n provided only t h a t  

n > -1. For t h i s  reason one o f t e n  d e f i n e s  n! t o  mean r (n  + 1). 
I n  t h i s  way n! i s  now def ined f o r  a l l  r e a l  n > -1 and agrees  

wi th  t h e  t r a d i t i o n a l  d e f i n i t i o n  of n! when n i s  a whole number. 

2.10.5 

1. W e  have by d e f i n i t i o n  of  r t h a t  

2W e  now make t h e  change of  v a r i a b l e s  de f ined  by x = t . Equation 

(1) then becomes 

and s i n c e  

lo L 
 1e-t d t  = - fi , w e  conclude from (2)  t h a t  2 

b.  	 The f a c t  t h a t  r ' (n  + 1) = n r (n)  means t h a t  w e  can compute 

r ( 3 / 2 ) ,  r ( 5 / 2 ) ,  etc. i n  terms of I ' ( 1 / 2 ) .  Thus, 
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2.10.5 continued 

Q u i t e  i n  general ,  i f  one knows r(xo) f o r  each xo such t h a t  

1 -< x < 2, one can compute r ( x )  f o r  any x. For example, s ince
0 

2 < n < 3, w e  have t h a t  

where 0 <fi- 2 < 1. 

On t h e  o the r  hand, i f  0 -< x < 1, w e  may wr i t e  r ( x  + 1) = x r (x )

i n  t h e  form 

Then, s i nce  0 - < x < 1, it follows t h a t  1- < x + 1 < 2 s o  t h a t  

where 

For t h i s  reason, when one r e f e r s  t o  t a b l e s  t o  f i nd  r ( x ) ,  he 

usual ly  f inds  t h a t  the  t a b l e s  a r e  computed only f o r  1 x < 2. 

From these  values ,  he can f ind  r ( x )  f o r  any x > 0 by applying 

the recurrance formula: r (x  + 1) = x r (x) . I n  a way, t h i s  i s  

s imi l a r  t o  t ab l e s  of logarithms wherein one tabu la tes  l og  xo 

f o r  1 -< x < 10 and then computes log  x by wr i t ing  x = ~ ~ ( 1 0 ) "
0 


where 1 2 xo < 10; whereupon log x = log xo + n. 
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2.10.5 continued 

We inc lude  a s h o r t  t a b l e  o f  va lues  f o r  r ( x )  for s e l e c t e d  values  

of x between 1.00 and 1.99, a s  w e l l  a s  a few examples which 

show how t o  compute r ( x )  from t h e  t a b l e  when x is  n o t  between 

1 and 2. The r e s u l t s  a r e  f i n a l l y  summarized i n  a graph of r ( x ) .  

Table of  Values f o r  r (x) = ( x  - 1)! 

Example #1 

To f i n d  r (3.73) w e  have 

Example #2 


To f i n d  I'(0.03) w e  use 


r (n + 1) = n r  (n)  


w i th  n = 0.03. 


This  y i e l d s  


r (1.03) = 0.03r (0.03) . 
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2.10.5 continued 

s o  from t h e  t a b l e  we conclude t h a t  

Example # 3  

Compute r(-1.07).  Now w e  a r e  i n  trouble! Namely, our de f in i t i on  

required t h a t  x > 0. Since x  = -1.07, t h i s  condit ion,  

obviously, i s  not f u l f i l l e d .  


To ge t  around t h i s  problem we use an argument s imi l a r  t o  t he  


one which led  us t o  def ine  O! t o  be equal t o  1. 


W e  say t h a t  w e  want t he  recurrence formula 

r (X (x  1) = x (x); o r ,  r ( x )  = 
+ r + 1) 
X 


t o  hold even when x i s  negative. Thus, 

In  t u rn  

Combining ( 4 )  and (5), we conclude t h a t  

* N o t i c e  t h a t  -1.07 means -,(I + . 0 7 ) . =  -1 - . 0 7 .  Hence 
-1.07 + 1 = - . 0 7 .  We s h o u l d  n o t  c o n f u s e  t h i s  w i t h  (-1).07 = 
-1 + . 0 7  i n  which c a s e  - 1 . 0 7  + 1 = +.07. 
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2.10.5 continued 

From Example #2 ,  r ( 0 . 0 3 )  = 32.78 s o  t h a t  ( 6 )  becomes 

Looking a t  ( 7 )  w e  observe t h a t  r(-1.07) i s  q u i t e  l a rge .  This 

i s  n o t  a q u i r k .  Indeed, i f  x i s  a nega t ive  i n t e g e r ,  w e  s e e  t h a t  

t h e  recurrance  r e l a t i o n  guarantees  t h a t  (x )  be +- m. Namely, 

and cont inuing i n  t h i s  way w e  even tua l ly  reach t h e  s t a g e  where 

i f  x is  a nega t ive  i n t e g e r  w e  ob ta in  a  0  f a c t o r  i n  our denomina- 

t o r .  I n  f a c t  [ x + (-x) 1 = 0. I n  o t h e r  words, r (x), even when 

w e  use t h e  r ecur rance  formula, i s  n o t  def ined when x  i s  a 

nega t ive  i n t e g e r .  

