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2.6.1(L) 

We want t o  emphasize he re  t h a t  t h e  method of undetermined 

c o e f f i c i e n t s  r e q u i r e s  n o t  only  t h a t  

b u t  a l s o  t h a t  f ( x )  must be a l i n e a r  combination of terms of  

t h e  form 

where k i s  a whole number; and a and B a r e  r e a l . *  

You may n o t i c e  t h a t  t h e  examples used i n  t h e  l e c t u r e  were s p e c i a l  

cases  of (2) . For example, i f  L (y)  = ex, then ex has t h e  form 

xkeaxcos Bx where k = 0 ,  a = 1, and B = 0. 

The ques t ion  t h a t  we want t o  analyze i n  t h i s  e x e r c i s e  is why t h e  

r i g h t  s i d e  of (1)must be r e s t r i c t e d  t o  having t h e  form descr ibed 

by ( 2 ) .  The p o i n t  i s  t h a t  t h e  method of undetermined c o e f f i c i e n t s  

r e q u i r e s  t h a t  t h e  r i g h t  s i d e  of (1)be a func t ion  which has only  

a f i n i t e  number of l i n e a r l y  independent d e r i v a t i v e s .  A s  we s h a l l  

d i s c u s s  i n  more d e t a i l  i n  t h e  nex t  ( o p t i o n a l )  e x e r c i s e ,  a 

func t ion  has t h i s  p roper ty  i f  and only  i f  it has t h e  form des- 

c r i b e d  by (2), o r  else i s  a l i n e a r  combination of  terms of 

type  (2).** 

* I f  we a l l o w  t h e  u s e  o f  n o n - r e a l  n u m b e r s ,  t h e  two t y p e s  o f  
t e r m s  d e s c r i b e d  i n  ( 2 )  c a n  b e  w r i t t e n  i n  t h e  s i n g l e  f o r m :  

w h e r e  k i s  s t i l l  a w h o l e  n u m b e r ,  b u t  r i s  now a n y  c o m p l e x  

n u m b e r .  


**What we mean h e r e  i s  t h e  s u p e r p o s i t i o n  p r i n c i p l e  d i s c u s s e d  i n  
t h e  l e c t u r e .  N a m e l y ,  i f  f ( x )  i s  a sum o f  t e r m s  o f  t h e  t y p e  ( 2 ) ;  
s a y  f ( x )  = g l ( x )  + . . . + g m ( x ) ,  w h e r e  g l ( x ) ,  ... , g m ( x )  e a c h  h a v e  
t h e  f o r m  d e s c r i b e d  i n  ( 2 ) ;  t h e n  s o l v i n g  ( 1 )  r e q u l r e s  t h a t  we 
s o l v e  e a c h  o f  t h e  e q u a t i o n s :  L ( y )  = g l ( x ) ,  L ( y )  = g 2 (x), .. . , 
a n d  L ( y )  = g m ( x )  s e p a r a t e l y .  T h e n ,  i f  L ( u l ) =  g l ( x ) *  L ( u  ) = 2
g 2  ( x )  ,... . . .+ 
g l ( x )  + . ., a n d  L ( u  ) = g m ( x ); by l i n e a r i t y  L ( u l  + um) = 

. + g m ( x )  P f  ( x ) .  
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Since t h e  reasoning and t h e  concept  i t s e l f  i s  a  b i t  s u b t l e ,  w e  

s h a l l  i n d i c a t e  what we mean i n  terms of  t h e  va r ious  p a r t s  of  t h i s  

e x e r c i s e .  

a .  1. With 

w e  o b t a i n  

and proceeding i n d u c t i v e l y ,  

n 3xf (n) (x)  = 3 e  . 

From ( 2 )  w e  conclude t h a t  { f ,  f ' ,  f " ,  . . . I  i s  l i n e a r l y  dependent; 

and even more, t h a t  each member of t h e  set  i s  a cons tan t  m u l t i p l e  
3xof e . I n  t h i s  r e s p e c t ,  then ,  i f ,  f ' ,  f " ,  . . . I  is  a 1-

3xdimensional v e c t o r  space spanned by e . 
2. W i t h  

w e  o b t a i n  

Looking a t  ( 4 )  w e  s e e  t h a t  f l ( x )  i s  now a l i n e a r  combination of 
3xe 3 x a n d x e . 

W e  could now, by " b r u t e  fo rce"  e x t a b l i s h  t h a t  each d e r i v a t i v e  of 

xe3X is a l i n e a r  combination of e3Xand xe3X simply by computing 

t h e  v a r i o u s  d e r i v a t i v e s  and see ing  what happens induc t ive ly .  

Namely, w e  may r e w r i t e  ( 4 )  by rep lac ing  xe3X by f  (x) , s o  t h a t  W e  

now have 
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Using ( 4  ' ) t o  f i n d  f "  (x)  , w e  o b t a i n  

o r ,  r e p l a c i n g  f '  (x)  by i t s  value  i n  ( 4 )  , 

C l e a r l y ,  w e  conclude from (5) t h a t  f " ( x )  i s  a l i n e a r  combination 

of e3x and xe3X; and even more, w e  have probably begun t o  sense  

t h a t  each time w e  d i f f e r e n t i a t e  33X o r  xe3X w e  w i l l  continue t o  

3x
o b t a i n  l i n e a r  combinations of e3Xand xe . 

Thus, i n  t h i s  case  it appears t h a t  t h e  set c o n s i s t i n g  of  xe3X and 

i t s  va r ious  d e r i v a t i v e s  i s  a 2-dimensional v e c t o r  space,  with t h e  

b a s i c  "vec to r s"  being e3Xand xe3X. That  is ,  every d e r i v a t i v e  of  


xe3X can be w r i t t e n  i n  one and only one way i n  t h e  form ~ x + e ~ ~ 


~ e where ~ A~and , B a r e cons tan t s .  

Optional  Note : 

A " c u t e r " ,  more mathematical,  i n d u c t i v e  approach would be t o  l e t  

3 x k 3x 


g ( X I  = e . Then, from (1)we a l ready  know t h a t  g ( k )  (x)  = 3 e 

= 3kg (x)  . 

W e  may now show t h a t  each d e r i v a t i v e ,  f (x) , of (3)  i s  a 


l i n e a r  combination of  t h e  preceeding d e r i v a t i v e ,  f (" - (x)  


and g ( X I  . Namely, we r e w r i t e  ( 4 ' I i n  t h e  form 


whereupon 

f (x)  = g '  (x)  + 3 f '  (x)  


f "' (x)  = g'l (x)  + 3f"  (x)  , 
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and, i n  g e n e r a l  

Since g ( k )  (x)  = 3ke3X and s i n c e  e3X= g ( x ) ,  w e  may l e t  k = n - 1 
3n-1,3~ - 3n-l t o  conclude t h a t  g (n-1) (x) = - g (x)  . 

Consequently, (7)  t a k e s  t h e  form 

f (x)  = 3"-lg (x )  + 3f (n-l) (x)  . 
Without worrying about  t h e  s p e c i f i c  d e t a i l s  a t  t h i s  moment, 

n o t i c e  how (8)  t e l l s  

. 
us t h a t  each f (n)  (x)  i s  a l i n e a r  combination 

3 x 3xof e and xe Namely, s i n c e  w e  a l r eady  have shown t h a t  g ( x )  
3xand f '  (x)  a r e  l i n e a r l y  combinations o f  e3Xand xe , w e  may use  

(8)  wi th  n = 2 t o  conclude t h a t  f "  (x)  was a l s o  a l i n e a r  combina- 

t i o n  of e3Xand xe3X. Once w e  knew t h i s  w e  could again  invoke 

(8) , b u t  now wi th  n = e ,  t o  conclude t h a t  f  (3) (x) was a l i n e a r  

combination of e3X and xe3X. 

