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Block 3: Selected Topics i n  Linear Algebra 

Unit 7: The Dot ( inner )  Product 

3.7.1 

I n  our discussion of t h e  game of mathematics a t  t h e  s t a r t  of t h i s  

course, we ind ica ted  t h a t  one of ten  t r i e s  t o  abs t r ac t  t h e  c ruc i a l  

aspects  of a well-known system i n  order  t o  see  what inescapable 

consequences follow from t h e  most "reasonable" s e t  of axioms. 

With t h i s  idea  i n  mind, l e t  .us observe m a t  as  of t h i s  moment, 

w e  have no t  required our generalized vector  space t o  have t he  

equivalent of a "dot" product defined on it. That i s ,  we have 

ta lked about bases of a vector  space and about l i n e a r  transforma- 

t i ons ,  bu t  we have not required t h a t  there  be defined an operation 

which allows us t o  ass ign t o  each p a i r  of vectors a number. 

Thus, i f  w e  were i n t e r e s t ed  i n  developing the  anatomy of a vector  

space s t i l l  fu r the r ,  it would next be reasonable t o  def ine  t h a t  

p a r t  of t h e  s t r u c t u r e  which i s  character ized by what t h e  do t  

product does f o r  ordinary 2- and 3-dimensional vector spaces. 

What mathematicians f i r s t  not iced i n  t h i s  respect  was t he  import- 

ance of l i n e a r i t y  among the  various a t t r i b u t e s  of the  dot product. 

For t h i s  reason, they i n s i s t e d  t h a t  a r u l e  t h a t  assigned t o  ordered 

p a i r s  of vectors  a r e a l  number not  even be considered an " inner"  

(do t )  product unless it possess t h e  property of l i n e a r i t y .  With 

t h i s  i n  mind, they defined a b i l i n e a r *  function on a vector  space 

t o  be any mapping 

such t h a t  f o r  a ,  6, YEV and c E R 

* W e  s a y  b i l i n e a r  b e c a u s e  t h e  domain o f  f i s  o r d e r e d  p a i r s .  

* * R e c a l l  t h a t  b y  A x B  we mean { ( a , b )  : a € A ,  ~ E B ) ) .  Hence  
S x S d e n o t e s  t h e  s e t  o f  a l l  o r d e r e d  p a i r s  o f  e l e m e n t s  i n  
S .  
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Note #1 

I n  keeping wi th  t h e  n o t a t i o n  of  t h e  usual  d o t  product ,  one o f t e n  

w r i t e s  a-B r a t h e r  than f ( a , B ) .  With t h i s  i n  mind, (1) becomes 

r e w r i t t e n  a s  

1. ( a  + 8) *y  = a-y+ Boy 

2. a .  ( 6  + y) = a - y  + a - y  

3. a - (cB) = ( ca )  * B  = c ( a  B 

Note #2 

It i s  c r u c i a l  t o  remember t h a t  a -B i s  2 number, n o t  a member 

of  v. 

Note #3 

L a t e r  w e  s h a l l  add t h e  requirement t h a t  a-B= B-a , b u t  f o r  

now t h i s  p roper ty  is  n o t  imposed on o u r  d e f i n i t i o n  of  a b i l i n e a r  

funct ion .  For t h i s  reason 1, and 2, a r e  n o t  redundant. 

I n  o t h e r  words, i f  w e  assume t h a t  a-B = B-a f o r  a l l  a ,  BEV, 

then 

a ( B  + y) = a - 6  + a - y  . 
Since ,  however, w e  do n o t  assume a-B = 6 - a  , we cannot  

d e r i v e  (2)  from (1). 

Note # 4  

There a r e ,  i n  genera l ,  many d i f f e r e n t  ways ( u s u a l l y  i n f i n i t e l y  

many ways) t o  d e f i n e  f :V x V + R such t h a t  proper ty  (1) i s  

obeyed. (We s h a l l  d i s c u s s  t h i s  i n  more d e t a i l  l a t e r ) .  Thus, 

when w e  t a l k  about  a.6 w e  a r e  assuming t h a t  w e  have chosen 

one p a r t i c u l a r  b i l i n e a r  funct ion .  
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With t h i s  a s  background, w e  now t r y  t o  exp lo re  why t h e  l i n e a r  

p r o p e r t i e s  a r e  s o  impor tant .  What we s h a l l  show i s  t h a t  many of 

t h e  usua l  s t r u c t u r a l  p r o p e r t i e s  of  a d o t  product  follow j u s t  

by l i n e a r i t y .  I n  p a r t i c u l a r :  
+ 

a .  w O* = a - ( a  + 6 )  
= a . d + a 0 6 .  

Since  a  ' 8 is, i n  any even t ,  a number (i.e . ,  a member of  R) -
l e t  us denote it by b. W e  t hen  conclude from (2)  t h a t  

and s i n c e  b is  a number, w e  conclude by elementary a r i t h m e t i c  

from (3 )  t h a t  b = 0.  Thus, w e  have shown t h a t  

I n  summary, w e  have shown i n  p a r t  ( a )  t h a t  t h e  usua l  proper ty  

a  6 = 0 holds  f o r  any b i l i n e a r  func t ion .  

b .  Given, 

(alal + a a ) (a3a3 + a a ) ,  w e  may t r e a t  a3a3 + a4a4 a s  a
2 2 4 4 

s i n g l e  v e c t o r  whereupon w e  may use  1. t o  conclude t h a t  

= (alal + a2a2)  - y  [where y = a3a3 + a4a4 j  

and t h i s  by 3. equa l s  

+ 
*We h a v e  r e s o r t e d  t o  t h e  n o t a t i o n  0 t o  r e i n f o r c e  t h e  i d e a  t h a t  
a . B  i n  an  o p e r a t i o n  on v e c t o r s  n o t  number s .  