Without be labor ing  t h i s  p o i n t  f u r t h e r ,  t h e  graph of t h e  r - funct ion  

i s  given by 
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2.10.5 continued 

Graph of  y = r (x) = (x  - 1)! 

2.10.6 

Our aim i n  t h i s  e x e r c i s e  is two-fold. On t h e  one hand, w e  want 

t o  p o i n t  o u t  t h a t  

I n  o t h e r  words, l i n e a r i t y  a p p l i e s  t o  a d d i t i o n  and " s c a l a r  

mul t ip les"  b u t  n o t  t o  products  of two non-constant funct ions .  

Secondly, we  want t o  show how t o  compute h i f  w e  know t h a t  

6 ( s )  = ?(s)g ( s )  where f and g a r e  known. Such a r e s u l t  would 

be  very h e l p f u l  i n  c e r t a i n  problems involving i n v e r s e  t ransforms.  

a .  	 Making use of dummy v a r i a b l e s  s o  t h a t  we may express  t h e  product  

a s  a double i n t e g r a l  w e  have: 
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2.10.6 continued 

Using a l i t t l e  h inds igh t ,  w e  sense  t h a t  u l t i m a t e l y  w e  want a 

f a c t o r  of  t h e  form e-SU s o  t h a t  t h e  proper form of  a  Laplace 

t r ans fo rm w i l l  be  p resen t .  Observing t h a t  e-S(x+y)appears i n  

( l ) ,we by t h e  change of  v a r i a b l e s  

Now t h e  l i m i t s  of i n t e g r a t i o n  i n  (1) i n d i c a t e  t h a t w e  a r e  i n t e -

g r a t i n g  o v e r t h e e n t i r e  f i r s t  quadrant  of  t h e  xy-plane. The 

mapping (2)  maps t h e  f i r s t  quadrant  of t h e  xy-plane i n t o  t h e  

region of t h e  uv-plane shown below: 

Namely, (2)  may b e  r e w r i t t e n  as  

s o  t h a t  x = 0 impl ies  u  - v = 0 o r  u  = v; and s i n c e  y  2 0, and 

y = v, w e  have t h a t  t h e  p o s i t i v e  y-axis  ( i . e .  , x = 0 and y  2 0) 

maps on to  v  = u, v 2 0 .  

S i m i l a r l y ,  y = 0,  x 2 0 + v = 0, u 2 0; s o  t h e  p o s i t i v e  x-axis  

maps o n t o  t h e  p o s i t i v e  u-axis.  

Thus, i n  t h e  uv-plane our  l i m i t s  of i n t e g r a t i o n  a r e  given by 

t h a t  f o r  a f i x e d  u, v  v a r i e s  from O ' t o  u; and u  may be  chosen 
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2.10.6 continued 

from 0 t o  m . Moreover, from ( 3) , 

Hence, (1)becomes 

i ( r ) % ( g )  = dmiu e s u  f ( v ) g ( u  - v)dv dl1 

Equation ( 4 )  is ca l l ed  a convolution i n t eg ra l .  More s p e c i f i c a l l y ,  

given f and g w e  def ine  t h e  convolution of f and g, wr i t t en  f*g 

by 

Then ( 4 )  says: 

b. 	 A s  usualy, we again pick a problem t o  which we already know the  

answer. Namely, i f  

then 
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Hence 

h ( t )  = et - 1 .*  

Using convolution we  have 

Hence, by convolution,  

= d [ u-v -e I u  ] 

Hence, 

which, a s  d i scussed  i n  our l a s t  foo tno te ,  agrees wi th  ( 5 ) .  

*Aga in ,  k e e p  i n  mind t h a t  t i s  n o t  n e c e s s a r y .  We c o u l d ,  f o r  
e x a m p l e ,  h a v e  w r i t t e n  & ( h )  = &(ex) - & ( l ) .  whence  h ( x ) =  e x  - 1. 
T h i s  i s  t h e  same a s  ( 5 ) ;  n a m e l y ,  h ( [  I )  = e l  1 - 1. T h i s  i s  
why we u s u a l l y  w r i t e  s ( h )  r a t h e r  t h a n  & ( h ( t ) ) .  
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Now l e t  w = u - v. Then 

Since w is  a dummy var iab le ,  we may replace it by v i n  (2) t o  

obtain  

= ( f  * g) + ( f  * k ) .  

It may a l s o  be shown t h a t  convolution i s  associat ive .  That i s ,  

( f  * g) * h =  f * (g * h ) ,  

but  we e l e c t  not  t o  prove any fu r the r  p roper t ies  of t he  convo-

lu t i on  i n t e g r a l  s ince  such proofs a r e  per ipheral  t o  our immediate 

needs. 
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a. Given t h a t  

a h )  = 
S 

(s - 1)(s2 + 1) 

we see  from our t a b l e s  (o r  otherwise) t h a t  

and 

W e  then rewrite (1) as  

= $Jet * cos t) 

b. 