I n  more computat ional  d e t a i l ,  us ing  (8)  wi th  n = 1 y i e l d s  

f W(x) = g ( x )  + 3f ( X I  


and s i n c e  f ( x )  = xe3X and g (x)  = e3X, t h i s  means t h a t  


which agrees  wi th  ( 4 )  [ a s  it should1 . 


I f  w e  nex t  use  (8)  wi th  n = 2 ,  w e  o b t a i n  


o r ,  from (91, 

Hence, 

S.2.6.4 
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f "  (x)  = 6e3X + 9xe3X [which agrees  wi th  (5) 1.  


Again, r e t u r n i n g  t o  (81, b u t  now wi th  n = 3, w e  have 


f  l1l(x) = 99 (x)  + 3f (x)  


s o  t h a t  by (10), 


f n 1 (x)  = 9e3X + 3 (6e3X + 9xe3X) 


= 27e3X + 2 ~ x e ~ ~ .  


With t h e  a rch  o f  (11)w e  use  ( 8 )  wi th  n = 4 t o  o b t a i n  


Notice how n i c e l y  t h i s  induc t ive  method minimizes t h e  amount of 

a c t u a l  computation. A t  t h e  same t i m e ,  n o t i c e  how (91, ( l o ) ,  
(11), and (12) t e l l  us  s p e c i f i c a l l y  how f I ,  f " ,  f " ', ( 4 )  and f 

3 x a r e  expressed a s  l i n e a r  combinations of e3X and xe . 
With some a d d i t i o n a l  exper ience  and/or luck,  w e  might even 

d i scover  i n  time t h e  more genera l  r e s u l t  t h a t  

Of course ,  even i f  w e  never d iscovered (131, once given it a s  a 

con jec tu re ,  w e  can v e r i f y  it by mathematical induct ion .  

The r e a l l y  impor tant  p o i n t ,  however, i s  t h a t  by use of (8)  

we can v i r t u a l l y  immediately compute f (x)  a s  a l i n e a r  com-
3 x b i n a t i o n  of  e and xe3X a s  soon a s  w e  know f (n-l) (x)  a s  a 

3x
l i n e a r  combination of e3Xand xe3X. Thus, e , xe3x i s  a 

l i n e a r l y  independent set  wi th  t h e  proper ty  t h a t  t h e  d e r i v a t i v e s  

of  xe3X a r e  a l l  l i n e a r  combinations of t h e  members of t h i s  set .  
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b. Given the  equation 

with 

and 

we see  t h a t  the  r i g h t  condit ions f o r  t he  method of undetermined 

coe f f i c i en t s  e x i s t .  Namely, our equation i s  l i n e a r ;  it has 

constant  coe f f i c i en t s ;  and i t s  r i g h t  s i de  i s  of the  required 

type 

Hence, a s  ou t l ined  i n  our l e c t u r e ,  we look f o r  a p a r t i c u l a r  

so lu t ion  of (1) i n  t h i s  case of the  form 

From ( 4 )  we obtain 

and 

Therefore, i f  w e  replace y  i n  (1)by yp a s  defined by ( 4 )  2 

and use t he  r e s u l t s  of (5)  and (6) , w e  obtain  
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Equating t h e  c o e f f i c i e n t s  of e3Xi n  (7)  w e  o b t a i n  


1 
A = -
8 ,  


s o  by ( 4 )  

i s  a p a r t i c u l a r  s o l u t i o n  of (1). 

Check : 

Hence, 

The r e s t  of t h i s  problem involves  "old" s t u f f .  Namely, our  

reduced equat ion  i s  

and i n  t h e  previous  u n i t  w e  learned t h a t  t h e  genera l  s o l u t i o n  

of ( 9 )  is  given by 

The genera l  s o l u t i o n  of  (1) is given by 

s o  from (8 )  and (10) w e  have t h a t  

i s  our  g e n e r a l  s o l u t i o n .  

Note #1 


A l l  t h a t  i s  "new" i n  t h i s  u n i t  i s  t h a t  w e  have a s p e c i a l  


technique f o r  f i n d i n g  y t h a t  works f o r  c e r t a i n  types  of 


S.2.6.7 
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equations.  Other than t h a t ,  the  r e s t  of the  theory i n  t h i s  

problem has been discussed more general ly  i n  previous u n i t s .  

Note #2 

While (11)expresses y a s  a sum of 3 terms and ( 1 0 )  a s  a sum 
of 2 terms, (11)s t i l l  has only the  same two a r b i t r a r y  constants 

a s  does ( 1 0 ) .  That i s ,  i f  we want t o  f i nd  the  so lu t ion  of (1) 

which passes through (xo,yo) with s lope y l o ,  we see  from (11) 

t h a t  cl and c2 a r e  determined by the  system of equations.  

Since x o,yo, and y t o  a r e  given numbers, the  only unknowns i n  

(12) a r e  cl  and c2.  Thus, the  uniqueness of the  so lu t ion  i n  ( 1 2 )  

depends only on t h e  determinant of coe f f i c i en t s  of c l  and c2 ;  

which i s  t h e  same determinant t h a t  charac te r izes  (10).  This 

i s  why w e  only needed one so lu t ion  y once we knew the  general  
P 

so lu t i on ,  yn of y" - 8y' + 7y = 0. 

c. 	 Our main aim i n  t h i s  p a r t  of t he  exerc i se  i s  t o  emphasize our 
e a r l i e r  remarks about t he  f a c t  t h a t  f ( x )  and i t s  various der i -  

va t i ve s  can be expressed i n  terms of l i n e a r  combinations of an 

appropria te  f i n i t e  subset  of der iva t ives .  To s e t  up our claim, 

l e t  us t r y  t o  lead you i n t o  a t rap .  Namely, suppose we t r i e d  

t o  solve t h i s  exercise  i n  the  same way a s  we d id  the  previous 

p a r t .  That i s ,  given t h a t  

we t r y  f o r  a p a r t i c u l a r  so lu t ion  of (1) i n  the  form 

3x = Axe 
Y~ 

. ( 2  

5.2.6.8 
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From 	 (2) , w e  conclude [see  p a r t  ( a )1 


= ~ e ~
( + 	3xe3X'~ 
Y ' ~  

and 

y W p= + 9xe3X). 	 ( 4 )~ ( 6 e ~ ~  

Using ( 2 )  , ( 3 ) ,  and ( 4 )  and l e t t i n g  y  = y equat ion  (1)y i e l d s
P ' 


~ ( 6 e ~ ~+ 9xe3X) - 3x 8 ~ ( e ~ ~  + 3xe3X) + 7 ~ x e ~ ~  = xe ,


Since xe3X and e3Xa r e  l i n e a r l y  independent,  w e  know, again  from 

t h e  previous  u n i t ,  t h a t  equat ion  (5)  can be s a t i s f i e d  i f  and only 

i f  " l i k e "  c o e f f i c i e n t s  a r e  equal .  Equating t h e  c o e f f i c i e n t s  of 

xe3xt w e  see t h a t  

3  x  and equa t ing  t h e  c o e f f i c i e n t s  of  e , w e  see t h a t  

Comparing (6)  and (7) w e  see t h a t  w e  have a r r i v e d  a t  a contra-
1d i c t i o n .  Namely A must be cons tan t ,  y e t  would have t o  be -

t o  s a t i s f y  (61, b u t  0 t o  s a t i s f y  ( 7 ) .  

