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a .  	 Since two of t h e  t h r e e  summations involve  xn and on ly  one involves  
n-1 x  , it s e e m s  l o g i c a l  t o  " jack  up" t h e  index i n  xn'l by 1. 

That  i s ,  w e  r e p l a c e  n by n + 1 i n s i d e  t h e  1-sign and lower t h e  

s t a r t i n g  p o i n t  of  t h e  summation by 1. W e  o b t a i n  

s o  t h a t  

W e  then  " s p l i t  o f f "  t h e  f i r s t  term i n  each of t h e  summation 

i n  (2)  which begin wi th  n  = 0 ( i n  t h i s  way, each summation 

begins  wi th  n  = 1). W e  t h e r e f o r e  r e w r i t e  (2)  a s :  

Note: 

E s p e c i a l l y  f o r  those  who may s t i l l  be "edgy" about ex tens ive  

use  of  t h e  C -no ta t ion ,  it may be worthwhile t o  show t h e  equi -  

va lence  of (1)and (3)  by long hand techniques.  In  t h i s  way, 

one does n o t  review what we've done wi thout  recourse  t o  t h e  

G - n o t a t i o n ,  and one may a l s o  l e a r n  t o  apprec ia te  b e t t e r  t h e  

compactness of t h e  C -no ta t ion .  

To begin wi th ,  (1)may be expanded as :  
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2.8.1(L) continued 

and t h i s  agrees with (3) s ince  the  expansion of (3) y i e ld s  

equals  

It should a l s o  be noted t h a t  i n  e i t h e r  approach, we used the  

idea of absolute  convergence t o  j u s t i f y  our taking the  l i b e r t y  

of re-arranging and combining terms i n  the  way we did .  

b. Replacing (1)by (31, we see  t h a t  

implies t h a t  
OD 

Now, s ince  t h e  only way t h a t  two convergent power s e r i e s  can be 

i d e n t i c a l  i s  f o r  t h e i r  coe f f i c i en t s  t o  be equal term-by-term and 

s ince  
03 

w e  see  from (5) t h a t  

and 

S.2.8.2 
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f o r  n -> 1; (n + l ) an+ l  - (n - l ) a n  = 0. That i s ,  n -> 1 impl ies  

t h a t  

From (6) w e  s e e  t h a t  a. may be chosen a t  random, whereupon 

and we may now use  (7)  t o  compute a 2  from a l ,  a3  from a 2 ,  a4 

from a3,  e t c .  

For example wi th  n = 1, (7) becomes 

b u t  once a 2  = 0, (7)  t e l l s  us t h a t  f o r  n  > 2, an = 0. That i s ,  

from (7)  an+l i s  a  m u l t i p l e  of  an s o  t h a t  an+l must be 0  once 

an = 0. 

Thus, w e  have t h a t  a. i s  a r b i t r a r y ,  a l  = -a ' and an = 0  f o r  
0

n  -> 2. Since

%.re have that 


rlas a s o l u t i o n  of t h e  form 
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2.8.1 (L) continued 

then 

so  t h a t  (10) becomes 

Notice t h a t  equation (11) i s  prec i se ly  equation ( 4 )  of p a r t  (b) 

[where 

-
t he  equa l i t y  i n  (11) i s  understood t o  be our i den t i t y .  

We used the  i d e n t i t y  symbol i n  p a r t  (b) f o r  emphasis, but  o ther  

than t h a t ,  we r e v e r t  t o  the  usual notat ion t h a t  L(y) = 0 means 

L(y) 01. 

Hence, from p a r t  (b) we deduce from (11) t h a t  y = a. (1- X )  . 

Note #1: 

A s  usual  we have e l ec t ed  t o  s t a r t  with an example t h a t  could be 

solved more e a s i l y  by a more fami l ia r  technique. In  equation 

(10) w e  could separate  var iab les  t o  obtain  t h a t  f o r  x # 1 and 

y # 0 , dy/y = dx/x - 1; o r  l n l y l =  l n l x  - 11 + cl; o r  

y = +- ecl(x - 1) = c ( x  - l ) ,where c = +- e # 0. 

I f  we l e t  c = 0 i n  (12) then we obtain  the  "forbidden" case ,  

y = 0. But y = 0 s a t i s f i e s  ( 1 0 )  t r i v i a l l y .  Thus, we may conclude 

S.2 .8 .4  
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t h a t  (12) may be extended t o  cover t h e  case  y  = 0  by l e t t i n g  

c = 0. I n  o t h e r  words, w e  s e e  t h a t  (9)  may be v e r i f i e d  by our  

e a r l i e r  technique  of v a r i a b l e s  separable .  