Using t a b l e s ,  o r  e l s e  i n t eg ra t i ng  by pa r t s  twice,  

1i ( h )  = ( s i n  t + et - cos t). 
Given t h a t  

( 2 )  becomes 

we w r i t e  

= &sin  t * s i n  t ) .  
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Hence, 


Using the  f a c t  t h a t  s i n  A s i n  B = f [cos (A - B) 1 ,  we see ( 4 )  

may be rewr i t t en  as  

$(h) =&; l L l C o s  (2x - t) - cos t l d x l .  

Hence, 

h ( t )  = 5 [ + s i n  (2x - t) - x cos t 
x=O 

I t  

= L [l 1s i n  t 2 2 - t cos t - T s i n  (-t)+ 01 


= 1 [Is i n  t - t cos t + z1 s i n  t ]  2 2 


1 - 1 
= - s i n  t t cos t.2 

= &(et * s i n  t) 

= y [ f ( e t  - s i n  t - cos t ) ]  

Hence, 


h ( t )  = 5 (et - s i n  t - cos t ) .  
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= d ( c o s  t * s i n  t) 


= x s i n ( t  - x)dxl 
y[itcos 
= 2 [ i t s i n  x cos (t - x) dx1. (71 

1
Since  s i n  A cos B = -[sin(A + B) + s i n ( A  - B)] . ( 7 )  becomes2 

t 
S 

= 
(s2+ 1)

1;;X. 
 [ s i n  t + s i n  (2x - t)ldx] 

1 
= '6~; IX s i n  t - Z C O S  (2x - t ) ]  It} 

x=o 

=$Liz1 [ t  s i n  t - 1 cos t + 1 cos t ]  1 

=a;
t s i n  t~ 

= & h ( t )  ) . 

Hence, 

h ( t )  = 2-1 t s i n  t. 

e. Given t h e  system 

t o g e t h e r  wi th  t h e  i n i t i a l  condi t ion  x(0)  = 1 and y (0) = 0; w e  

t a k e  t h e  Laplace t ransform of both s i d e s  of each equation i n  (9)  

t o  ob ta in  
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Using our i n i t i a l  condit ions and abbreviat ing z(s)  and y ( s )  by 

and f respec t ive ly ,  w e  may rewri te  (10 )  a s  

To el iminate  y from (11)we may multiply t he  top equation by 

s and then add the  two equations.  Thus: 

Hence: 

Then using (12) i n  t h e  top  equation of (11)w e  obtain 

W e  may now use t h e  r e s u l t s  of (a )  and (b) t o  compute x ( t )  from 

(12); and the  r e s u l t  of (c )  and (d) t o  compute y (t) from (13) . 
Namely, from (12) we have 

x ( t )  = T1 
( s i n  t + et - cos t) + cos t + (T1 s i n  t - 1 t cos t) 

= T1 (2 s i n  t + e t  + cos t - t cos t ) ;  
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and from (13) 


1
y ( t )  	= - 12 (et - s i n  t - cos  t) - s i n  t + ~t s i n  t 


= -1 (-et - s i n  t + cos  t + t s i n  t ) . 
2 


A s  a check w e  have from (14) and (15) t h a t  


dx 1
-= 	-(2 cos  t + et- s i n  t + t s i n  t - cos t)d t  2 


= -1 (cos  t + et - s i n  t + t s i n  t)
2 

and 

* =  	1 (-et - cos t - s i n  t + s i n  t + t cos  t)d t  2 


= -1 
2 (-et - cos  t + t cos  t ) .  


Thus, 


dx 1 1
-d t  - y = q ( t +~et ~- s i n~t + t s i n  t) - T(-et - s i n  t 

+ cos 	t + t s i n  t) 

and 

*+ 	x = 5 (-et - cos t + t cos t) + ;(2 s i n  t + et + cos td t  
- t cos t)  

= s i n  t. 

Moreover, 	 t h e  i n i t i a l  cond i t ions  a r e  a l s o  obeyed s i n c e .  from 

(141, 
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and from (15) 

A s  a f i n a l  note on t h i s  exercise ,  observe t h a t  t he  check of our 

so lu t ion  i n  (e l  i s  p a r t  of t h e  solut ion.  Namely, we have shown 

t h a t  -i f  t he  system has a so lu t ion ,  sub jec t  t o  the  given i n i t i a l  

condit ions,  t h e n ' i t  must be t he  one given by equations ( 1 4 )  and 

(15) .  But u n t i l  these  equations a re  checked we do no t  know 

whether a so lu t ion  e x i s t s .  

The key caution i n  using Laplace transforms t o  solve simultaneous 

systems of l i n e a r  equations is t h a t  while the  method w i l l  y i e l d  

t h e  co r r ec t  so lu t ion  i f  it e x i s t s ,  it w i l l  y i e l d  an incor rec t  

r e s u l t  i f  no co r r ec t  r e s u l t  e x i s t s  (and t h i s  happens when the  

presented i n i t i a l  condit ions cannot be s a t i s f i e d ) .  Thus, i n  

doubtful  cases,  one should always check t h a t  t he  so lu t ion  

obtained by the  transform method obeys t he  given i n i t i a l  

conditions. 