This  c o n t r a d i c t i o n  i s  n o t  t h e  end of t h e  world, b u t  it does t e l l  
3x us  	t h a t  equa t ion  (1)has no s o l u t i o n  of t h e  form: y = Axe . 

Where, then ,  d i d  w e  go wrong? How come we used t h e  same method 

i n  p a r t  (b)  and d i d n ' t  g e t  i n t o  any t r o u b l e  b u t  t h a t  t h e  method 

g o t  i n t o  t r o u b l e  here?  
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The answer l ies  i n  the  f a c t  t h a t  when w e  d i f f e r e n t i a t e  xe3X, 

t h e  d e r i v a t i v e  inc ludes  t h e  new, l i n e a r l y  independent t e r m  

e3x. This  d i d  n o t  happen i n  p a r t  (b) . That  i s ,  i n  p a r t  (b)  

every  d e r i v a t i v e  of  e3Xwas a cons tan t  m u l t i p l e  of  e3Xs o  t h a t  

no new family  of l i n e a r l y  independent terms was in t roduced by 

t ak ing  t h e  va r ious  d e r i v a t i v e s .  

Herein l ies  t h e  importance of t h e  work d iscussed i n  p a r t  ( a )  

of  t h i s  e x e r c i s e .  I n  p a r t  ( a )  w e  saw every d e r i v a t i v e  o f  xe 3x 

was a l i n e a r  combination of t h e  l i n e a r l y  independent func t ions ,  

xe3X and e3X. Thus, t o  p r o t e c t  ourse lves  a g a i n s t  new, unforeseen 

terms from "creeping i n " ,  our  t r i a l  s o l u t i o n  should n o t  have 

been y = b u t  r a t h e r  ~ x e ~ ~ ,
P 

Axe3x 

Using a b i t  of  h i n d s i g h t ,  w e  see t h a t  wi th  (8)  r e p l a c i n g  (21 ,  

t h e  f a c t  t h a t  w e  a r e  going t o  have t o  compare l i k e  c o e f f i c i e n t s  

of  two sets o f  t e r m s  no longer  f o r c e s  us  i n t o  a c o n t r a d i c t i o n  

s i n c e  (8)  g i v e s  u s  two undetermined c o e f f i c i e n t s  a t  our  d i s p o s a l .  

More computa t ional ly ,  from (8)  w e  have 

3 = + x ~ ( e ~+ 3Be~
Y'P 

= 3Axe3X + (A + 3 ~ ) e ~ ~  

and 

~f w e  now r e p l a c e  y by y i n  (1), only now us ing (8) I (9)
P 

I

and (10) i n s t e a d  of  (21, ( 3 1 ,  and ( 4 1 ,  w e  o b t a i n  



S o l u t i o n s  
Block 2 :  Ordinary D i f f e r e n t i a l  Equations 
Uni t  6: The Method of  Undetermined C o e f f i c i e n t s  

2.6.1 (L) continued 

Equating c o e f f i c i e n t s  of  " l i k e "  terms i n  (11) y i e l d s  

-8A = 1 [ j u s t  as i n  (6) 1 

-and 
1 

With A = - 1 , t h e  bottom equat ion  i n  (12) becomes 

Using t h e s e  va lues  of  A and B i n  ( 8 ) ,  w e  o b t a i n  

A s  a check t h a t  (13) i s  a s o l u t i o n  of ( 1 1 ,  we  have 

hence, 

Therefore ,  
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Since  t h e  reduced equat ion  i s  s t i l l  

w e  see from (13) t h a t  t h e  r equ i red  s o l u t i o n  i s  

This  h e l p s  t o  e x p l a i n  why w e  do n o t  have t o  go beyond t h e  

fami ly  of  d e r i v a t i v e s  of t h e  r i g h t  s i d e  i n  looking f o r  y by
P 

t h e  method of undetermined c o e f f i c i e n t s .  A good r u l e  o f  thumb, 

however, i s  t h a t  when i n  doubt  a s  t o  whether a  p a r t i c u l a r  term 

should be inc luded i n  t h e  t r i a l  s o l u t i o n  of y always inc lude  
P'  

t h e  term. I f  t h e  term was u n n e c e s s a r y i t s  c o e f f i c i e n t  w i l l  


simply t u r n  o u t  t o  be zero ,  i n  which case  w e  have wasted some 


t i m e  b u t  no damage i s  done i n  t h e  sense  t h a t  we s t i l l  g e t  t h e  


answer. On t h e  o t h e r  hand, i f  we  leave  o u t  a t e r m  which 


should have been inc luded,  then w e  w i l l  a r r i v e  a t  a  cont ra- 


d i c t i o n  [ a s  i n  (6)  and (7) ] i n  which case  w e  must s t a r t  over.  


Note : ( o p t i o n a l )  


Le t  u s  observe t h a t  w e  do n o t  have t o  worry about whether 


a d d i t i o n a l  t e r m  should have been inc luded i n  ( 8 ) .  For example, 


had w e  t r i e d  


then,  i f  h (x)  i s  a l i n e a r  combination of  e3Xand xe3X, then 


c h ( x )  . . i s  redundant  i n  (14) because h ( x )  could have been w r i t t e n  


a s  klxe3x + k2e3x i n  which case  (14) would be  back i n  t h e  form 

( 8 ) .  I f  h ( x )  i s  n o t  a l i n e a r  combination of  e3Xand xe3X, then 
3x 

(h  (x)  , e , xe3X} i s  l i n e a r l y  independent.  S ince  h (x) does 

n o t  appear on t h e  r i g h t  s i d e  of (1)b u t  c h ( x )  appears on t h e  

l e f t  s i d e ,  w e  must have t h a t  c = 0,  s i n c e  t h e  c o e f f i c i e n t  of 

h ( x )  on t h e  l e f t  s i d e  must equal  t h e  c o e f f i c i e n t  on t h e  

r i g h t  s i d e  (which i s  0 ) .  
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-

2.6.1 (L)  continued 

d. H e r e  it appears t h a t  w e  a r e  back t o  t h e  type  of problem i n  p a r t  

(b)  r a t h e r  than t h e  type  of p a r t  (c). That i s ,  looking a t  t h e  

r i g h t  s i d e  of 

it s e e m s  t h a t  our  t r i a l  s o l u t i o n  should be 

and t h a t  no o t h e r  terms a r e  necessary  s i n c e  a l l  t h e  d e r i v a t i v e s  
7xof e7x a r e  {cons tan t )  m u l t i p l e s  of  e . 

Never theless ,  us ing  (2)  w e  see t h a t  

7  x  
Y ' ~= 7Ae 

and 

7  x  y M P= 49Ae . 

Replacing y  by y  i n  (1)now y i e l d s  
P 


4 9 ~ e ~ ~  - + 7x 7 x  
8 ( 7 ~ e ~ ~ )  7 ( A e ) = e 

Obviously (5)  i s  a c o n t r a d i c t i o n ,  s i n c e  e7Xcannot be zero f o r  

any va lue  of x - l e t  a lone  i d e n t i c a l l y  zero.  Where we went 

wrong i n  t h i s  problem ( u n l e s s  you saw through our  approach and 

d i d  it c o r r e c t l y  on your own) was t h a t  w e  d i d  no t  recognize t h a t  

our  t r i a l  s o l u t i o n  was i t s e l f  p a r t  of t h e  s o l u t i o n  of t h e  re-

duced equa t ion .  