+ 
**It i s  n o t  a n  o v e r s i g h t  t h a t  we h a v e  y r i t t e n  0 r a t h e r  t h a n  0 
on t h e  r i g h t  s i d e  o f  ( 4 ) .  Namely,  a .  0 i s  a number ,  n o t  a 
v e c t o r .  
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Replacing y by a3a3 + a4a4,  (5) becomes 

By 2. w e  know t h a t  

a l e  ( a  a + a a ) = al- ( a  a al. ( a4a4)3 3 4 4 3 3 + ,

and t h i s ,  i n  t u r n ,  by 3. i s  

S imi la r ly  

From (7)  and (8) w e  see t h a t  (6) may be replaced by 

S ince  equat ion  ( 9 )  involves  only numbers*, w e  may use t h e  r u l e s  

of  o rd ina ry  a r i t h m e t i c  t o  r ep lace  (9) by 

I n  summary, then,  provided t h a t  w e  keep t h e  o rde r  " s t r a i g h t "  

( i .e.  , i s  n o t  n e c e s s a r i l y  t h e  same a s  a 4 - a l ) ,  j u s t  a s  
al' a4 

w e  had t o  do i n  our  s tudy o f  t h e  cross-product ,  we see from (10) 

t h a t  t h e  l i n e a r i t y  of  t h e  d o t  product  i s  what al lows us t o  

t r e a t  it a s  w e  treat t h e  analogous express ions  of numerical 

a r i thmet ic .  

"That i s ,  w h i l e  a a ' a3 ,  and a 4  are  v e c t o r s ,  a a , e t c .  a r e  
numbers. That i s t ' w % y  we have p a r e n t h e s i z e d  a ,  la,, ' e t c . ,  namely
t o  emphasize t h a t  a 1  a2 i s  number. 

L L 

S.3.7.4 
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3.7.2 

a. 	 Once again  we  r e s t r i c t  our  a t t e n t i o n  t o  n = 2 f o r  computational 

s i m p l i c i t y ,  b u t  our  r e s u l t s  hold  f o r  a l l  n. More impor tant ly ,  

t h e  technique  w e  s h a l l  use  he re  i s  t h e  same one t h a t  is  used i n  

t h e  h igher  dimensional  cases .  

Keep i n  mind t h a t  our  main aim i n  t h i s  e x e r c i s e  i s  t o  show that 

a p a r t i c u l a r  b i l i n e a r  func t ion  i s  completely determined once 

w e  know i t s  e f f e c t  on each p a i r  of  b a s i s  elements. 

So suppose t h a t  V = [ul. u21 where {ul, u21 i s  an a r b i t r a r i l y  

chosen b a s i s  f o r  V. Now l e t  a and B be a r b i t r a r y  elements of  

V. 	 Say, 

From (1)and p a r t  (b)  of  t h e  previous  e x e r c i s e  w e  conclude 


t h a t  


S ince  x , x  , y  ,y a r e  known once a and B a r e  given,  we  see from1 2 1 2  
(2)  t h a t  a.B i s  determined once t h e  values  of ul-ul ,  u ~ - u ~ ~u2-ul I  

and u2-u2  a r e  f ixed .  

Note #1 

With a l i t t l e i n s i g h t ,  equat ion  ( 2 )  g ives  us a h i n t  as t o  why 

our  ma t r ix  coding system i s  used i n  y e t  another  c o n t e x t  i n  

vec to r  spaces.  Namely, i f  w e  l e t  

x -P 
= 	 [xl ,xzl and t = 

w e  s e e  t h a t  equat ion  (2)  says  t h a t  
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A s  a check on t h e  equivalence  of (2 )  and ( 2 ' ) ,  w e  have 
e .-. 

and 	it i s  e a s i l y  seen  t h a t  t h e  number named by (3)  i s  t h e  same 

a s  t h a t  named by ( 2 ) .  

Note #2 

The converse o f  Note #1is a l s o  t r u e .  Namely, suppose w e  l e t  

denote  any 2 by 2 matr ix .  W e  may now use  A t o  induce a b i l i n e a r  

f u n c t i o n  f  on V x V. Namely, i f  V = [u1,u21 , w e  d e f i n e  f a s  

- - - u2-u1 - a21; and u2*u2 = a22.  

W e  then  use  (2)  t o  extend t h e  d e f i n i t i o n  t o  a l l  of V. 


This  i s  t h e  essence  of  p a r t  (b)  wherein we i l l u s t r a t e  our  l a s t  


remark more concre te ly .  


b.  	 L e t  V = [u1,u21, then  i f  a = (3 ,2 )  [ i . e . ,  3ul + 2u21 and 

B = ( 1 , 4 ) ,  t h e n  
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In  " long hand" o u r  ma t r ix  A codes t h e  b i l i n e a r  func t ion  de f ined  

by 

ul.ul = 1, u - u  = -1, u2-u1 = -5, and u  .u = 6.1 2  2 2 

W e  would then o b t a i n  

which checks w i t h  ( 4 )  . 
Note #3 

What w e  have e s s e n t i a l l y  shown i s  t h a t  i f  dim V = n (al though 

w e  used n  = 2) then t h e r e  a r e  a s  many b i l i n e a r  func t ions  which 

can be  de f ined  on V ( r e l a t i v e  t o  a f i x e d  b a s i c  { u l r . . . , un  } 

a s  t h e r e  a r e  n  by n  ma t r i ces .  Namely, i f  A = [ a i j ]  i s  any n  

by n  matr ix ,  we  d e f i n e  a  b i l i n e a r  funct ion  by u i -u  = a 
j ij

whereupon 

i s  the b i l i n e a r  func t ion  induced by A. 
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Note # 4  