For example, use of t h e  transform method t o  solve t h e  system 

subjec t  t o  t h e  i n i t i a l  condit ions x(0)  = 1, x '  (0) = 0,  y (0)  = 0, 
y i e ld s : 

Hence, 

from which we conclude t h a t  
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Y e t  t h i s  cannot b e  t h e  s o l u t i o n  s i n c e  it would imply t h a t  

y ( 0 )  = e0 = 1 r a t h e r  than 0. 

What i s  t r u e  is  t h a t  t h e  genera l  s o l u t i o n  of t h e  given system i s  

s o  t h a t  only t h e  i n i t i a l  va lue  o f  x is  a r b i t r a r y .  That i s ,  

(16) impl ies  t h a t  x' (0) = -eO = -1 and y ( 0 )  = 1. A s  a r e s u l t ,  

w e  may a r b i t r a r i l y  p r e s c r i b e  x ( 0 )  b u t  un less  w e  i n s i s t  t h a t  

y (0)  = 1 and x '  (0)  = -1, t h e  given system has  no s o l u t i o n .  

Based on t h e  r e s u l t s  of  t h e  e x e r c i s e s  i n  t h i s  Uni t  toge the r  wi th  

appropr ia t e  a p p l i c a t i o n s  of convolution,our t a b l e  of Laplace 

t ransforms,  given a f t e r  t h e  s o l u t i o n  of Exerc ise  7.9.3, may be  

supplemented t o  inc lude:  

Function 	 Trans f o m  

(12) u a ( t )  f  ( t  - a )  	 e 
-as -

f (s) 

(15) 	t s i n  a t  2 a s  
2 2  

[ = - -
ds  2 ( s i n  a t )  1 

(s2+ a ) 

(16) t cos a t  

(I7) ( s i n  a t )  ( s inh  a t )  

r (n  + 1) [ = -n! i f  n i s  an 
s n + l  sn+l ' i n t e g e r ]  

e t c .  
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1. ( a )  Separa t ing  v a r i a b l e s ,  w e  have t h a t  

provided y # 0. 

I n t e g r a t i n g  (1)w e  have 

Since  C1 i s  an a r b i t r a r y  c o n s t a n t ,  e 1 is an a r b i t r a r y  positive 

cons tan t .  Hence, from (2) w e  conclude t h a t  

2
1 y l  = c2eX, where C2 > 0. 

Hence, 

L e t t i n g  C3 = kc2, w e  conclude from (3) t h a t  

2 
y = C 3 e  

X , where C3 # 0.  

So f a r ,  t h e  d e r i v a t i o n  of ( 4 )  r equ i red  t h a t  y # 0. I f  y  = 0,  we 

see t h a t  (4) i s  s a t i s f i e d  wi th  C3 = 0. Hence, t h e  genera l  so lu-  

t i o n  of = 2xy is  given by 
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2
X

y = C e  

where C i s  an a r b i t r a r y  ( r e a l )  constant.  

Note 

I f  we l e t  f ( x , y )  = 2xy, then both fxa rd  f a r e  continuous. There-
Y 

f o r e ,  by t he  fundamental theorem, one and only curve passes through 

a given po in t  (x ,yo) and s a t i s f i e s  *= 2xy. This curve may be o dx 

found from (5) by l e t t i n g  y = yo and x = x That i s , 


0' 

Therefore, 

i s  t he  only curve which s a t i s f i e s  3 = 2- and passes throughdx 
(xoryo). It i s  i n  t h i s  sense t h a t  (5) represents  the general  solu- 

dt i o n  of 2 = 2xy. I n  o ther  words, t he re  i s  one and only one solu-

t i o n  which passes through a given po in t ,  and t h i s  so lu t ion  i s  a 
2 

member of t he  family y = C ex . 
(b) We observe t h a t  t h e  equation i s  l i n e a r  and wr i te  it i n  t he  

form 

2 

-2xy = e X . 


Lett ing P (x) = -2x, we see  t h a t  
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2 
s o  t h a t  e-X i s  an integrat ing factor  of ( 6 ) .  

2 

Multiplying both s i d e s  o f  ( 6 )  by eeX , w e  obtain 

W e  recognize the  l e f t  s i d e  of ( 7 )  t o  be 

s o  that  ( 7 )  becomes 

Integrating ( 8 )  y i e l d s  

* R e c a l l  t h a t  whenever we u s e  t h i s  t echnique ,  e  r P ( x ) d x  i s  an i n t e -

g r a t i n g  f a c t o r  of + p ( x ) y  = f ( x ) ;  and t h a t  when w e  m u l t i p l y  

both s i d e s  of  t h i s  equat ion  by e  r P ( x ) d x ,  t h e  l e f t  s i d e  becomes 
d 
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(c) The f a c t  t h a t  n o t  both x and y = 0 ,  al lows us t o  invoke t h e  

fundamental theorem t o  conclude t h a t  t h e  equat ion  does indeed have 

a g e n e r a l  s o l u t i o n .  