I n  o t h e r  words, n o t i c e  t h a t  once w e  p ick  our  y  t h e  approach 
P ' 

is  t o  compute L (y ) and then look a t  t h e  r i g h t  s i d e ,  f  (x)  ,
P 

and compare c o e f f i c i e n t s .  The p o i n t  i s  t h a t  once y  i s  a 
P 
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2.6.1 (L) continued 

s o l u t i o n  of t h e  reduced equa t ion ,  L(y  ) w i l l  au tomat ica l ly  be 
P

zero  and t h i s  w i l l  l ead  t o  a  c o n t r a d i c t i o n  u n l e s s  f ( x )  i s  a l s o  

i d e n t i c a l l y  ze ro  ( i f  f ( x )  i s  i d e n t i c a l l y  zero  then w e  would n o t  

have been us ing undetermined c o e f f i c i e n t s  i n  t h e  f i r s t  p l a c e ,  

b u t  r a t h e r  t h e  method of t h e  previous  u n i t ) .  

This  i s  why w e  emphasized i n  t h e  l e c t u r e  t h a t  one should s o l v e  

t h e  reduced equa t ion  be fo re  t r y i n g  t o  f i n d  y  by t h e  method 
P

of undetermined c o e f f i c i e n t s .  

The t r i c k  i n  t h i s  case  is  t h a t  whenever t h e  l o g i c a l  choice  w e  

would have made f o r  y  t u r n s  o u t  t o  be  a s o l u t i o n  of t h e
P 

reduced equa t ion ,  w e  r ep lace  yp by xyp. I f  xylS i s  s t i l l  a 

s o l u t i o n  o f  t h e  reduced equat ion  w e  then t r y  x  y  etc. ,  and 
P' k w e  u l t i m a t e l y  wind up wi th  a  va lue  of  k  f o r  which x  y  does 

n o t  s a t i s f y  t h e  reduced equation.  I n  t h i s  c a s e ,  xkyppwill 

work a s  our  t r i a l  s o l u t i o n .  

With r e s p e c t  t o  t h e  p r e s e n t  e x e r c i s e ,  we see t h a t  wi th  y  
P -

~e~~ i s  a  p a r t i c u l a r  s o l u t i o n  of t h e  reduced equat ion  
Y~ 

s i n c e  t h e  g e n e r a l  s o l u t i o n  of  t h e  reduced equat ion  i s  

from which w e  may o b t a i n  y  simply by l e t t i n g  cl = A and c 2  
P 

= 0. 

Therefore,  r a t h e r  than (2)  w e  t r y  

a s  o u r  t r i a l  s o l u t i o n ,  This  w i l l  work s i n c e  xe7X i s  n o t  a 
7x l i n e a r  combination of  ex  and e7X; and consequently Axe 

cannot  be a s o l u t i o n  of  t h e  reduced equa t ion  ( s i n c e  a l l  such 

s o l u t i o n s  a r e  l i n e a r  combinations o f  ex and e7X). 

Before c a r r y i n g  o u t  t h e  s o l u t i o n  of t h i s  problem, l e t  us  make 

s u r e  t h a t  w e  see t h e  b a s i c  d i f f e r e n c e  between t h i s  p a r t  of t h e  

e x e r c i s e  and t h e  previous p a r t .  I n  t h e  previous  p a r t ,  w e  

-
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2.6.1 (L)  continued 

t r i e d  f o r  a s o l u t i o n  of t h e  form 

n o t  because e3Xwas a s o l u t i o n  of t h e  reduced equat ion  b u t  be- 

cause t h e  r i g h t  s i d e  of t h e  equat ion  had t h e  t e r m  xe3X. I n  t h i s  

p a r t  of  t h e  e x e r c i s e ,  we used (6)  n o t  because t h e  r i g h t  s i d e  of 

(1) had a t e r m  of t h e  form xe7X, b u t  because t h e  r i g h t  s i d e  was 

e7x which was a s o l u t i o n  of t h e  reduced equat ion .  I n  t h i s  

con tex t ,  n o t i c e  t h a t  (6)  i s  w r i t t e n  j u s t  a s  it is .  We do no t  

w r i t e  (6)  a s  

s i n c e  ( 6 ' )  would j u s t  cause us  e x t r a  work (and a  con t rad ic t ion  

u n l e s s  B = 0). Namely, i n  computing 

We o b t a i n  by l i n e a r i t y  

and t h i s ,  i n  t u r n ,  i s  simply 

AL (xe7X) 

7  x  s i n c e  L ( e  ) = 0. 

Thus, had w e  used ( 6 ' ) ,  when w e  went t o  equate  c o e f f i c i e n t s ,  

B would have been missing! 

A t  any r a t e ,  r e t u r n i n g  t o  (6)  we o b t a i n  

and 
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2.6.1(L) continued 


Thus I using (6) in (1) yields 

( 1 4 ~ e ~ ~  + 4 9 ~ x e ~ ~ )  - 8( ~ + 7Axe7~)e ~ + ~ 7 (Axe7~) = e7x

and from (9) we conclude that 


so that, from (6) 


From (10) we conclude that the general solution of (1) is 


Summary: 

Admittedly this was an unusually long exercise (even by our 

standards). The point is that this one exercise hits at 

virtually every problem that can arise when one uses the 

method of undetermined coefficients. 

We may summarize our results as follows. Assume for the remainder 


of this discussion that 


is a linear differential equation with constant coefficients. 


1. We investigate to see whether f(x) is a solution of the 

reduced equation; that is, we see whether L(f(x)) = 0. 
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2. I n  t h e  e v e n t  t h a t  f ( x )  i s  n o t  a s o l u t i o n  of t h e  reduced 

equa t ion ,  w e  choose o u r  t r i a l  s o l u t i o n  a s  fo l lows:  

I f  f ( x )  = erx, then y  = A e
rX 

P 

I f  f ( x )  = s i n  mx, then y  = A s i n  mx + B cos  mx* (and t h e  same
P 


i s  used i f  f  (x)  = cos  mx) 
Y~ 

.

k 3. I f  f ( x )  = x , then y = ~~x~ + . . . + A1x + A. [ i . e . .  f 

P 
and i t s  d e r i v a t i v e s  a r e  a l l  l i n e a r  combinations of  1, x . . . ,  and 

4 .  I f  f ( x )  = f l ( x )  + ...+f m ( x ) ,  where f l  ,...,f m  a r e  of t h e  

types  (1), (2) , and/or (31, w e  so lve  L(y)  = f l ( x )  ,.. . ,L(y)  = 

. f m ( x )  s e p a r a t e l y  and then 	use l i n e a r i t y  t o  f i n d  t h e  s o l u t i o n  of 

L(y)  = f ( x ) .  

k
5. I f  f  (x)  = x eaXcos  Bx ( t h e  most genera l  c a s e ) ,  w e  take  t h e  

f a m i l i e s  { l , x , .  . . k,x  1 , {eax 1 , {cos fix, s i n  6x1 and form 

a l l  p o s s i b l e  t e r m s  which c o n s i s t  of a member of each set. Our 

t r i a l  s o l u t i o n  i s  then t h e  genera l  l i n e a r  combination of t h e  

members of t h e  r e s u l t i n g  set. 