Since  t h e r e  a r e  many d i f f e r e n t  bases  f o r  t h e  same vec to r ,  two 

d i f f e r e n t  n by n ma t r i ces  may code t h e  same b i l i n e a r  func t ion  

b u t  wi th  r e s p e c t  t o  d i f f e r e n t  bases .  When we become concerned 

wi th  t h i s  problem w e  have y e t  another  s i t u a t i o n  i n  which w e  must 

d e f i n e  what w e  mean f o r  two mat r i ces  t o  be equ iva len t .  That is ,  

i n  t h e  same way t h a t  we have i d e n t i f i e d  d i f f e r e n t  ma t r i ces  a s  

be ing e q u i v a l e n t  ( i n  t h i s  case ,  c a l l e d  s i m i l a r )  i f  they  denote 

t h e  same l i n e a r  t ransformat ion  of  V b u t  wi th  r e s p e c t  t o  (poss ib ly )  

d i f f e r e n t  bases ,  we  might want t o  i d e n t i f y  d i f f e r e n t  ma t r i ces  a s  

being e q u i v a l e n t  i f  they  d e f i n e  t h e  same d o t  product.  Cer ta in ly  

t h e s e  two d e f i n i t i o n s  of "equivalent"  need n o t  be  t h e  same. 

That  is ,  two mat r i ces  may code t h e  same l i n e a r  t ransformat ion  

b u t  n o t  t h e  same do t  product .  

Hopefully, our  t r ea tmen t  i n  t h e  f i r s t  two e x e r c i s e s  makes it c l e a r  

t h a t  one does n o t  need t h e  b i l i n e a r  func t ion  t o  be  commutative i n  

o r d e r  f o r  it t o  have a n i c e  s t r u c t u r e .  W e  observe, however, t h a t  

t h e  "usual"  d o t  product  

z, 
does obey 

z 
t h e  commutative r u l e .  That  i s .  

f o r  any "arrows" and g = g. 
Thus, t o  cap tu re ,  even more, t h e  f l a v o r  of  t h e  o rd ina ry  d o t  

product  w e  add another  proper ty  t o  t h e  b i l i n e a r  func t ion  f ,  namely 

t h a t  f ( a  , B )  = f ( B  , a ) ;  o r  i n  t h e  Language of t h e  d o t  product ,  

a-B = B-a . 
W e  c a l l  t h e  r e s u l t i n g  b i l i n e a r  form a symmetric b i l i n e a r  form, 

and w e  n o t i c e  t h a t  nothing new happens t h a t  d i d n ' t  a l r eady  occur 

i n  our  previous  t r ea tmen t  except  now a l l  of our  ma t r i ces  which 

r e p r e s e n t  t h e  d o t  product  a r e  a l s o  symmetric. I n  o t h e r  words, 

f o r  a symmetric b i l i n e a r  func t ion  w e  know t h a t  ulWu2= u2*u1, 

and even more genera l ly  t h a t  u iau  = u * u  Hence t h e  ma t r ix  
j j i' 

i s  a symmetric ma t r ix  ( t h a t  i s ,  we g e t  t h e  same mat r ix  i f  w e  

in terchange rows and columns). I n  any even t ,  it i s  t h e  s tudy  

S.3.7.8 
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of symmetric b i l i n e a r  func t ions  t h a t  makes t h e  s tudy of  symmetric 

ma t r i ces  e s p e c i a l l y  impor tant .  

a .  I f  w e  assume 

] 
t h a t  V = [u1,u21 then t h e  symmetric matr ix  

A = s  

codes t h e  symmetric b i l i n e a r  func t ion  def ined by 

W e  then  have t h a t  

Had w e  wished t o  a r r i v e  a t  (3)  us ing  matr ix  n o t a t i o n ,  we  would 

have 

which checks wi th  (3) . 
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b. 	 W e  know from our  geometric  t r ea tmen t  of t h e  d o t  product  e a r l i e r  i n  

our  course  t h a t  t h e  l eng th  o f  t h e  p r o j e c t i o n  of  v2 on vl i s  given 

by 

s o  t h a t t h e  v e c t o r  p r o j e c t i o n  of  v2 on to  v is  given by 1

P i c t o r i a l l y ,  

(Figure  1j 
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W e  may now d i v i d e  vl and v2* by t h e i r  magnitudes t o  determine an 

orthonormal b a s i s  f o r  t h e  space spanned by vl and v2. 

Before proceeding t o  t h e  a c t u a l  i l l u s t r a t i o n  of t h i s  e x e r c i s e ,  

l e t  us observe t h a t  whi le  it was convenient  t o  use geometry t o  

c o n s t r u c t  v2*, it was n o t  necessary  t o  do so .  W e  could have done 

t h e  same t h i n g  a l g e b r a i c a l l y  ( a x i o m a t i c a l l y ) .  More impor tant ly ,  

t h e  a l g e b r a i c  approach remains v a l i d  f o r  n  3 while  t h e  geometric  

approach doesn 't . 
The a l g e b r a i c  de terminat ion  of v2* comes from observing t h a t  
+ -

OP = xvl (where x  is  t o  be  determined),  t h a t  


xvl + v2* = v ( o r  v2* = v2 - xvl) and t h a t  v2* v1 = 0. Namely, 


s o  t h a t  v2* must be given by 

which agrees  wi th  t h e  geometric  s i t u a t i o n .  

Turning now t o  o u r  s p e c i f i c  e x e r c i s e ,  w e  have 

Hence, 

2 
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Then, 

P i c t o r i a l l y ,  

z 

(Figure  2 )  

+ + 
v2* is  t h e  v e c t o r  p r o j e c t i o n  of OP2 onto  OP1. 

The space spanned by vl and v2 i s  t h e  p lane  determined by 0 ,  P1, 

and P2. 
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A s  a check t h a t  vl and v2* i s  an orthogonal  b a s i s  f o r  t h e  space 

spanned by vl and v2,  w e  need only check t h a t  v2* belongs t o  

t h i s  space,  and vl v2* = 0. 