Note #2: 

Without t h e  main theorem d i scussed  i n  our  l e c t u r e ,  a l l  we have 

proven i s  t h a t  i f  t h e  equat ion  

has a s o l u t i o n  which is  a n a l y t i c  a t  x  = 0,  then t h e  s o l u t i o n  

i s  given by ( 9 ) .  

What t h e  theorem t e l l s  us  i s  t h a t  t h e  equat ion  does have a 

s o l u t i o n  which i s  a n a l y t i c  a t  x = 0. I n  f a c t ,  i f  w e  w r i t e  t h e  

equat ion  i n  s t andard  form, w e  o b t a i n  

whereby w e  s e e  t h a t  t h e  c o e f f i c i e n t  of y i s  1/1 - x which i s  

a n a l y t i c  f o r  1 x 1 ~1. W e  may t h e r e f o r e  use t h e  theorem t o  

conclude t h a t  t h e  s o l u t i o n  given by (9)  i s  v a l i d  a t  l e a s t  f o r  

/ X I <  1. 

Note # 3 :  


I n  t h i s  p a r t i c u l a r  e x e r c i s e  w e  were a b l e  t o  check d i r e c t l y  t h a t  


( 9 )  was t h e  s o l u t i o n  of t h e  given equat ion  f o r  a l l  x ,  except  

x = 1. Thus, w e  see t h a t  t h e  theorem a c t u a l l y  te l l s  us t h e  

s m a l l e s t  r eg ion  which w e  can be sure t h a t  w e  have a  s o l u t i o n .  

I t  does n o t  say t h a t  t h e  s o l u t i o n  cannot extend beyond t h i s  

region.  I n  o t h e r  words, wi th  r e s p e c t  t o  t h e  p resen t  e x e r c i s e ,  

w e  see t h a t  by t h e  theorem, (9)  i s  t h e  s o l u t i o n  of our  equat ion  

a t  l e a s t  i f  / X I <  1. I t  a l s o  happens he re  t h a t  (9)  i s  a l s o  t h e  

s o l u t i o n  i f  I x l >  1; b u t  w e  cannot conclude t h i s  simply from t h e  

theorem. 
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2 .8 .2 (L)  

Given that  

w e  know that  the general so lut ion  may be expressed i n  the form 

y = a . 8 ,  a arbitrary; 

n= 


v a l i d  a t  l e a s t  f o r  1x1 < l . *  

From (2) , w e  have t h a t  

s o  that  (1)  becomes 

Hence, 

*This was d i s c u s s e d  i n  E x e r c i s e  2 . 8 . 1 .  Namely, w r i t t e n  i n  
s tandard form, equat ion  (1)  becomes 

1 = 0 ;  and - i s  a n a l y t i c  f o r  I x l < l .  
dx 1 - x  
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Theref o r e ,  

Consequently, 

Thus, by equa t ing  c o e f f i c i e n t s  of l i k e  t e r m s ,  w e  s e e  from (3)  

t h a t  

a l = a -
0' 

and f o r  n  -> 1;

a -
n + l  - f o r  n  an r  -> I.** 

* H o p e f u l l y  w h a t  we a r e  d o i n g  seems f a m i l i a r .  We h a v e  c o p i e d  
t h e  e q u a t i o n  of  t h e  p r e v i o u s  e x e r c i s e ,  e x c e p t  f o r  a s i g n  c h a n g e ,  
i n  o r d e r  t o  g i v e  you  a c h a n c e  t o  r e d e r i v e  t h e  s e q u e n c e  o f  s t e p s  
wh ich  w e r e  e x p l a i n e d  t h e n .  

* * S i n c e  n L 1, n + # 0. Hence we may c a n c e l  ( n  + 1' 
i n  (5). 
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From ( 4 ' )  we see  t h a t  a. may be chosen a t  random whence al = a. ' 

Then, from (5'), w e  see  t h a t  a2 = al ,  a3  = a 2 ,  e t c .  In  o ther  

words, ( 4 ' )  and (5') combine t o  t e l l  us t h a t  a. is  an a r b i t r a r y  

constant  and t h a t  f o r  n > 0 ,  an = a 
0' 

Put t ing  t h i s  information i n t o  (2) we obtain  

Since we know t h a t  (1)has a so lu t ion  of t h e  form 

va l id  a t  l e a s t  f o r  1x1 < 1, we see  from (6) t h a t  t h i s  so lu t ion  i s  

given unambiguously by 

Note %1: 