I£ w e  d i v i d e  numerator and denominator of t h e  r i g h t  s i d e  of t h e  

equat ion  by x2 (by y 2 i f  x = 0), w e  o b t a i n  

W e  l e t  v = 5 s o  t h a t  y = vx. Hence, 

Replacing i n  (10) by i t s  va lue  i n  (11) and Z by v ,  we o b t a i n  

from (10) t h a t  

Separa t ing  v a r i a b l e s  i n  (12) w e  o b t a i n  

1 + v2 - dx 
3 - 7  v - v  
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Using p a r t i a l  f r a c t i o n s ,  w e  may rewrite (13) a s  

[By way of  review, t h e  use  of p a r t i a l  f r a c t i o n s  r e q u i r e s  t h a t  w e-
1 + vZ -- A + B + C-look a t  t h e  i d e n t i  .tY v ( 1  + v )  (1- V )  - v l + v  1 - v '  We 

s o l v e  f o r  A by mu1 . t i p l y i n g  both  s i d e s  of t h e  i d e n t i t y  by v and 

l e t t i n g  v = 0; f o r  B by mul t ip ly ing  both  s i d e s  of t h e  i d e n t i t y  by 

1 + v and l e t t i n g  v  = -1; and f o r  C by mul t ip ly ing both s i d e s  of 

t h e  i d e n t i t y  by 1 - v and l e t t i n g  v = 1.1 

I n t e g r a t i n g  ( 1 4 )  w e  see t h a t  

Then, i n  o rde r  t o  u t i l i z e  logar i thmic  p r o p e r t i e s  t o  s impl i fy  (151, 

w e  w r i t e  C1 a s  R n l ~ ( ,where C i s  any non-zero cons tan t  (i .e. I n  x 
is  de f ined  only i f  x > 0 ,  and a s  x ranges over  t h e  p o s i t i v e  r e a l s ,  

Rn x ranges over  a l l  t h e  r e a l s ) .  W e  then  o b t a i n  

whence 

Since  C is a l ready  an a r b i t r a r y  non-zero cons tan t  ( p o s i t i v e  o r  

nega t ive )  t h e  ambiguous s i g n  [where we have w r i t t e n  our  a r b i t r a r y  

cons tan t  a s  Rn C (C > 0) r a t h e r  than a s  C t o  f a c i l i t a t e  our  loga-

r i t h m i c  form of computation used i n  ob ta in ing  (1511. 
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From (15) we conclude t h a t  

and s i n c e  v = 5, we obtain  

cxy
X = 2 2 

x - Y  

x2 - y2 = cy, c # 0 .  

rf c = 0, then (19) reduces to 

i n  which case  

and 
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2xy -- +2x
2 

= +1( i f  x # 01, 

x 2 + y2  x2 + y2  


s o  t h a t  (19) remains va l i d  even i f  c = 0. Thus, our so lu t ion  is  

the  family (of hyperbolas 

x 2 - y2 = cy. 

2. 	 (a)  Given the  1-parameter family f ( x , y , c )  = 0 ,  we f i nd  the  enve-

lope,  i f  one e x i s t s ,  by solving the  simultaneous system 

I n  t h i s  example, the  f a c t  t h a t  our family i s  

means t h a t  

and hence 

XTherefore, f c  ( X , Y  ,c) = 0 * c =. z. 
XLet t ing  c = 7 i n  ( 2 )  , we obtain  
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2 
Thus, y = -X 

8 i s  t h e  envelope of t h e  family of l i n e s ,  y = cx - 2c2. 
(b)  From y = cx - 2c2, it fol lows t h a t  

Replacing c by $ i n  (2) , w e  o b t a i n  

[Recal l  t h a t  an equat ion  of  t h e  type  (4) i s  c a l l e d  a C l a i r a n t ' s  

equation.]  

By i t s  c o n s t r u c t i o n ,  w e  know t h a t  ( 4 )  i s  s a t i s f i e d  by t h e  family 
2 x2 y = cx - 2c . A t r i v i a l  check shows t h a t  y = -g- a l s o  s a t i s f i e s  

( 4 ) .  Namely, 

Hence, 

( c )  Notice t h a t  t h i s  equat ion  i s  p r e c i s e l y  t h e  same a s  equat ion  

( 4 ) .  

I n  o r d e r  t o  apply our  uniqueness of s o l u t i o n  c r i t e r i o n ,  w e  would 

want t o  r e w r i t e  (4)  i n  t h e  form $ = g(x ,y )  . To do t h i s ,  w e  re-

w r i t e  ( 4 )  a s  
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2. continued 


and use the quadratic formula to conclude 


That is, 


For either (5) or (5' ) we see that the equations have no (real) 

solution if x2 - 8y < 0, i.e. if 

x t  6
If we let g(x,y) = 4 , we see that g(x,y) is continuous 
if x2 - 8y >, 0; but g (x,y) exists only if x2 - 8y > 0 (i.e. when 

we compute g (x, y) , occurs in the denominator and this l / t ~ 
Y 

means that x2 - 8y must not equal zero). Thus, either (5) or (5') 

admit a general solution if and only if 
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P i c t o r i a l l y .  