That vl v * = 0 may b e  checked a t  once from (6). I n  p a r t i c u l a r ,
2 

v1 ' v2* = (1 ,2 ,3 )  . - (11,29, -23)
7 

A s  t o  whether v2* belongs t o  t h e  space spanned by vl and v2,  w e  

need simply 

c 
row-reduce t h e  ma t r ix  

;t 
1 J - - v1 v2 

- -

t o  o b t a i n  

from which w e  conclude t h a t  S (v l rv2)  = {xl ( l r 0 , 1 9 )  + x2 (0,1,-8) 1 
o r  I 

{ (x1tx2, 19x1 - 8 ~ ~ )I . 
I n  p a r t i c u l a r ,  

++z = -23. 

Hence, (11,29, -23) ES (vl,v2) . 1Therefore,  v2* = -(Ill29 ,-23) ES7 
(v11v2) * 
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Note: 

Do n o t  l e t  t h e  f a c t  t h a t  w e  a r e  now d e a l i n g  wi th  d o t  products  make 

you f o r g e t  t h a t  one uses  t h e  row-reduced matr ix  technique q u i t e  

a p a r t  from any knowledge of  a  dot  product .  In  p a r t i c u l a r ,  w e  

analyze t h e  space S ( v1 , ~ 2 )  i n  t h e  same way a s  w e  would have i n  

t h e  f i r s t  t h r e e  u n i t s  o f  t h i s  Block. What w e  should be  beginning 

t o  f e e l  now i s  t h e  number of  d i f f e r e n t  ways i n  which matr ix  

n o t a t i o n  i s  used t o  code completely d i f f e r e n t  a spec t s  o f  vec to r  

spaces.  

To conclude t h i s  p a r t  of  t h e  e x e r c i s e  w e  need only d i v i d e  both 

v1 and v2* by t h e i r  magnitudes and we have obta ined t h e  d e s i r e d  

orthonormal b a s i s .  To t h i s  end w e  have: 

= Jv2* 529 v2* . v2* = - d l21  + 841 + 7 = ; .
Hence, w e  l e t  

Then, 

S(v1,v2) = [u1,u21 where u ul = u2 - u2 = 1 and ul u2 = 0.1 

c. A t  f i r s t  glance it might s e e m  t h a t  p a r t  (b)  was an i n t e r r u p t i o n  

of o u r  t r a i n  of thought  i n  going from p a r t  ( a )  t o  p a r t  ( c ) ,  

b u t  t h i s  i s  ha rd ly  t h e  case .  Rather what w e  wanted t o  show is 

t h a t  t h e  technique  used i n  p a r t  (b)  which is  s o  obvious from a 

geometric  p o i n t  of  view works, word f o r  word, i n  t h e  more 

a b s t r a c t  s i t u a t i o n s .  

I n  p a r t i c u l a r ,  i n  t h i s  e x e r c i s e  we want t o  express  t h e  space  

V = [ul, u ] descr ibed i n  p a r t  ( a )  by rep lac ing  u2 by an2 
a p p r o p r i a t e  u2*, where u u2* = 0 .

1 
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3 . 7 . 3  cont inued 

To t h i s  end, w e  need simply t a k e  

That is, 

where 

Moreover, w e  see from (10) t h a t  

Note #1: 

A s  w e  may see from (ll),t h e  mat r ix  of our  symmetric b i l i n e a r  

func t ion  r e l a t i v e  t o  t h e  b a s i s  {ul*, u2*) i s  given by 

That  i s ,  t h e  ma t r ix  A of p a r t  ( a )  and t h e  matr ix  B o f  ( 1 2 ) ,  

code t h e  same symmetric b i l i n e a r  funct ion  b u t  wi th  r e s p e c t  t o  a  

d i f f e r e n t  b a s i s .  

The mat r ix  B shows us why {ul*, u2*) i s  a " b e t t e r "  b a s i s  than  

{ul,  u 1 a t  l e a s t  wi th  r e s p e c t  t o  t h e  given b i l i n e a r  func t ion .  2
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3.7.3 continued 

Namely from (12) we s e e  t h a t  

I n  ma t r ix  form, (13) may b e  de r ived  from 

Note #2: 

W e  may use  (11) t o  f i n d  a ma t r ix  P such t h a t  PAP^ = B. That  i s ,  

w e  may d iagona l i ze  a symmetric matr ix  A by appropr ia t e ly  choosing 

P. This  choice  o f  P comes from t h e  following. 

1. W e  know t h a t  ul* ul* = u ul, SO r e l a t i v e  t o  {u1 , ~ 2 1a s  a 1 
b a s i s  w e  may code t h i s  p i e c e  of information by w r i t i n g  

Since  u2* = -2ul + u2, w e  may r e p r e s e n t  u2* u2* by 

P u t t i n g  ( 1 4 )  and (15) i n t o  a s i n g l e  form we have 
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3 . 7 . 3  cont inued 

where 

and 

Note 83:  

The procedure used i n  o b t a i n i n g  t h e  d iagonal  ma t r ix  B from t h e  

symmetric ma t r ix  A g e n e r a l i z e s  t o  n-dimensional space. The 

s t r a n g e  p a r t ,  a t  l e a s t  i n  t e r m s  of our  usual  experience,  i s  t h a t  

t h e  d iagona l i zed  mat r ix  may inc lude  nega t ive  e n t r i e s  a s  w e l l  a s  

zero  among i t s  diagonal  e n t r i e s .  For example, wi th  r e s p e c t  t o  

(12) , n o t i c e  t h a t  -1 appears on t h e  diagonal .  