The s ign  change here (versus t h e  previous exerc i se )  changes 

t h e  "complexity" of our s e r i e s  solut ion.  Yet 

should suggest  t o  you l / l -x  ( i .e . ,  the  geometric series 

converges t o  1/1 - x f o r  Ixl< 1). Once t h i s  observation i s  

made, w e  see  t h a t  (6) becomes 
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Th i s  can be checked d i r e c t l y  by observing t h a t  

i s  equa l  t o  

s o  t h a t  (1) i s  

Hence, (1- x ) y  = c; s o  t h a t  f o r  x f 1 

which agrees  wi th  (7), excep t  t h e  r e s t r i c t i o n  1x1< 1 may be 

rep laced  by x # 1, a f a c t  t h a t  cannot  be deduced from t h e  key 

theorem. 

Note #2 :  

I n  t h i s  e x e r c i s e  t h e  series s o l u t i o n  ( 6 )  could be w r i t t e n  i n  a 

convenient  c losed  form (which i s  n o t  always t h e  c a s e ) .  The 

key p o i n t  i s  t h a t  even i f  w e  could n o t  "s impl i fy"  

n l e t t i n g  f (x)  = 

w e  can s t i l l  compute f ' (x) , f "  (x)  , e t c .  by term-by-term 

d i f f e r e n t i a t i o n ,  a t  l e a s t  f o r  / X I <  1. In  o t h e r  words, t h e  

s e r i e s  s o l u t i o n  i s  a s  e x a c t  a s  any c losed form express ion would 

be,  b u t  w e  may n o t  f e e l  a s  " a t  home" with it. 
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Given 

and 

we have t h a t  

OD 

P u t t i n g  (2)  and ( 3 )  i n t o  (1)y i e l d s  

Replacing n by n - 2 i n  t h e  second summation on t h e  l e f t  s i d e  

of ( 4 )  y i e l d s  

Equating c o e f f i c i e n t s  i n  (5)  w e  see t h a t  al ( t h e  cons tan t  term 

on t h e  l e f t  s i d e )  must equal  0 ( t h e  constant  t e r m  on t h e  r i g h t  

s i d e ) . That i s ,  



S o l u t i o n s  
Block 2: Ordinary  D i f f e r e n t i a l  Equat ions  
Un i t  8: The U s e  o f  Power S e r i e s  

2.8.3 (L) con t inued  

and t h a t  f o r  n  -
> 2

nan - = 0. 


That  is ,  


Equat ion  (7)  t e l l s  u s  t h a t  each  an ( f o r  n  '2. 2) i s  a  m u l t i p l e  of 

t h e  c o e f f i c i e n t  which comes two e a r l i e r .  I n  p a r t i c u l a r ,  s i n c e  

a l  = 0,  we deduce from (7)  t h a t  a3 ,  a s ,  a7,...a ,...are a l l  
2ni-1e q u a l  t o  0. 

Moreover, t h e  f i r s t  n  f o r  which (7)  a p p l i e s ,  namely n = 2,  i m p l i e s  

t h a t  

S ince  no  c o n d i t i o n  i s  imposed on a 
0' w e  see from (8)  t h a t  a. 

may be chosen a t  random, whereupon a 2  = ao. 

W e  t hen  use  (7 )  w i t h  n  = 4 (we omi t  odd v a l u e s  of  n s i n c e  w e  

have j u s t  s een  t h a t  an = 0  f o r  a l l  odd v a l u e s  o f  n )  t o  o b t a i n  

W e  t h e n  u s e  (7 )  w i t h  n  = 6 t o  o b t a i n  
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Next, w e  use  (7 )  wi th  n = 8 t o  o b t a i n  

L e t t i n g  n = 10 i n  (7) y i e l d s  

Note 81: 


Looking a t  (8) through (12) w e  might ven tu re  the guess t h a t  


This  may be v e r i f i e d  by induc t ion  b u t  t h e  impor tant  p o i n t  is  


t h a t  w e  may use (7) p l u s  previous va lues  of an t o  f i n d  each new 


an;  knowing by our  genera l  theory  t h a t  t h e  series which i s  


thus  genera ted  y i e l d s  t h e  s o l u t i o n  of  t h e  equat ion .  


Returning t o  t h e  mainstream of t h e  e x e r c i s e ,  w e  have t h a t  

= 0 f o r  n = 0,1,2,3,  a2n+1 ...
a 

a = - 0 f o r  n = 0,1 ,2 ,3 ,  2n n l  ...

and us ing  t h i s  informat ion  i n  (2) y i e l d s  
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= a n x n +  , a xn 

n 
n  e v ' n  n o d  

I 

s o  t h a t  by (13) and ( 1 4 1 ,  

Note #2: 

The s o l u t i o n  given by (15) i s  v a l i d  f o r  a l l  r e a l  x s ince  t h e  

c o e f f i c i e n t s  i n  (1) a r e  everywhere a n a l y t i c .  