By way of  i l l u s t r a t i o n ,  i f  

3 f  (x)  = x cos 2x 

w e  form one family  11, x ,  x2 x3 1 [by (311, and t h e  o t h e r  

family {cos 2x, s i n  2x1 and o b t a i n  t h e  s e t  of e i g h t  t e r m s  

2 3 {COS 2x, 	 x cos 2x, x cos  2x, x cos 2x, s i n  2x, x  s i n  2x, 
2 3x s i n  2x, x s i n  2x 1 

3A l l  d e r i v a t i v e s  of x cos 2x a r e  l i n e a r  combinations of  these  

e i g h t  members. 

*Not ice  t h a t  t h i s  i s  c o n s i s t e n t  w i t h  our c l a i m  t h a t  y must 
i n c l u d e  a l l  l i n e a r l y  independent  d e r i v a t i v e s  o f  f  ( x )  .' In the  
c a s e  t h a t  f ( x )  = s i n  mx or  c o s  mx, f and a l l  i t s  d e r i v a t i v e s  
a r e  l i n e a r  combinat ions  o f  s i n  mx and c o s  mx. 
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6. I f  f ( x )  i s  a s o l u t i o n  of  t h e  reduced equat ion  then t h e  

corresponding 	y given i n  (2)  i s  m u l t i p l i e d  by t h e  s m a l l e s t  power 
k , P kof  x ,  say x f o r  which x y i s  n o t  a s o l u t i o n  of  t h e  reduced 

P 	 k 
equat ion .  	 Our new t r i a l  s o l u t i o n  i s  then x y 

P' 

For example, suppose w e  wanted t o  f i n d  a p a r t i c u l a r  s o l u t i o n  of  

I n  t h i s  c a s e ,  

from which 	w e  see t h a t  r = 1 i s  a 3-fold r o o t  of L(erx) 

Hence, it is  X " foo l i sh"  t o  t r y  l i n e a r  combinations of ex, xe , 
and x2eX s i n c e  each of  t h e s e  func t ions  i s  a s o l u t i o n  of t h e  

reduced equat ion .  

Thus, o u r  t r i a l  s o l u t i o n  i n  t h i s  i l l u s t r a t i o n  would be 

Fur the r  d r i l l  is  l e f t  t o  t h e  remaining e x e r c i s e s .  

2.6.2 ( o p t i o n a l )  

I n  t h e  l a s t  e x e r c i s e  w e  showed how t h e  method of  undetermined 

c o e f f i c i e n t s  worked i n  t h e  case  ~ ( y )  = f ( x )  where L had cons tan t  

c o e f f i c i e n t s  and f (x)  had e i t h e r  of t h e  two forms : xkeUXcos$x 

or xkeaxsin$x. 

W e  showed why it was necessary  t h a t  f ( x )  and i t s  va r ious  d e r i -  

v a t i v e s  a l l  be l i n e a r  combinations of a f i n i t e  s u b s e t  of t h i s  

set. I n  t h i s  e x e r c i s e  we  want t o  show t h a t  f (x)  must be 

r e s t r i c t e d  t o  t h e  type  d i scussed  i n  t h e  previous e x e r c i s e  i f  t h i s  

is  t o  happen. 
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To prove our  a s s e r t i o n ,  l e t  us  assume t h a t  t h a t  f ( x )  i s  any 

a n a l y t i c  func t ion  which t o g e t h e r  wi th  a l l  i t s  d e r i v a t i v e s  forms 

a l i n e a r l y  dependent set. By d e f i n i t i o n  of l i n e a r l y  dependent, 

t h i s  means t h a t  t h e r e  e x i s t s  a d e r i v a t i v e  of  f ,  say  t h e  n th  

d e r i v a t i v e ,  f (") (x) , which i s  a l i n e a r  combination of t h e  previous  

d e r i v a t i v e s .  

I n  o t h e r  words, where e x i s t  cons tan t s  cl ,  ..., and c ~ - ~such t h a t  

and i f  w e  t ranspose  a l l  terms onto  t h e  l e f t  s i d e  of  t h i s  equa t ions ,  

w e  o b t a i n  

where w e  have rep laced  -ck by ak simply f o r  t h e  sake of 

convenient  n o t a t i o n .  

Looking a t  (1)we see t h a t  y = f ( x )  i s  a s o l u t i o n  of t h e  homo- 

geneous l i n e a r  d i f f e r e n t i a l  equat ion  wi th  cons tan t  c o e f f i c i e n t s :  

I n  t h e  l a s t  Uni t  w e  showed t h a t  every  s o l u t i o n  of (2)  was a 
k l i n e a r  combination of terms of t h e  form xkeax cos Bx and/or x 

ax  e s i n  Bx. I n  o t h e r  words, i f  we i n s i s t  t h a t  t h e  s e t  

{ f ,  f " ,  ..., 1 be l i n e a r l y  dependent,  then f ( x )  must have t h e  

form desc r ibed  i n  t h e  previous  e x e r c i s e .  

For example, i f  w e  r e f e r  t o  t h e  equat ion  

y" + y = s e c  x ,  

mentioned a t  t h e  end of t h e  l e c t u r e ,  and t r y  f o r  a s o l u t i o n  

i n  t h e  form 
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we  o b t a i n  

= A sec x t a n  x
Y '  P 
and 

2 ywvp= A sec x ( s e c  x) + A ( s e c  x t a n  x)  t a n  x 

2 2 = A s e c  x ( s e c  x + t a n  x )  . 

L e t t i n g  y = y i n  ( 3 )  then  y i e l d s  
P 

2 2 2 2A sec x ( s e c  x + t a n  x)  + A s e c  x = sec x + 0 sec x ( s e c  x + t a n  x)  . 
( 7 1 

Zhus, by comparing c o e f f i c i e n t s  i n  ( 7 )  w e  o b t a i n  A = 1 and 

A = 0* which is  a c o n t r a d i c t i o n  s i n c e  A is  cons tan t .  

If w e  now try t o  a d j u s t  ( 4 )  by t r y i n g  

= A sec x + B ( s e c  x)  ' 
IP 


( = A sec x + B sec x t a n  x)  


we  wind up i n  t h e  same t r o u b l e  because each t i m e  w e  d i f f e r e n t i a t e ,  

a  new ( l i n e a r l y  independent) d e r i v a t i v e  e n t e r s  t h e  p i c t u r e .  

Thus, w e  keep imposing t o o  many cond i t ions  of  o u r  given 

undetermined c o e f f i c i e n t s .  This  w i l l  always happen because w e  

never g e t  t o  t h e  s t a g e  t h a t  any f i n i t e  sum of  t h e  form 

A sec x + Al(xec x)  ' + A 2 ( s e c  x ) "  + .. . + An(sec x) (n)  
0 

c h a r a c t e r i z e s  a l l  of t h e  remaining d e r i v a t i v e s  of s e c  x. 