What t h i s  means i s  t h a t  i f  w e  s t i l l  want t o  i d e n t i f y  v v wi th  

t h e  " length"  of  v ,  then  some symmetric b i l i n e a r  func t ions  produce 

t h e  " d i s t u r b i n g "  r e s u l t s  t h a t  a v e c t o r  can have an imrnaginary 

l eng th  and t h a t  a non-zero v e c t o r  can have a  zero  l eng th .  While 

it i s  understandable t h a t  such a r e s u l t  may s e e m  d i s t u r b i n g ,  it 

i s  important  t h a t  w e  t r y  t o  understand t h e  s t r u c t u r e  of  mathe-

mat ics  t o  an e x t e n t  which al lows us t o  accept  such r e s u l t s  i n  a 

n a t u r a l  way. I n  essence  when w e  say t h a t  w e  want t o  t h i n k  o f  

v v a s  t h e  square  of t h e  magnitude of v, we have t o  r e a l i z e  

t h a t  un less  our  axiomatic approach has captured every p e r t i n e n t  

i n g r e d i e n t  of  t h e  system w e  a r e  t r y i n g  t o  c h a r a c t e r i z e ,  it i s  

p o s s i b l e  t h a t  c e r t a i n  concepts  may possess s t r a n g e  p r o p e r t i e s  

i n  t h e  genera l i zed ,  a b s t r a c t  system. This happened t o  us i n  

Block 1 when w e  in t roduced modular a r i t h m e t i c  a s  an example 

t h a t  obeyed much of  t h e  s t r u c t u r e  of ordinary  a r i t h m e t i c ,  y e t  

was d i f f e r e n t  enough t o  cause us some s t a r t l i n g  r e s u l t s .  
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3.7.3 continued 

I n  any event ,  l e t  us observe t h a t  t h i s  e x e r c i s e  shows us  t h a t  

r e l a t i v e  t o  our  p r e s e n t  axioms, a symmetric b i l i n e a r  func t ion  

may d e f i n e  a d o t  product  f o r  w h i c h v  v < 0 o r  v v = 0 even 

i f  v # 0. 

Note #4:  

Pursuing t h e  previous  no te  i n  somewhat more d e t a i l ,  we s e e  from 

(13) t h a t  r e l a t i v e  t o  t h e  b a s i s  (ul*, u2*1 

That is ,  

hence 

Thus, us ing  ( 1 6 ) ,  w e  s e e  t h a t  i f  v = xul* + yu2*, then 

I n  o t h e r  words, t h e  vec to r s  v ,  which a r e  non-zero s c a l a r  

m u l t i p l e s  of  ul* +_ u2*, a r e  d i s t i n g u i s h e d  by t h e  f a c t  t h a t  they 

a r e  n u l l  v e c t o r s  ( v  i s  c a l l e d  a n u l l  vec to r  i f  v # 0 b u t  v v = 

0) 

W e  may use  (10) t o  i n v e s t i g a t e  how n u l l  vec to r s  look r e l a t i v e  t o  

t h e  b a s i s  {ul, u2) . Namely, 
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3.7.3 continued 

whi le  

Check: 

(-u1 + u2) ' (-u1 + u2)  = u1 ' u1 - 2u1 u2 + U2 ' u2 

Note #5: 

The m a t e r i a l  d i scussed  i n  Notes 3 and 4 l e a d s  t o  an a p p l i c a t i o n  

of symmetric b i l i n e a r  func t ions  i n  t h e  study of t h e  a l g e b r a i c  

t o p i c  known a s  q u a d r a t i c  forms. I n  n v a r i a b l e s  a q u a d r a t i c  

form is  any express ion of t h e  type  

I n  t h e  s p e c i a l  case  n = 2, (17) becomes 

The connection between q u a d r a t i c  forms and symmetric b i l i n e a r  

func t ions  should  become c l e a r  r a t h e r  quickly  once w e  r e a l i z e  
1t h a t  i f  w e  l e t  a12 = b12,then 
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3 . 7 . 3  continued 

I n  o t h e r  words, any equat ion  o f  t h e  form 

2 2allxl + b12x1x2 + a 2 2 ~ 2  = m 

may be viewed a s  t h e  v e c t o r  equat ion  

where v v is  de f ined  by t h e  symmetric matr ix  

R e l a t i v e  t o  o u r  p resen t  e x e r c i s e ,  we have t h a t  

is  e q u i v a l e n t  t o  s o l v i n g  v v = m where v = x u + x2u2. That  

is, 

More concre te ly  i f  w e  l e t  m = 0 i n  (19) ,  then  w e  want t o  s o l v e  

t h e  equat ion  

This  can be  done r a t h e r  simply h e r e  ( s i n c e  t h e r e  a r e  only two 

v a r i a b l e s )  by completing t h e  square  t o  o b t a i n  
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3 . 7 . 3  continued 

The key computat ional  p o i n t  i s  t h a t  r e l a t i v e  t o  t h e  b a s i s  

{ul*, u2*1 equat ion  (20) may b e  w r i t t e n  a s  

where now v = ylul* + y2u2*. 