Note # 3 :  
-2Notice t h a t  e is  an i n t e g r a t i n g  f a c t o r  of (1). In  f a c t ,  if 

w e  mul t ip ly  both  s i d e s  of (1)by e-x2 we ob ta in  

*Omitting t h e  C-notat ion ,  a l l  we a r e  say ing  i s  t h a t  by  t h e  
p r o p e r t i e s  o f  a b s o l u t e  convergence ,  
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hence, 

I t  i s  e a s i l y  checked t h a t  

2 

is  the  power s e r i e s  expansion of e X about x = 0. 

Note t 4 :  


Had w e  no t  known a closed form expression [such as (1611 f o r  


(15), w e  could s t i l l  have l e t  

whereupon 

e t c .  For a l e s s  contrived example, see  Exercise 2 . 8 . 7 ( L ) .  

2.8.4(L) 

With 


we have t h a t  

*Since  (15)  u s e s  a,  a s  t h e  a r b i t r a r y  c o n s t a n t ,  we have e l e c t e d  
t o  u s e  a  t o  denote  the  a r b i t r a r y  c o n s t a n t  h e r e  a l s o .  In t h i s  
way, we 0 can make a  more d i r e c t  comparison o f  (15)  and ( 1 6 ) .  
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P u t t i n g  (1) and ( 2 )  i n t o  

y i e l d s  

Equat ing  " l i k e "  c o e f f i c i e n t s  i n  (4) , w e  o b t a i n  

a = O  
0 

and 

(n + l ) a n  = 0 f o r  a l l  n -> 1. 

S ince  n  -> 1 a n + 1 f 0,  w e  see from ( 6 )  t h a t  an = 0 f o r  n  -> 1. 

Th i s  coupled  w i t h  ( 5 )  t e l l s  u s  t h a t  eve ry  an i n  (1) must e q u a l  

0. 

I n  o t h e r  words, we have shown t h a t  on ly  t h e  t r i v i a l  s o l u t i o n  of  

( 3 ) ,  namely y  = 0 ,  i s  a n a l y t i c  a t  x = 0. That  i s ,  excep t  f o r  

y = 0 ,  e q u a t i o n  ( 3 )  p o s s e s s e s  no s o l u t i o n  which i s  a n a l y t i c  a t  

x = 0. 

Th i s  does n o t  c o n t r a d i c t  any r e s u l t s  d i scussed  i n  o u r  l e c t u r e .  

Namely, t h e  fundamental  theorem r e q u i r e s  t h a t  a l l  o u r  c o e f f i c i e n t s  
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be a n a l y t i c  a t  x  = 0 when t h e  equat ion  i s  w r i t t e n  i n  s t andard  

form. When equa t ion  ( 3 )  i s  w r i t t e n  i n  s t andard  form, it becomes 

1I n  t h i s  form, t h e  c o e f f i c i e n t  of y i s  x, which i s  n o t  a n a l y t i c  

a t  x  = 0. 

The key p o i n t  i s  t h a t  our  fundamental theorem only  quaran tees  

t h e  g e n e r a l  s o l u t i o n  i n  t h e  form 

when a l l  of t h e  c o e f f i c i e n t s  a r e  a n a l y t i c  a t  x  = 0, when t h e  

equat ion  is  w r i t t e n  i n  s t andard  form. 

Again, w e  have d e l i b e r a t e l y  chosen an "easy" example s o  t h a t  

w e  may see what went wrong here .  Namely, 

s o  t h a t  ( 3 )  i s  e q u i v a l e n t  t o  

from which w e  conclude t h a t  xy = c o r  y = c/x, provided x f 0. 

I n  o t h e r  words, t h e  genera l  s o l u t i o n  of ( 3 )  i s  n o t  a n a l y t i c  a t  

x = 0.  

Opt ional  Note : 

Up t o  now, w e  have been us ing examples i n  which our  s o l u t i o n s  

have been of t h e  form 

More g e n e r a l l y ,  w e  s t r i v e  f o r  s o l u t i o n s  of  t h e  form 
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In  the p r e s e n t  e x e r c i s e ,  equat ion  (3) may be w r i t t e n  i n  s tandard  

form a s  

and t h e  c o e f f i c i e n t  of  y ,  namely 1 , i s  a n a l y t i c  except  when x = 

0. 