Th i s  i s  n o t  t o  s a y  t h a t  w e  cannot  f i n d  t h e  genera l  s o l u t i o n  

of  y"  + y = sec x b u t  r a t h e r  t h a t  t h i s  g e n e r a l  s o l u t i o n  

*We may o n l y  compare l i k e  c o e f f i c i e n t s  when our f u n c t i o n s  a r e  
l i n e a r l y  independent .  The f a c t  t h a t  s e c  x i s  n o t  a & i n e a r  
combination o f  terms o f  t h e  f a m i l y  xkeaXcos e x  and x eaXs in  e x  
means t h a t  { s e c x , ( s e c  x ) ' ,  ( x e c  x ) " }  i s  l i n e a r l y  independent .  
Thus, i n  p a r t i c u l a r  { s e c  x ,  ( s e c  x)") i s  l i n e a r l y  independent .  
Thus, what ( 7 )  s a y s  i s  

A ( s e c  x ) "  + A s e c  x = 0 ( s e c  x ) "  + 1 s e c  x .  
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cannot be found by t h e  method of undetermined c o e f f i c i e n t s .  I n  

t h i s  example, w e  s t i l l  have cons tan t  c o e f f i c i e n t s  b u t  t h e  r i g h t  

s i d e  i s  of t h e  wrong form. 

2.6.3 

Since L (y)  = y" - 6yt  + 9y i n  each p a r t  of t h i s  e x e r c i s e ,  w e  have 

t h a t  t h e  g e n e r a l  s o l u t i o n  of t h e  reeuced equat ion  w i l l  always be 

Thus, i n  each p a r t  of t h i s  e x e r c i s e  w e  must f i n d  one p a r t i c u l a r  

s o l u t i o n ,  
Y~ ' of L (y)  = f  (x) whereupon t h e  genera l  s o l u t i o n  w i l l  

be 

a. Given 

our  t r i a l  s o l u t i o n  i s  y = A e
4x. Hence

P 


= 4Ae4x and y " = 

Y~ P 16~e4X. 

We then o b t a i n  from (3)  


( 1 6 A e ~ ~ )- + 9 ( ~ e ~ ~ )  e4x 1 9 ~ e ~ ~l e4x
6 ( 4 ~ e ~ ~ )  = o r  = 


s o  t h a t  A = --19 
1 
' whence y = lg1 e 4x.


P 

From (2) our  g e n e r a l  s o l u t i o n  i s  given by 
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b. 	 With 

y n  - 6y' + 9y = s i n  3x, 

o u r  t r i a l  s o l u t i o n  becomes 

= A 	 s i n  3x + B cos  3x.
Y~ 


Hence, 


= 3A cos  3x - 3B s i n . 3 ~  

Y ' P  

and 

y1Ip = -9A s i n  3x - 9B cos  3x. 

Thus (5)  now l e a d s  t o  


(-9A s i n  3x - 9B cos  3x) - 6 ( 3 ~  3x - 3B s i n  3x) 
cos  

+ 9 (A s i n  3x + B cos 3x) = s i n  3x 

18B s i n  3x - 18A cos  3x = 1 s i n  3x + 0 cos 3x, 

from which w e  conclude t h a t  B = -1 
18 and A = 0. Thus, from (6), 

1 = '58 	COS 3x.
Y~ 

Refe r r ing  again  t o  (2), our  genera l  s o l u t i o n  i s  

y = 	 + -1 cos  3x.(c0 	+ c ~ x ) ~ ~ ~18  

c. 	 With 

y" - 6y1 + 9y = xe X 

our  t r i a l  s o l u t i o n  must be of  t h e  form 
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2.6.3 continued 

s i n c e  a l l  d e r i v a t i v e s  of  xeX a r e  l i n e a r  combinations of  xeX 

and ex. 

From (8)  w e  o b t a i n  

= A e
X + ~ x + eBeX~ 

= AxeX + (A + B) ex 

and 

= AxeX + (2A + B ) e X .  


Using t h i s  informat ion  i n  (7) y i e l d s  


Hence, 

Thus, (8)  becomes 

s o  t h a t  by (2)  o u r  g e n e r a l  s o l u t i o n  i s  


y = (cl + clx)e3x + -41 e x  (x  + 1) 


d. 	 Since y" - 6y1 + 9y = 0 i s  s a t i s f i e d  by both y = e3X and 
3x y = xe , 	our  t r i a l  s o l u t i o n  f o r  

S.2.6.23 
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Unit  6: The Method of Undetermined C o e f f i c i e n t s  

2.6.3 continued 


y" - 6y1 + 9y = e 3x 


should be 


From (1) 


= 3 ~ x ~ e ~ ~ 
+ 2 ~ x e ~ ~  


and 


P u t t i n g  t h e s e  r e s u l t s  i n t o  (9)  y i e l d s  


9 ~ x ~ e ~ ~ 
+ 1 2 ~ x ~ ~ ~+ 2~~~~ 

2 3x + 9Ax e 
0 

Hence, 


3x 1
2~~~~= l e  , o r  A = -2 . 

With A = , (10) y i e l d s  


1 2 3x. 
= - x e  ,
Y~ 2 

s o  from (2) w e  ob ta in  a s  our  genera l  s o l u t i o n  

1 2 3x 
y = 2 .(c0 + c1x)e3X + - x  e 



Solutions 

Block 2: Ordinary D i f f e r e n t i a l  Equations 
Uni t  6 :  The Method of Undetermined C o e f f i c i e n t s  

From t h e  previous  e x e r c i s e  w e  have t h a t  


L ( e4 x 
) = e 4x. 


Hence, 


4x 4x3L(e ) = 3e . 

By l i n e a r i t y  , 


3 ~ ( e ~ ~ ) 4x 
= ~ ( 3 e 1 ;  


hence, (2) becomes 


~ ( 3 e ~ ~ )3e4x.
= 

W e  a l s o  saw i n  t h e  previous  e x e r c i s e  t h a t  


L (&cos 3x1 = s i n  3x. 


Combining (3) and ( 4 )  y i e l d s  


~ ( 3 e ~ ~ )1 cos  3x) = 3e4X + s i n  3x. 
+ L(-18 


Again by l i n e a r i t y ,  


1 1
L (3e4X) + L (=cos 3x1 = L (3e4X + -18 cos 3x1 -


s o  t h a t  (5) impl ie s  


~ ( 3 e ~ ~+ 1 cos 3x1 = 3e4X + s i n  3x. 


I n  o t h e r  words, 


v = 3e4X + -1 cos 3~ 


i.s a p a r t i c u l a r  s o l u t i o n  of L(y)  = 3e4X + s i n  3x. 



Solu t ions  
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Unit  6: The Method of  Undetermined C o e f f i c i e n t s  


2.6.4 continued 

Since L (y) = y n  - 6y1 + 9y, 

yh = (co + clx) e 3x. ( 7  

Hence, from (6)  and (7) w e  have t h a t  t h e  g e n e r a l  s o l u t i o n s  of 

y n  - 6y1 + 9y = 3e4' + s i n  3x 

is  

y = (c0 clx)eJX + 3e4X + -18l cos  3x. 

2.6.5 

Since x2eX i s  n o t  a p a r t i c u l a r  s o l u t i o n  of  y n  + 3yq + 2y = 0 ,  

w e  may t r y  a s  a s o l u t i o n  of 

t h e  t r i a l  s o l u t i o n  

2 x[ i.e., a l l  d e r i v a t i v e s  of  x2eX a r e  l i n e a r  combinations of x e , 
xe X , and ex] . 
From (2)  w e  have 

and 

yWp = 2AxeX + ~ x -b ~ e ~ + ~ ) e ~(B + c)eX(2A + B)xeX + ( 2 ~  + 

With t h i s  informat ion ,  (1)becomes 

S.2.6.26 
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2.6.5 continued 


~ x + ~ e ~ + +
(4A + ~ ) x e ~  2B + c)eX( 2 ~  


3Ax2eX + (6A + 3 ~ ) x e ~(3B + 3c)eX 2 x
+ = x e  


2 ~ x ~ e ~+ +
2 ~ x e ~2ceX 


o r  


Hence, 

Therefore,  one s o l u t i o n  of (1) i s  

and s i n c e  t h e  g e n e r a l  s o l u t i o n  of  y" + 3y' + 2y = 0 i s  

YL = c 7 e-2x + c,e -X , t h e  g e n e r a l  s o l u t i o n  of (1)is  

2.6.6 


3 r x  

L e t t i n g  L(y)  = d y/dx3 - dy/dx, w e  s e e  t h a t  L(erx) = e (r3- r ) ;  
s o  t h a t  L(erx) = 0 ++ r = 0,  1, -1. 