I n  summary, t h e  process  of r ep lac ing  t h e  symmetric matr ix  A by 

t h e  d iagonal  ma t r ix  B al lows us t o  r ep lace  a q u a d r a t i c  form by 

an e q u i v a l e n t  form i n  which only  t h e  square terms a r e  p r e s e n t .  

a .  S ince  t h e  ma t r ix  

i s  symmetric, it codes a symmetric b i l i n e a r  funct ion .  I n  p a r t i -  

c u l a r ,  i f  V = [u l ru2] ,  then  t h e  ma t r ix  A codes t h e  symmetric 

b i l i n e a r  func t ion  de f ined  by 

where w e  have w r i t t e n  (2)  i n  a  form which we hope sugges ts  t h e  

ma t r ix  A given i n  (1). We then  have 
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3.7.4 continued 

In  p a r t i c u l a r ,  we see  from (3) t h a t  if (xllx2) = (ylry2) then 

By way of review, t h e  r i g h t  s i d e  of ( 4 )  i s  known as  a quadrat ic  

form. We may always view 

a s  v ' v where t h e  do t  product i s  defined by the  symmetric 

matrix 

with a ,  b, and c as  i n  ( 5 ) .  

b. So f a r  we have t h a t  

and 

We a l s o  know t h a t  i f  fu l l  u21 i s  a bas i s  f o r  V so  a l s o  i s  

{ul + xu2, u21 where x is any r e a l  number. So what we t r y  t o  

do is  choose x s o  t h a t  

To solve (7) we see  t h a t  

s o  t h a t  
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3.7.4 con t inued  

Using ( 6 ) ,  w e  see t h a t  ( 8 )  becomes 

W e  now r e p l a c e  ul by 

and  w e  choose a s  o u r  new bas is  f o r  V, Eul*, u21 . 
From (9 )  

W e  a l s o  know t h a t  

s i n c e  t h i s  i s  how ul* was chosen. 


Check: 

4

ul* ' u2 = (ul - -5 u2) 
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3.7.4 continued 

F i n a l l y  

Hence, from ( l o ) ,  (ll),and (12) w e  conclude t h a t  t h e  matr ix  of  t h e  

given d o t  product  r e l a t i v e  t o  t h e  b a s i s  (ul*, u21 i s  

I n  o t h e r  words, i f  VEV is  given by v = ylul* + y
2

u
2
, then  

v . v = - 51 Y12 + 5y22 and t h e  yly2 t e r m  i s  missing. Again, by 

way of review, (13) may be  ob ta ined  from (1)a s  fol lows.  We 

know t h a t  

and t h a t  

(14) and (15) may b e  combined i n t o  t h e  s i n g l e  form 
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3.7.4 continued 

c .  	 What (b)  shows i s  t h a t  t h e  equat ion  3xl 
2 + 8x1x2 + 5x22 = m is  

equ iva len t  t o  - 5 Y12 + 5 y 2 2 = m w h e r e t h e x ' s a n d y ' s a r e r e -

l a t e d  a s  fol lows.  

I f  v = ylul* + y2u2*, then 

4
where xl = yl and x2 = y2 - 5 yl. I n  p a r t i c u l a r ,  

Hence, 


v = y u * + y u * is a n u l l  v e c t o r  ++y2 = + 1 

1 1  2 2 - F yl 

u v i s  a non zero  s c a l a r  m u l t i p l e  o f  ul* + u2* 

++ v i s  a non zero  s c a l a r  m u l t i p l e  of (ul - 45- u2) + -1 
5 u2 

++ v = k'(ul - u2) o r  k ( u l  - -3 
5 u21 ,  k an a r b i t r a r y  non-zero 

cons tan t .  


Check: 
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3.7.4 continued 

3.7.5 (Review of  t h e  Lecture)  

A s  desc r ibed  i n  t h e  l e c t u r e ,  t h e  process  of  f i n d i n g  an or thogonal  

b a s i s  may be  extended t o  an n-dimensional space. The procedure 

i s  induc t ive .  Namely, w e  have a l r eady  seen t h a t  i f  

V = [u1,u2,...,u 1 then we may rep lace  u2 byn 

whereupon, V = [ul,u2*, ...,u I ,  b u t  now u u2* = 0. Once w e  n 1 
know t h a t  ul and u2 a r e  orthogonal  w e  use t h e  f a c t  t h a t  i f  u

3 
is rep laced  by u3* where u * had t h e  form:3 

then u1,u2, and u * span t h e  same space a s  t o  u
3 l t U 2 '  and u

3 ' 
W e  then  t r y  t o  determine xl and x i n  such a way t h a t  ul .2 
= u2 ' u3* = 0. 

u3* 

A s  long a s  n e i t h e r  ul ul nor u u2 = 0, t h i s  can always be2 
done. Namely, given t h a t  

and t h a t  ul u = 0, w e  may d o t  both s i d e s  of (2)  by ul t o2 
o b t a i n  
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3.7.5 continued 

whereupon t h e  cond i t ion  t h a t  ul u3* i s  t o  equal  0 allows us  t o  

conclude from ( 3 )  t h a t  

S imi la r ly ,  i f  w e  had d o t t e d  both  s i d e s  of (3)  wi th  u2 and set 

u2 u3* equal  t o  0, w e  would have obta ined 

So, p u t t i n g  ( 4 )  and (5) i n t o  (2)  would y i e l d  

Equation (6) r e p r e s e n t s  a g e n e r a l i z a t i o n  of our  approach i n  

Exerc i se  3.7.3. Not ice  t h a t  

is t h e  v e c t o r  p r o j e c t i o n  of  u3 on to  ul, while 

i s  t h e  v e c t o r  p r o j e c t i o n  of u3 o n t o  u The procedure i n d i c a t e d2 ' 
i n  (6)  is known a s  t h e  Gram-Schmidt Or thogonal iza t ion  Process.  