Thus, according t o  t h e  g e n e r a l  theory ,  i f  we p ick  any xo # 0 ,  

equa t ion  (3) has a s o l u t i o n  i n  t h e  form 

v a l i d  f o r  a l l  x  such t h a t  Ix - x I <  R where R i s  chosen so 
0 


t h a t  x = 0 i s  n o t  inc luded i n  t h e  i n t e r v a l .  


For example, w e  could choose xo = -1 and then ob ta in  t h e  genera l  

s o l u t i o n  of  ( 3 )  i n  t h e  form 

v a l i d  a t  l e a s t  f o r  I x +  1I<1s i n c e  0  $ x: I x +  lI<1 )  . 

From (8) w e  have 
m 

W e  then  r e w r i t e  (3) a s  

* W r i t i n g  ( 3 )  i n  t h i s  way p e r m i t s  u s  t o  k e e p  w o r k i n g  w i t h  
p o w e r s  o f  x + 1 .  O t h e r w i s e ,  we w o u l d  h a v e  t o  work w i t h  
e x p r e s s i o n s  l i k e  

m 

and t h e s e  a r e  n o t  t o o  p l e a s a n t .  

S.2.8.17 
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2 .8 .4  (L) continued 

whereupon (8) and (9 )  y i e l d  

W e  may now rewrite 

s o  t h a t  (10) becomes 
w 

W e  may then s p l i t  o f f  t h e  f i r s t  term i n  each of t h e  l a s t  two 

summations on t h e  l e f t  s i d e  of (11) t o  obta in :  

Equating ' l i k e  coef f i c ien t s ' '  i n  (12) w e  ob ta in  
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Block 2:  Ordinary D i f f e r e n t i a l  Equations 
Uni t  8: The Use of  Power S e r i e s  

2.8.4 (L)  continued 


a l = a a  

0' 


and 


(n + l ) a n  - (n + l)an+l = 0 f o r  n -> 1-


That i s ,  f o r  n  -> 1 


Hence, from (13) and ( 1 4 )  we  see t h a t  w e  may choose a. a r b i t r a r i l y  

af terwhich a. = al -- a 2  -- ... -- an -- ... 

I n  o t h e r  words, ( 8 )  y i e l d s  
m 

a s  t h e  g e n e r a l  s o l u t i o n  of (3) . 
A s  a check, w e  a l r eady  know t h a t  y  = c/x i s  t h e  s o l u t i o n  of (3)  

provided x f 0. Moreover, 

L e t t i n g  u = x + 1, w e  have t h a t  
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2.8.4 (L) continued 


Hence, 

m 

o r  l e t t i n g  a = -c, we o b t a i n  t h a t  
0 

i s  t h e  genera l  s o l u t i o n  of  (31, which checks wi th  (15) .  

With 

y = anxn ; y 1  = nanxn-1 and y" = n ( n  - l ) a n xn- 2  . 
n=0 n=1 n=2 

Hence 

impl ies  

Theref o r e ,  



- - - 
- - 
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2.8.5 (L)continued 

Consequently, 

(1) 

Since  a l l  t h e  c o e f f i c i e n t s  on t h e  r i g h t  s i d e  of (1)must equal  

0,  w e  conclude t h a t  

and f o r  n  > 2,-

Thus, w e  may p ick  a. and a l  a t  random whereupon ( 3 )  and ( 4 )  show 

us  t h a t  a l l  o t h e r  c o e f f i c i e n t s  a r e  then uniquely determined. 

I n  f a c t ,  s i n c e  a3  = 0,  ( 4 )  shows us t h a t  a5 = a 7  - a9 - all - . ,  

- a2n+l - ... = 0. 


Moreover, i f  n i s  even, ( 4 )  r e v e a l s  t h a t  
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2.8.5(L) continued 

Regrouping t h e  t e r m s  i n  
03 

w e  o b t a i n  

Thus, t h e  genera l  s o l u t i o n  of (1- x 2 ) y w- xy' + y = 0 ( \ x \ L ~ )  

i s  given by 

I n  s t i l l  o t h e r  words, two l i n e a r l y  independent s o l u t i o n s  of 

t h e  equat ion a r e  

and 

Note : 

If  w e  compare t h i s  wi th  Exercise 2.7.6, w e  n o t i c e  t h a t  equat ion 

y = u1(x) = x i s  t h e  s o l u t i o n  y = x which we assumed was found 

by inspec t ion  i n  Exercise 2.7.6. On t h e  o t h e r  hand, t h e  

second equat ion should correspond t o  y = which was 

t h e  o t h e r  s o l u t i o n  found i n  Exerc ise  2.7.6. 
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2.8.5 (L) continued 

A s  a p a r t i a l  check, n o t i c e  t h a t  f o r  Ixlc 1 

[ i . e . ,  t h e  binomial  expansion i s  v a l i d  f o r  [ X I < 1 even when n  

i s  n o t  a  p o s i t i v e  i n t e g e r ] .  