@ If (xo ,yo) is  
above the  parabola 

2X y = 81our equa- 

t i o n  has no 
I 1 I 1 ,

-- so lu t ions .  

@ I f  (xo,y0) i s  on the  1 ( x ~ ~ Y ~ )Q I f  i s  below the  parabola, 

parabola, then t he re  a r e  t he re  a r e  two members of (2) which 
two so lu t i ons ,  one of I s a t i s f y  t h e  equation. One so lu t ion  i s  
which i s  the  parabola a  so lu t ion  of ( S ) ,  and the  o ther  is  a 
i t s e l f  and the  o ther  is  so lu t ion  of (5' ) . 
a  member of (2). 

Applying t h i s  t o  t he  present  exerc i se ,  w e  have t h a t  

2 2 
X X

(i) Since ( 4 , 2 )  implies y  = 7 ( i . e .  y = 2 and - =  21, we have 8 
 2
X

t h a t  equation (4) i s  s a t i s f i e d  both by t h e  parabola y  = 8 and t h e  

member of (2) i n  which c i s  determined by 

That is ,  

i s  the  o ther  so lu t ion .  
2 2 

X X 
(ii) With x = 4 and y  = 3 ,  we have t h a t  8 = 2, so  t h a t  y  > 8. 

2
X

Consequently, our po in t  i s  above the  parabola y  = 8,and, a s  a 

r e s u l t ,  we have no so lu t ions  i n  t h i s  case. 

S.2.Q.10 
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2. 	 continued 


2 2 

X 	 X 

(iii) Now we have t h a t  y  = 0 and 8 = 2 ,  s o  t h a t  y  < -8 '  We now 

have two so lu t ions ;  one which s a t i s f i e s  (5) and the  other  ( 5 ' ) .  

In  p a r t i c u l a r ,  i f  we l e t  y = 0 and x  = 4 i n  ( 2 ) ,  we obtain  

s o  t h a t  c = 0 o r  c = 2. 


In  o ther  words, our so lu t ions  a r e  t he  l i n e s  


y = 0 ( t he  x-axis) 


and 


[With reference t o  (5) and (5' ) not ice  t h a t  x  = 4 ,  y = 0 imply 

t h a t  x2 - 8y = 16. Hence, 

while 

That i s ,  y = 0 i s  a  so lu t ion  of (5 ' )  and y  = 2x - 8 i s  a  so lu t ion  

of (5) . I  

3.  Let t ing  y  = e r x  ,we see  t h a t  

implies t h a t  

s o  t h a t  
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3. continued 

(r + 7 ) ( r  - 3) = 0. 

Hence, r = -7 o r  r = 3; whereupon the  general  so lu t i on  of (1) i s  

(a)  A s  a t r i a l  so lu t ion  of 

w e  t r y  


yT = A e
X . 


This leads  t o  


yT1 = yTn = AeX , 

and pu t t ing  these  r e s u l t s  i n t o  (3) y i e ld s  

Therefore, 

Using t h i s  value of A i n  ( 4 ) ,  we see  t h a t  a p a r t i c u l a r  so lu t ion  of 

(3) i s  
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3 .  continued 

Using (2) and (5) w e  have t h a t  t h e  genera l  s o l u t i o n  of (2)  i s  

given by 

(b)  Since t h e  se t  of l i n e a r l y  independent d e r i v a t i v e s  of s i n  x 
con ta ins  only s i n  x and cos  x ,  w e  t r y  f o r  a p a r t i c u l a r  s o l u t i o n  of 

y n  + 4y1 - 21y = s i n  x 

i n  t h e  form 

yT = A s i n  x + B cos x. 

This l eads  t o  

yT1 = A cos x - B s i n  x 

and 


= -A s i n  x - B cos X.
T 

P u t t i n g  t h e s e  r e s u l t s  i n t o  ( 6 )  y i e l d s  

(-A s i n  x - B cos x) + 4 ( A  cos x - B s i n  x )  - 21(A s i n  x + B cos  x)  

= s i n  x 

(-22A - 4B)s in  x + ( 4A  - 22B)cos x r 1 s i n  x + 0 cos x. 
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3. continued 


Hence, 


Solving (8)  y i e l d s  

A = --11 and B = -- 1 

250 125' 


s o  t h a t  (6) y i e l d s  


= --l1 s i n  x - - cos x.Yp 250 125 


Combining (2) and (9 )  y i e l d s  t h e  r e s u l t  t h a t  


11
y = c e-7x + c2e3X - -250 s i n  x - -cos  x
1 


i s  t h e  genera l  s o l u t i o n  of ( 6 ) .  