I t  works a s  fo l lows.  Suppose {ul,  ...,u } i s  an orthogonal  s e t  n 
and t h a t  ul . ul, ..., and u Un-l a r e  a l l  d i f f e r e n t  fromn-1 
zero.  Given un, w e  l e t  

We then d o t  both  s i d e s  wi th  uk where k = 1,..., o r  n - 1 and 

t h i s  y i e l d s  
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3.7.5 continued 

Since  uk uk # 0 b u t  uk ui = 0 f o r  i # k, we may s e t  uk u * 
n 

equa l  t o  0 i n  (8)  t o  o b t a i n  

P u t t i n g  t h e  r e s u l t  of  ( 9 )  i n t o  (7)  w e  have t h a t  i f  ui . u - 0 
j

f o r  i # j; i, j = 1,...,n - 1 then i f  

Looking a t  (10) one dimension a t  a t i m e ,  n o t i c e  t h a t  t h e  c o e f f i c i e n t  

of uk i s  t h e  v e c t o r  p r o j e c t i o n  of u on to  uk. I n  o t h e r  words, t h en 
c o e f f i c i e n t  of uk has i t s  numerator equal  t o  (minus) u un andk 
i ts  denominator equal  t o  uk uk. With t h i s  a s  background, we 

proceed w i t h  t h e  p r e s e n t  e x e r c i s e .  

.. With V = [u1,u2, u31, t h e  ma t r ix  

d e f i n e s  t h e  symmetric b i l i n e a r  func t ion  given by 

u1 ' u1 = 1 u1 ' u2 = 1 u1 . u3 

Hence t o  f i n d  an or thogonal  b a s i s  f o r  V w e  begin by l e t t i n g  
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3.7.5 continued 

and 

Hence, 

V = [ul*, u2*, u31 and ul* u2* = 0.  

S ince  ul* and u2* a r e  orthogonal ,  we  use  t h e  Gram-Schmidt pro-

c e s s  t o  r e p l a c e  u3 by 

u1 ' u3 u2* u 
u3* = u3 - (ul** u1 *) ul* - (u2* u2 

Using (ll),(13) , and (14) w e  have 

Thus, us ing  ( 1 7 ) ,  w e  see from (16) t h a t  

From (13) , ( 1 4 )  , and (18) we conclude t h a t  an orthogonal  b a s i s  

f o r  V is  given by 
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3.7.5 cont inued 

Check: 

b. From (17)  w e  a l r e a d y  know t h a t  ul* - ul* = 1 and u2* u2* = 1. 

From ( 1 8 ) ,  

Hence, r e l a t i v e  t o  {ul*, u2*, u3* 1 , v = x u * + x u * + x3u3*+
1 1  2 2 

The re fo re ,  



Solu t ions  
Block 3: Se lec ted  Topics i n  Linear  Algebra 
Unit 7: The Dot ( i n n e r )  Product  

3.7.5 continued 

C .  Given t h a t  v = 3ul* + 4u2* + 5u3* w e  s e e  t h a t  equat ion  (20) is 

obeyed. Hence v v = 0 ,  and, accordingly ,  v is  a n u l l  vec to r .  

Again us ing ( 1 3 ) ,  ( 1 4 ) ,  and (18) w e  have 

Check: 

Hence, p u t t i n g  t h e s e  t h r e e  r e s u l t s  i n t o  a s i n g l e  ma t r ix  equat ion  

y i e l d s  
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3.7.5 continued 

e.  The equation 

X1 + 2xZ2 + 4xj2 + 2x x + 2x1x3 + 6x2x3 = m1 2  

is equivalent  t o  solving 

Namely (21) evolves from computing v v = m r e l a t i v e  t o  

{u1,u2,u3) and obtaining 

( i . e . ,  y = xlul + x2u2 + x3u3) and (22) evolves from solving 

v  v  = m r e l a t i v e  t o  {ul*, u2*, u3*) ; namely, 

where v - ylul* + y2u2* + y3u3*. 

We now def ine an inner ,  o r  a dot ,  product on a  vector  space V t o  

be any mapping of ordered p a i r s  of elements of V i n t o  t h e  r e a l  

numbers, say, f :VXV + R which has t h e  following proper t ies .  

For vlr v2, v3€V and C , E R  

( Y )  f ( v l ,  V2) = f ( v1tV2) 
(ii) f (v1,v2 + v3) = f (v l Iv2)  + f (vlIv3) 

(iii)f (vlr cv2) = cf (vlrv2) 

( i v )  f (vl ,v l )  2 0 ;  and f (vl ,v l )  = 0 ++ v1 = 0. 
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3.7.6 continued 

Rewrit ten i n  terms of t h e  d o t  n o t a t i o n  we have: 

(i) v l - v 2 = v 2  v1 

(ii) v1 (v2 + v3) = v1 v2 + v1 v3 

(iii)v (cv2) = c ( v l  . v2)1 
> O ;  v l .  v l = o + + v  = o .( i v )  v1 v1 - 1 

When a symmetric b i l i n e a r  func t ion  s a t i s f i e s  proper ty  ( i v ) ,  t h e  

func t ion  is  c a l l e d  p o s i t i v e  d e f i n i t e .  From another  p o i n t  of view, 

what p o s i t i v e  d e f i n i t e  means i s  t h a t  when w e  r e p l a c e  t h e  symmetric 

ma t r ix  by t h e  e q u i v a l e n t  d iagonal  matr ix ,  every e n t r y  on t h e  

d iagonal  is  a p o s i t i v e  ( r e a l )  number. 

The c r u c i a l  p o i n t  i s  t h a t  once w e  have a p o s i t i v e  d e f i n i t e ,  

symmetric, b i l i n e a r  func t ion ,  then w e  can i d e n t i f y  t h e  t r a d i t i o n a l  

d e f i n i t i o n  of  a d o t  product  [namely t h e  d e f i n i t i o n  which says  t h a t  

(a l  ,...,an) (bl ,...,bn) = a b + ... + anbn] wi th  our  "new"1 1  
d e f i n i t i o n .  