L e t t i n g  n  = 1/2 i n  (5)  y i e l d s  

which appears t o  agree  wi th  (2) . 

Again, t h e  key p o i n t  i s  t h a t  i t ' s  " f r o s t i n g  on t h e  cake" t h a t  

a l lows us  t o  s impl i fy  (2)  a s  y  = . The c r u c i a l  p o i n t  

i s  t h a t  

i s  a  wel l -def ined func t ion  of x  f o r  [ X I <  1 and f o r  a given x  i n  

t h i s  i n t e r v a l ,  w e  can compute u 2 ( x )  a s  a c c u r a t e l y  a s  we wish 

simply by cons ide r ing  enough terms. 

This  looks a l o t  l i k e  t h e  previous  e x e r c i s e  s i n c e  a l l  we have 

done is  changed t h e  c o e f f i c i e n t  of y" from 1 - x2 t o  1 + x2 

(and t h i s  makes t h e  c o e f f i c i e n t s  everywhere a n a l y t i c  when t h e  

equa t ion  i s  w r i t t e n  i n  s t andard  form). 

We may m i m i c  ( indeed,  copy) t h e  s t e p s  of t h e  previous e x e r c i s e ,  
2 2remembering only  t o  r e p l a c e  t h e  term -x y" by x  y" t o  o b t a i n  
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2.8.6 (L) cont inued 


Equating c o e f f i c i e n t s  i n  ( 2 )  , w e  conclude t h a t  


1. 2 a 2 + a o = 0  


or 


and 

3. For n > 2-

Equations ( 4 )  and (5) t o g e t h e r  t e l l  u s  t h a t  

W e  may then p ick  a. and a l  a s  a r b i t r a r y  cons tan t s ;  whereupon w e  

view 

and s i n c e  a3 = a5 = a 7  -- ... + 0 ,  the second term becomes 

simply alx s o  t h a t  our  s o l u t i o n  has t h e  form 

W e  t hen  use  (3) and (5)  t o  o b t a i n  a2 ,  ax, a 6 f - = - ~ a 2 n - -i n  

terms of ao. 
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2.8.6 (L) continued 

Thus, us ing  (5)  wi th  n = 2 y i e l d s  

Then l e t t i n g  n = 4 i n  (51, w e  o b t a i n  

s o  t h a t  by (61, 

Next w e  l e t  n = 6 i n  ( 5 ) t o  o b t a i n  

s o  t h a t  by (71, 

Hence, our  g e n e r a l  s o l u t i o n  i s  now given by 

2.8.7(L) 

Up t o  now, most of our  e x e r c i s e s  were of t h e  type where t h e  

s e r i e s  s o l u t i o n  could be e a s i l y  i d e n t i f i e d  wi th  a "well-known" 

f u n c t i o n  of x ( t h e  previous  e x e r c i s e  gave a h i n t  of what ' s  

t o  come). I n  t h i s  e x e r c i s e ,  w e  t r y  t o  g ive  a b e t t e r  i l l u s t r a -  

t i o n  of how t h e  s o l u t i o n  i s  well-defined even when w e  cannot  

t r a n s l a t e  it i n t o  a f a m i l i a r  funct ion .  P a r t  ( a )  of  t h i s  

e x e r c i s e  shows how t h e  s e r i e s  s o l u t i o n  i s  s t i l l  obta ined i n  

t h e  same way a s  usual .  P a r t  (b)  i l l u s t r a t e s  how we can s t i l l  

f i n d  a p a r t i c u l a r  s o l u t i o n  once we spec i fy  y and y '  a t  a  g iven 
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2.8.7 (L)  continued 

va lue  of  x ( i n  t h i s  case  x = 0 ) .  P a r t  (c) i l l u s t r a t e s  how w e  

can compute t h i s  p a r t i c u l a r  s o l u t i o n  y = f ( x )  f o r  a given va lue  

of x. I n  o t h e r  words, f ( x )  is well-defined a s  an i n f i n i t e  series 

t o  t h e  e x t e n t  t h a t  w e  can approximate, s a y ,  f ( 1 )  t o  a s  g r e a t  a 

degree of accuracy a s  w e  wish simply by t ak ing  s u f f i c i e n t l y  

many t e r m s  of  t h e  power series. 