Hence, 

W e  now want t o  s o l v e  
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2.6.6 continued 

Tc f i n d  	a p a r t i c u l a r  s o l u t i o n  of  (21, w e  would o r d i n a r i l y  use  

= A e
X b u t  s i n c e  ex i s  a  s o l u t i o n  of t h e  reduced equat ion  (1),

Y~ 
our  t r i a l  s o l u t i o n  should be 

This  l e a d s  t o  


= A e X  + AxeX 


Y~ 


2AeX + ~ x e ~ 

Yp1l = 


3 ~ e ~ 
+ AxeX 
YP"' = 


s o  t h a t  


y"' - y' = ex 


impl ies  


Hence, from ( 3 )  

is  a s o l u t i o n  of  ( 2 ) .  Therefore ,  from (1)w e  conclude t h a t  t h e  

s o l u t i o n  of  t h e  d i f f e r e n t i a l  equat ion  i s  

From ( 4 )  



- - - 
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2.6.6 continued 


and 


Now w e  want t h e  member of ( 4 )  such t h a t  when x = 0*,  y = 1, 

y '  = 3/2, and y" = 4. 

P u t t i n g  t h i s  informat ion  i n t o  (4) , (5), and (6)  y i e l d s  : 

From the bottom two equations in (7) we see at once that c2 = 2 

and c3 = 1, hence from t h e  t o p  equa t ion ,  cl = -2. 

P u t t i n g  t h e s e  r e s u l t s  i n t o  ( 4 )  y i e l d s  

*x = 0 i s  c h o s e n  o n l y  t o  make t h e  a r i t h m e t i c  e a s i e r .  The 
c r u c i a l  p o i n t  i s  t h a t  s i n c e  ( 4 )  i s  t h e  g e n e r a l  s o l u t i o n  o f  ( 2 ) ,  
i t  means  t h a t  o n e  and  o n l y  o n e  c u r v e  s a t i s f i e s  ( 2 )  and  p a s s e s  
t h r o u g h  a g i v e n  p o i n t  (x ) w i t h  s l o p e  y  ' a n d  c o n c a v i t y

0 'Yo 0
y o " ;  a n d  t h i s  c u r v e  b e l o n g s  t o  ( 4 ) .  Our p r e s e n t  e x e r c i s e  i s  
s i m p l y  a s p e c i f i c  a p p l i c a t i o n  of  t h i s  r e s u l t .  
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2.6.7(L) 

H e r e  w e  simply want t o  emphasize t h a t  while most of  our  d i scuss ion  

c e n t e r s  about  equat ions  of  o rde r  2,  t h e  concepts  apply  t o  h igher  

o r d e r  equat ions  a s  w e l l .  I n  p a r t i c u l a r ,  t h e  equi-dimensional 

( o r  Euler-Cauchy) equat ion  (which w e  mentioned i n  Exerc ise  

2.4.10 i n  o u r  d i scuss ion  of us ing a change of v a r i a b l e s  t o  

reduce l i n e a r  equat ions  with v a r i a b l e  c o e f f i c i e n t s  t o  l i n e a r  

equa t ions  wi th  cons tan t  c o e f f i c i e n t s )  has t h e  g e n e r a l  form 

where ao,..., an- 1 a r e  cons tan t s .  

J u s t  a s  i n  t h e  case  n = 2, the s u b s t i t u t i o n  z = In x (or  x = 
eZ) conver ts  (1) i n t o  an equ iva len t  equat ion  w i t h  cons tan t  

c o e f f i c i e n t s  i n  which y is  expressed a s  a func t ion  of z. Tn 
our  p a r t i c u l a r  case ,  wi th  

3x y"'f  xy' - y = 0 

w e  l e t  

Had w e  allowed x t o  be nega t ive ,  then  (3)  would n o t  be r e a l .  

I n  t h e  even t  x < 0,  (3) would be replaced by z = I n  ( -x ) .  

Using (3)  we  o b t a i n  

*We s t i l l  wan t  t o  e m p h a s i z e  t h a t  o u r  t h e o r e m s  c o n c e r n i n g  t h e  
e x i s t e n c e  o f  a  g e n e r a l  s o l u t i o n  were  a l l  s t a t e d  i n  t e r m s  o f  
t h e  l e a d i n g  c o e f f i c i e n t  be3ng 1. To p u t  ( 2 )  i n  t h i s  form r e -
q u i r e s  t h a t  we d i v i d e  by  x  , and  t h i s  means t h a t  x $ 0. Our 
c o n d i t i o n  t h a t  x > 0 s i m p l y  i s - m e a n t  t o  c a p t u r e  t h e  f l a v o r  t h a t  
we u s u a l l y  s o l v e  e q u a t i o n s  i n  a c o n n e c t e d  r e g i o n .  Thus ,  s i n c e  
x > 0 and x < 0 a r e  b o t h  c o n n e c t e d  r e g i o n s ,  we u s u a l l y  h a n d l e  
x # 0 a s  a u n i o n  o f  t h e s e  two c a s e s .  



Solu t ions  
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2 .6.7 (L) continued 

Since  we want t o  e l i m i n a t e  x i n  our new equa t ion ,  we might p r e f e r  
Z 

t o  r e p l a c e  l / x  by e-' [as  seen from ( 3 )  1 and w r i t e  y '  = e dy/dz. 

This  is  c e r t a i n l y  pe rmiss ib le ,  b u t  w e  p r e f e r  t o  u s e  (4) i n  t h e  

sense  t h a t  when w e  r ep lace  y ' by ( 4 )  i n  equat ion  (2 , t h e  l / x  

w i l l  be cance l l ed  by t h e  c o e f f i c i e n t  of y l .  This  type of cancel-

l a t i o n  occurs  because of  t h e  form of t h e  equi-dimensional equat ion  

wherein t h e  c o e f f i c i e n t  of t h e  mth d e r i v a t i v e  i s  a cons tan t  

m u l t i p l e  of xm. 

From ( 4 )  w e  have 

and from (5) w e  have t h a t  

.. 

* R e c a l l  t h a t  we a r e  d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  x a n d  t h u s  
m u s t  u s e  t h e  c h a i n  r u l e .  T h a t  i s  d / d x ( d y / d z )  = d ( d y / d z ) / d z  
d z / d x  = d 2 y / d z 2  d z / d x .  