(c) From (5) and (91 ,  we know t h a t  

and 


11
L ( - r n  s i n  x - -1 cos  X) = s i n  x. 125 


Hence, 


1 X
3 L (-=ex) = 3e 


and 


11
5 L(-- 250 s i n  x - -12 5 cos XI = 5 s i n  x 
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3. continued 

By l i n e a r i t y  


3 L (-l 5 ~ ( - m  =
ex) + l1 s i n  x  - -COS x)
16 125 

3 ex ) + I(-% s i n  x  - -2  5  
1 cos  x  ) = 


3 - 1
~ ( - = e ~g s i n  x - - c o s  x ) .5 0  2  5  


Hence, from (10) w e  conclude t h a t  


1 X
~ ( - 3 e ~z s i n  x  - c o s  x) = 3e + 5  s i n  x. -16 50 2  5  


I n  o t h e r  words, 


= --3 e x - - -l1 s i n  x  - -,1, cos  x  
Yp 16 5  0  

is  a p a r t i c u l a r  s o l u t i o n  of 

y n  + 4 ~ 1- 21y = 3eX + 5  s i n  x. 

Therefore,  t h e  genera l  s o l u t i o n  of (12) , from (2) and (11)i s  

- .-7x + c 2 e 3 ~- 2 ex - -l1 s i n  x  - - cos x.
1 16 5 0  2  5  

(dl The key p o i n t  h e r e  i s  t h a t  we cannot ob ta in  a  t r i a l  s o l u t i o n  

from yT = ~e~~ s i n c e  e3Xis a s o l u t i o n  of t h e  reduced equation (1). 

Since xe3X i s  no t  a s o l u t i o n  of (1) [s ince  {e  -7x ,e3x,xe3x) is  a 

l i n e a r l y  independent s e t ] ,  we may look f o r  a t r i a l  s o l u t i o n  of 

y" + 4y' - 21y = e3  x  

i n  t h e  form 

yT = Axe3x. (14) 

S. 2.Q.15 
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3. continued 

From (14) w e  have 

whi le  

Putting these  r e s u l t s  i n t o  (13) y i e l d s  

Hence, 


10A = ! 


From (14) w e  thus conclude that  

is  a  part icular  s o l u t i o n  o f  ( 1 3 ) .  

Again, using (2)  and (15) , w e  conclude t h a t  

i s  the  general s o l u t i o n  o f  ( 1 3 ) .  

S.2.Q.16 
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-X 
4 .  	 Since -1 + x does n o t  have a f i n i t e  set  of l i n e a r l y  independent 

d e r i v a t i v e s ,  w e  must use v a r i a t i o n  of parameters i n  t h i s  problem. 

W e  begin  by f i n d i n g  t h e  genera l  s o l u t i o n  of t h e  reduced equation,  

L e t t i n g  y = e r x  , w e  see t h a t  

Thus, our  only ( repeated)  r o o t  i s  r = -1. Accordingly, 

i s  t h e  genera l  s o l u t i o n  of yn + 2y' + y = 0. 


To use v a r i a t i o n  of parameters,  w e  have t h a t  


is  a p a r t i c u l a r  s o l u t i o n  of 

where 


9,' (x )u l (x )  + g2 '  ( x ) u 2 ( x )  = 0 


gl' (x)ul '  (x) + g2 '  (x )u2  (XI = f  (x)  


and 


u1(XI  = e -x , u2 (x)  = xe 
-x , and f  (x)  = -1 

e 
+ 

A 

x' 
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4. cont inued 

From ( 5 )  

-X -Xull (x) = -e , u2 (x)  = e-X - xe . 

s o  t h a t  (4)  becomes 

Adding t h e  two equa t ions  i n  (6)  w e  o b t a i n  

Using (7)  i n  t h e  f i r s t  equa t ion  of  (6)  w e  ob ta in :  

so t h a t  

I n t e g r a t i n g  (7)  and (8)  y i e l d s  

and w e  have omit ted  c o n s t a n t s  of i n t e g r a t i o n  i n  ( 9 )  s i n c e  w e  seek 

b u t  one p a r t i c u l a r  s o l u t i o n .  
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4 .  	 continued 

A t  any r a t e ,  r ep lac ing  g l (x )  and g 2 ( x )  i n  (2)  by t h e i r  va lues  i n  

(9)  y i e l d s  t h a t  

is  a p a r t i c u l a r  s o l u t i o n  of ( 3 ) .  

From (10) and (1)w e  have t h a t  

i s  t h e  genera l  s o l u t i o n  of  (3). 

-Note 


Equation (11)may be  regrouped i n  t h e  form 


and s i n c e  c2 - 1 = c3 is a l s o  a r b i t r a r y  i f  c 2  i s ,  w e  may w r i t e  
(11) a s  

5. 	 Since t h e  leading c o e f f i c i e n t  i s  1 and t h e  o t h e r  c o e f f i c i e n t s  

(-3x and -3) a r e  a n a l y t i c ,  t h e  genera l  s o l u t i o n  of 

can be found by t h e  series technique.  