a .  L e t t i n g  

w e  o b t a i n  
m 

Theref o r e ,  

Equating l i k e  c o e f f i c i e n t s  i n  (3)  w e  conclude t h a t  

a 2  = 0 

and f o r  n -> 3 ,  
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2.8.7 (L continued 

L e t t i n g  n = 3,  (5)  becomes 

L e t t i n g  n = 4 ,  (5)  becomes 

L e t t i n g  n = 5, (5)  becomes 

I n  f a c t ,  s i n c e  (5) t e l l s  us  t h a t  each an i s  a mul t ip le  of t h e  one 
-t h a t  comes t h r e e  be fo re  it, w e  may conclude t h a t  0 = a2 = a5 -

-
a8 - a3n+2*= . 
W e  a l s o  conclude t h a t  t h e  o t h e r  c o e f f i c i e n t s  may a l l  be 

expressed i n  t e r m s  of  a. and a l ,  where a. and al may be s e l e c t e d  

a r b i t r a r i l y  ( s i n c e  n e i t h e r  ( 4 )  nor (5 )  imposes any r e s t r i c t i o n s  

on a o r  a l ) .
0 

For example, l e t t i n g  n = 6 i n  (51, w e  o b t a i n  

o r ,  by (61, 

*The s u b s c r i p t  3n + 2 i s  s i m p l y  a compact  way o f  e x p r e s s i n g  a l l  
w h o l e  numbers w h i c h  l e a v e  a r e m a i n d e r  o f  2 when d i v i d e d  b y  
3 .  T h i s  i s  p r e c i s e l y  t h e  s e t  ( 2 , 5 , 8 , 1 1 , 1 4 ,  . . . I  . 

S.2.8.27 
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2 .8 .7  (L) continued 

S i m i l a r l y ,  l e t t i n g  n = 7 i n  (51, w e  o b t a i n  

a
4 

a 7  =mI 

Continuing i n  t h i s  way, w e  o b t a i n  

and 

What i s  i n t e r e s t i n g  i n  t h i s  example is  t h a t  our  c o e f f i c i e n t s  do 

n o t  sugges t  a "well-known" s e r i e s .  Y e t ,  t h i s  i s  i r r e l e v a n t .  

The key p o i n t  is  t h a t  t h e  r e s u l t i n g  series r e p r e s e n t s  t h e  

genera l  s o l u t i o n  and t h a t  w e  can compute a s  many c o e f f i c i e n t s  

a s  we  wish t o  o b t a i n  any d e s i r e d  accuracy ( a s  w e  s h a l l  i n d i c a t e  

i n  p a r t  (c) of  t h i s  e x e r c i s e )  . 

A t  any r a t e ,  w e  now rewrite 

*We write ( 6 ) ( 5 ) ( 3 ) ( 2 )  rather than 180 in order to emphasize 
the structure of the coefficient in terms of n. 
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2.8.7 (L) continued 

by rea r rang ing  t h e  terms s o  t h a t  a l l  terms whose exponent belongs 

t o  t h e  fami ly  {0,3,6,9,  ...,3n, . . . I  a r e  grouped toge the r ;  a l l  

t e r m s  whose exponent belongs t o  {1,4,7,10,  ...3n + 1,. . . I  a r e  

grouped toge the r ;  and a l l  t e r m s  whose exponent belongs t o  

{2 ,5 ,8 ,  ...,3n + 2, .  .. 1 a r e  grouped toge the r .  

This  l e a d s  t o  

I n  summary, t h e  g e n e r a l  s o l u t i o n  of (2) i s  

y = c u (x) + C2U2 (x)
1 1  

6 9
X x Xwhere u1(x) = (1+ + + 12,960 + . . . I  

and 

Opt ional  Note: 


The advantage of w r i t i n g  our  c o e f f i c i e n t s  i n  t h e  form, say ,  


a 
- 0-

(9)  (8)  (6)  (5)  (3)  ( 2 )  

r a t h e r  than 
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2.8.7 (L) continued 

a -
-& 

is t h a t  it i s  e a s i e r  t o  express  an a s  a  func t ion  of n. For 
example, w e  n o t i c e  t h a t  (9)(8)  ( 6 )  (5)  (3)  (2)  would have been 9! had 

t h e  f a c t o r s  1, 4 ,  and 7 been included.  Thus, w e  have t h a t  

It i s  then an easy  s t e p  t o  "guess" and then v e r i f y  by induc t ion  

t h a t  

I n  a s i m i l a r  way, one n o t i c e  t h a t  

and then con jec tu res  t h a t  

W e  may then w r i t e  ou r  g e n e r a l  s o l u t i o n  i n  t h e  form 

b. When x = 0,  w e  see from (10) t h a t  y [  = f  ( x ) ]  = a. ( s i n c e  a l l  

o t h e r  terms have a f a c t o r  of x ) .  Hence, t h e  f a c t  t h a t  f  (0)  = 0 
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2.8.7 (L) continued 