* * A g a i n ,  n o t i  e t h a t  t h e  c o e f f i c i e n t  o f  y" i n  ( 1 )  i s  a c o n s t a n t4
m u l t i p l e  o f  x  s o  t h a t  when y"  i s  r e p l a c e d  i n  ( 1 )  b y  i t s  v a l u e  
i n  ( 5 ) ,  o n l y  t h e  c o n s t a n t  w i l l  r e m a i n  a s  a c o e f f i c i e n t .  By 
c o i n c i d e n c e  t h e  c o n s t a n t  m u l t i p l e  o f  x 2  i n  ( 2 )  h a p p e n s  t o  b e  0 
s o  t h a t  ( 5 )  i s  n o t  n e e d e d  t h e r e ,  b u t  ( 5 )  i s  s t i l l  n e c e s s a r y  i f  
we a r e  t o  c o m p u t e  y"! 
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2.6.7(L) cont inued 	 .-. 

~f w e  now rewrite (2) i n  l l lght  of ( 4 1 ,  (51, and (61, w e  o b t a i n ,  

b. 	 Equation (7)  has  c o n s t a n t  c o e f f i c i e n t s  and hence may be so lved 

i n  t h e  u s u a l  way. Namely, l e t t i n g  L(y )  denote t h e  l e f t  s i d e  

of  (7)  w e  have 

Thus, r = 1 is a t r i p l e - r o o t  of L (erzl = 0. 

Accordingly, t h e  g e n e r a l  s o l u t i o n  of (7)  i s  

Reca l l ing  now t h a t  (7)  is  t h e  r e s u l t  of making t h e  s u b s t i t u t i o n  

(3)  i n t o  equa t ion  (2); w e  may now r e p l a c e  z by I n  x i n  ( 8 )  , 
and t h e  r e s u l t i n g  equa t ion  i s  t h e  g e n e r a l  s o l u t i o n  of ( 2 ) .  

That i s ,  t h e  g e n e r a l  s o l u t i o n  of  (2)  is: 

*The technique  i n v o l v e s  t h e  s u b s t i t u t i o n  y = e 
ru 

where y denotes  
t h e  dependent v a r i a b l e  and u t h e  independent v a r i a b l e .  In ( 7 )  
i t  i s  z ,  n o t  x ,  which i s  t h e  independent v a r i a b l e .  
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2.6.7 (I,) continued 

o r ,  	s ince  e In  x 

c. 	 We now want t o  emphasize t h a t  our present  technique of undeter- 

mined coe f f i c i en t s  can only be appl ied t o  equations with 

c o n s t a n t .  coe f f i c i en t s .  Thus, had we no t  f i r s t  done p a r t  (a) 

and we were confronted with the  equation 

t he  method of undetermined coe f f i c i en t s  could not be used here. 

Namely, once t he  coe f f i c i en t s  a r e  var iab le ,  the  r e s t r i c t i o n  

t h a t  t he  r i g h t  s i d e  be of the  form xkeaXcos Bx, e t c .  no longer 

appl ies .  

This does not  mean t h a t  equations l i k e  (10 )  cannot be solved, 

bu t  r a t h e r  unless  we can f i nd  a way of reducing (10 )  t o  a 

l i n e a r  equation with constant  coe f f i c i en t s  [and t h i s  is  the  

r o l e  played by p a r t  (a )  i n  the  so lu t ion  of p a r t  ( b ) ] ,  we 

must f i nd  a d i f f e r e n t  method f o r  solving (1). This more 

general  technique is  the  sub jec t  of the  next Unit,  but  we 

may end t h i s  Unit on t he  proper note of applying the  

method of undetermined coef f ic ien ts .  

Namely, using the  subs t i t u t i on  z = In x(x  = e Z ), the  r i g h t  

s i de  of (1)becomes zeZ; and from p a r t  ( a ) ,  the  l e f t  s i de  

of ( 1 0 )  becomes 

Hence, t o  solve (10) it i s  s u f f i c i e n t  t o  solve 

and then replace z by I n  x i n  the  solut ion.  



Solu t ions  
Block 2: Ordinary D i f f e r e n t i a l  Equations 
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2.6.7 (L) continued 

The p o i n t  i s  t h a t  (10 ')  does have cons tan t  c o e f f i c i e n t s  and t h e  

r i g h t  s i d e  has  t h e  "proper" form. Thus, s i n c e  zez i s  a s s o c i a t e d  

wi th  t h e  fami ly  {eZ,  zeZ1 w e  would o r d i n a r i l y  t r y  f o r  a p a r t i c u l a r  

s o l u t i o n  of  (10' ) i n  t h e  form 

= Azez + Be z 
Y~ 

b u t  s i n c e  eZ,  zez , and z2eZ a r e  a l l  s o l u t i o n s  o f  t h e  reduced 

equat ion  [which is ,  you w i l l  n o t i c e ,  equat ion  (7 )  of  p a r t  

( a ) ;  and whose s o l u t i o n  i s  equat ion  (811, w e  must " sca le"  
Y~ ' 

a s  given i n  ( 1 1 1 ,  by a f a c t o r  of z 3  before  w e  can conclude 

t h a t  no p a r t  of our  t r i a l  s o l u t i o n  i s  a s o l u t i o n  of  t h e  reduced 

equation.  I n  o t h e r  words, o u r  t r i a l  s o l u t i o n  should be z 3 y
P' 

where y i s  a s  i n  (11).
P 

W e  t h e r e f o r e  apply  t h e  method of undetermined c o e f f i c i e n t s  t o  

t o  o b t a i n  

and 



S o l u t i o n s  
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2.6.7 (L) c o n t i n u e d  

+ 6 ~ z e ' + 6 ~ e '  

y"' = z 2 e z + (24A + 1 8 ~ )  (15)Az4eZ + (12A + B) z3eZ + (36A+ 9 ~ )  z e Z + 6 ~ e ' .  

Using (121, (132, (141 and  C151 i n  (10'1 we o b t a i n  


Az4 + ( 1 2 ~+ B)  z3eZ + (36A + 9B) z 2 e Z  + ( 2 4 ~+ 18B) z e Z  + 6Be 


3 z- AZ4 ze B z e  

0 0 


24qzez t- 6 ~ e ' = z e Z  = l z eZ + OeZ, 


s o  b e  comparing c o e f f i c i e n t s  o f  l i k e  terms 


24A = 1 and B  = O*, 


s o  t h a t  f rom (12)  o u r  p a r t i c u l a r  s o l u t i o n  i s  

Now if we combine (16)  w i t h  (8) we o b t a i n  t h a t  the g e n e r a l  


s o l u t i o n  o f  (10 '  is 


* T h i s  t e l l s  u s  t h a t  y = * z 4 e Z  was  s u f f i c i e n t  f o r  a t r i a l  
s o l u t i o n .  N o t i c e ,  h o w e v e r ,  a s  w e ' v e  s a i d  b e f o r e ,  i n c l u d i n g  
t h e  t e r m  B z 3 e z  d i d  n o t h i n g  t o  p r e v e n t  u s  f r o m  f i n d i n g  a  s o l u t i o n ,  
e x c e p t  t h a t  we h a d  t o  p e r f o r m  a l i t t l e  more  c o m p u t a t i o n .  I n  
t h e  n e x t  u n i t  we s h a l l  o b t a i n  t h i s  p a r t i c u l a r  s o l u t i o n  by  a  
d i f f e r e n t  m e t h o d .  

S.2.6.35 
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2.6.7 (L) cont inued 

Now r e p l a c i n g  z by I n  x i n  (17) y i e l d s  

1 4 1n x y = (co + c1l n  x + c21n x ) e  1 n x + 2 j y 1 n x e  

1 = c x + clx i n  x + c2x ( I n  x I 2  + Z i r ~( I n  x )  4 
0 


i s  t h e  g e n e r a l  s o l u t i o n  of  (10). 
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