W e  l e t  


from which w e  o b t a i n  
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5. continued 

and 

Put t ing  these  r e s u l t s  i n t o  (1)y ie ld s  

W e  make t h e  exponent n i n  each of t he  t h r ee  sums on the  l e f t  s i d e  

of (2)  by r e w r i t i n g  

( i . e .  we replace n by n + 2 everywhere within  t he  summation and 

ad jus t  f o r  t h i s  by lowering the  index of summation from n = 2 t o  

n =  0 ) .  
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5. cont inued 

Equation (2) t hen  becomes 

W e  f i n a l l y  " a d j u s t "  (3) by " s p l i t t i n g  o f f "  t h e  f i r s t  t e r m  i n  both  

t h e  f i r s t  and t h i r d  summations on t h e  l e f t  s i d e  of (3). This 

g i v e s  us a form i n  which each summation begins  wi th  n = 1. 

I n  o t h e r  words, w e  have: 

and 

Hence, ( 3 )  becomes 

*The v a l i d i t y  of  manipula t ing  t h e  summations i n  o b t a i n i n g  the  l e f t  
s i d e  of ( 4 )  h i n g e s  on t h e  f a c t  t h a t  we know t h e r e  i s  a uniformly 
convergent  power s e r i e s  s o l u t i o n ,  e t c .  
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5. cont inued 

From (41, u s ing  the f a c t  t h a t  each c o e f f i c i e n t  on t h e  l e f t  s i d e  

must b e  0 if t h e  series is i d e n t i c a l l y  ze ro ,  we conclude t h a t  

and t h a t  f o r  each n & 1 

W e  now p ick  a and al a t  random, from which a l l  o t h e r  an's a r e0 
t hen  uniquely  determined.  Namely, from (5 )  

and from (6) 

Therefore .  
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5, continued 


Our initial conditions tell us that y = 1 when x = 0, so that (7) 


becomes 1 


1 = a0 (1) + a1 (0). 


Hence, 


a. = 1-

~ l s ofrom (7) 

and since we are given that y' = 0 when x = 0, we conclude from 

(9) that 


Using the results (8) and (10) in (7) we have that: 
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5. continued 


Note
-
While it may not  have seemed too obvious, we chose an example 


which could have been without s e r i e s .  Namely, 


y" - 3xy' - 3y = (y '  - 3xy) ' .  


Hence, equation (1)may be wr i t t en  a s  


An i n t eg ra t i ng  f a c t o r  of (11) is 

That i s ,  we may rewri te  (11)a s  

Hence, 
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5. continued 

From (12) w e  o b t a i n  

Since  y '  = 0 when x = 0 ,  w e  conclude from (13) t h a t  


C1 = 0 


whence (12) becomes 


Then, s i n c e  y = 1when x = 0, w e  conclude from ( 1 4 )  t h a t  

The p o i n t  i s  t h a t  t h e  previously-found s o l u t i o n  tu rns  o u t  t o  be 
3 2 
TXt h e  s e r i e s  r e p r e s e n t a t i o n  of e . Thus, i n  t h i s  example, w e  can 

see t h a t  n o t  only i s  our  i n f i n i t e  series "meaningful" b u t  a l s o  
3 2 zxt h a t  it has  t h e  more "concrete" form y = e . 

6. L e t t i n g  x'  = dx and x" = w e  have from 9,

d t  


x" + 2x' + 5x = 8 s i n  t + 4 cos t 


t h a t  


a x "  + 2x' + 5x1 = X(8 s i n  t + 4 cos t ) .  
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6 .  continued 


By l i n e a r i t y ,  (2)  becomes 


X ( x " )  + 2 6 e ( x 1 )  + 5 R ( x )  = 8 R ( s i n  t) + 4 X(cos t). 


Now : 


Since our i n i t i a l  conditions are x ( 0 )  = 1  and x '  (0 )  = 3,  equations 

(6)  and (7)  become 

and 

Substituting ( 4 1 ,  (51, (6 '1 ,  and ( 7 ' )  i n t o  (3)  y i e l d s  

Hence, 
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6 .  continued 

o r  by us ing p a r t i a l  f r a c t i o n s  

W e  n o t i c e  t h a t  t h e  t a b l e s  have express ions  of t h e  form 

s + a  aand 

(s + a12 + b 2 (s + a )  + b2' 


More g e n e r a l l y ,  w e  n o t i c e  t h a t  i f  F(s) is  i n  t h e  t a b l e s  then -
f (s + a )  is  t h e  Laplace t ransform of eeatf ( t) .  I n  t h i s  con tex t ,  

f o r  example, s i n c e  X(cos 2 t )  = S , it follows t h a t  

s2 + 4 


~ ( e - ~cos 2 t )  = s + l  

(s + 1 1 2  + 4 '  

With t h i s  i n  mind, w e  rewrite (8)  a s  

= X(e-t cos  + ~ ( e - ~2 t )  s i n  2 t )  + 2 X ( s i n  t ) .  

By l i n e a r i t y ,  (9)  may be  r e w r i t t e n  a s  

?(XI = ~ ( e - ~2 t  + e-tcos  s i n  2 t  + 2 s i n  t). 

F i n a l l y ,  s i n c e  8 i s  1-1 (Lerch' s Theorem) , w e  conclude from (10) 

t h a t  
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6. cont inued 

x = e-t cos  2 t  + e-t s i n  2 t  + 2 s i n  t. 
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