( i .e. ,  y = 0 when x = 0) means a = 0. Therefore, 

0 

Consequently, 

s o  t h a t  

Since w e  a r e  t o l d  t h a t  f t  (0)  = 1, we have f o r  (15) t h a t  al  = 1 

and thus  from ( 1 4 )  w e ,  t h e r e f o r e ,  conclude 

Note #1: 

Again, n o t i c e  t h a t  i n  o b t a i n i n g  (15) from ( 1 4 )  w e  used t h e  f a c t  

t h a t  

converged uniformly t o  f (x)  . 

O ~ t i o n a lNote #2: 


I f  w e  wanted t o  use (13), w e  have t h a t  


where w e  have again  d i f f e r e n t i a t e d  t e r m  by t e r m .  

The f a c t  t h a t  a. = 0 and al  = 1 reduces (17) t o  
w 


(2)( 5 ) ...(3n - l ) x3n 
f' (x)  = 1 + (3n)! 
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2.8.7 (L) continued 

c. L e t t i n g  x = 1 i n  (16) we  o b t a i n  

Hence, t o  t h e  n e a r e s t  hundredth 

f ( 1 )  = 1.09. 

L e t t i n g  
OD 

w e  o b t a i n  as u s u a l  

and 

Hence, 


x 3y" + xy' - y = 0 


impl ies  t h a t  

00 

Rewrit ing 
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2.8.8(L) continued 
m 

Comparing c o e f f i c i e n t s  of l i k e  t e r m s  w e  see t h a t  

and f o r  n  > 3-

o r ,  n -> 3 -t an = - (n  - 1 ) ( n  - 2)/n + 1 an-l. 


L e t t i n g  n  = 3 i n  (3)  y i e l d s  


a3  = - (2)  (1) (0) = 0
7 


and, i n  f a c t ,  s i n c e  each an i s  a  m u l t i p l e  of  t h e  preivous 

one, w e  see t h a t  n 2 3 + an = 0. 

Hence, each an = 0 excep t  al ( s i n c e  no condi t ion  i s  imposed on 

I n  o t h e r  words, ii 

i s  a s o l u t i o n  of ( I ) , then al i s  a r b i t r a r y  and an = 0 i f  

n # 1. Therefore ,  
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2.8.8 (L) continued 

is a so lu t ion  of ( l ) ,but  not  the  general  so lu t ion .  To be sure ,  

we can f i nd  the  general  so lu t ion  from ( 4 )  by using the  method 

of va r i a t i on  of parameters (as  we d id  i n  the  previous u n i t )  bu t  

i n  terms of t he  theory of t h i s  u n i t ,  the  key po in t  i s  t h a t  when 

it is  wr i t t en  i n  standard fo rm, ( l )  becomes 

and our coe f f i c i en t s  a r e  no t  ana ly t i c  a t  x = 0. Consequently, 

there  is no guarantee t h a t  t he  general  so lu t ion  of (1) can be 

put  i n  t he  form 
00 

Indeed, we have j u s t  shown t h a t  only t he  so lu t ion  y = cx has t h i s  

form. 

A s  a f i n a l  check on t h i s  example, r e c a l l  t h a t  i n  t he  previous 

u n i t  we solved t h i s  same problem and found t h a t  y = x and y = 

el /x  were a p a i r  of l i n e a r l y  independent solut ions .  Notice 

t h a t  e 'IX "blows up" a t  x = 0,  and consequently i s  not  ana ly t i c  

We conclude our exerc i ses  on t h i s  note t o  ind ica te  why the  

concept of series so lu t ions  must be developed beyond a discussion 

of ordinary power s e r i e s .  Namely, the  usual power s e r i e s  

approach requi res  t h a t  our coe f f i c i en t s  be ana ly t i c  everywhere 

i n  a p a r t i c u l a r  region and t h i s  i s  not  always the  case. A 

f u r t h e r  discussion of these  o ther  cases i s  beyond the  i n t e n t  of 

our course, bu t  it is important f o r  you t o  see why such addi- 

t i o n a l  refinements a r e  necessary. . 
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