More s p e c i f i c a l l y ,  and w e  s h a l l  i l l u s t r a t e  t h i s  more concre te ly  

i n  t h e  p r e s e n t  e x e r c i s e ,  i f  w e  have a p o s i t i v e  d e f i n i t e ,  symmetric, 

b i l i n e a r  func t ion  de f ined  on V (and t h i s  usua l ly  is  abbrevia ted  by 

saying t h a t  w e  have an i n n e r  product  def ined on V ) ,  then  w e  may 

use  t h e  Gram-Schmidt Or thogonal iza t ion  process  t o  f i n d  an or thogonal  

b a s i s  f o r  V. Of course ,  t h a t  much w e  could do before ;  b u t  now t h e  

f a c t  t h a t  uk* uk* is  p o s i t i v e  f o r  each member o f  our  orthogonal  

b a s i s ,  means t h a t  

is  r e a l .  I n  t h i s  case  w e  can l e t  

whereupon V = [wl,...,w ] and {wl, ...,w 1 i s  n o t  only or thogonaln n 
b u t  a l s o  orthonormal, meaning i n  a d d i t i o n  t o  wi w = 0 i f  i # j

j
t h a t  wk wk = 1 f o r  each k = l,... ,n .  This  s h a l l  be  summarized 

a s  a  no te  a t  t h e  end of t h i s  e x e r c i s e .  
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Turning t o  t h i s  e x e r c i s e  w e  have t h a t  

codes t h e  symmetric b i l i n e a r  func t ion ,  def ined on V = [u1,u2,u31, 

by 

Now j u s t  a s  be fo re  w e  l e t  

and 

Then [u , u  1 = [ul*, u2*1, and ul* u2* = 0-1 2  

W e  nex t  l e t  

Now, 
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and 

Consequently (5)  may b e  r e w r i t t e n  a s  
r 1 

Matrix Check 
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From ( 6 )  w e  conclude t h a t  

where 

In  pa r t i cu l a r ,  ( 6 )  t e l l s  us t h a t  our b i l i n e a r  form i s  pos i t i ve  

d e f i n i t e  s i nce  each v = V has t h e  form 

whereupon 

F ina l ly ,  i f  w e  l e t  
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w e  may v e r i f y  t h a t  {wl, w2, w3) is an orthonormal bases  f o r  V. 

I n  p a r t i c u l a r ,  r e l a t i v e  t o  {wl, w2,  w3} , (xl,  x2,  x3) (ylf  y 2 ,  

y3) = x1Y 1 + X2Y2 + X3y3' 

Check: 

Note : 

This  i s  t h e  c r u c i a l  exercise i f  w e  a r e  t o  i d e n t i f y  our  d e f i n i t i o n  

of a d o t  product  wi th  t h a t  given i n  t h e  t e x t  ( f o r  t h a t  m a t t e r ,  

wi th  t h a t  given i n  most t e x t s ) .  Notice t h a t  i n  t h e  t e x t ,  one 

i d e n t i f i e s  v e c t o r s  wi th  n- tuples ,  whereupon t h e  d o t  product  is  

de f ined  by 

The key p o i n t  i s  t h a t  t h e r e  a r e  a s  many d i f f e r e n t  ways o f  r ep re -

s e n t i n g  an n-dimensional space V i n  terms of n- tuples  a s  t h e r e  

a r e  ways o f  choosing a b a s i s  f o r  V. What t h i s  e x e r c i s e  shows 

is t h a t  i f  ou r  symmetric b i l i n e a r  funct ion  i s  p o s i t i v e  d e f i n i t e  

( i . e . ,  a dot  p r o d u c t ) ,  then  w e  can always c o n s t r u c t  an or tho-

normal b a s i s  f o r  V. If ul, ...,u denotes t h i s  orthonormal b a s i s ,n 
S. 3.7.37 
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then r e l a t i v e  t o  t h i s  ba s i s ,  our dot  product is  a s  given by ( 7 ) .  

In  o ther  words; 

s i n c e u  u = l a n d u i  u = O  i f  i f  j.i i j 

Notice, however, t h a t  i f  a l l  we know is t h a t  ul,. .. ,un is  an 

a r b i t r a r y  b a s i s  f o r  V, then we a r e  not allowed t o  conclude t h a t  

r e l a t i v e  t o  t h i s  ba s i s  ( x ~ ~ . - . ~ x ~ )(ylI . . . ,yn) = xlyl + ... + 
xnyn s ince  we do not know t h a t  ui u = 1 o r  t h a t  ui u f o ri 
i # j. 

j 

The key po in t  i s  t h a t  once we know t h a t  we have a pos i t i ve  

d e f i n i t e ,  symmetric, b i l i n e a r  function then r e l a t i v e  t o  t h i s  

there  is  an orthonormal bas i s  (which may be found by t h e  

Gram-Schmidt or togonal izat ion process) .  If we now agree t o  use 

t h i s  ba s i s ,  then= may think of t h e  dot product i n  terms of t he  

usual n-tuple de f in i t i on .  

By t h e  usual use of t h e  cross  product we know t h a t  ul x u i s2 
perpendicular t o  t he  plane determined by ul and u2. We a l so  

know t h a t  
-t 

On t h e  o the r  hand, 
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Comparing (1) and (2)  w e  have t h a t  -ul - 1 u2 + u3 is  p a r a l l e l  

t o  (i.e., is  a s c a l a r  m u l t i p l e  o f )  ul x u Hence -u - -1 u + u2 ' 1 2 2 3 
is perpendicular  t o  t h e  p lane  determined by ul and u2. I n  f a c t ,  

i f  w e  want t o  make t h e  geometric  i n t e r p r e t a t i o n  complete, ou r  

c o n s t r u c t i o n  of u2* i n  t h e  l e c t u r e  was equ iva len t  t o  t ak ing  t h e  

component of u2 which was perpendicular  t o  ul. C lea r ly  ul and 

u2* determined t h e  same p lane  a s  d i d  ul and u 2 ' 

It i s  worth n o t i n g  t h a t  t h e  usua l  geometric procedure seems much 

e a s i e r  t o  handle than t h e  more a b s t r a c t  Gram-Schmidt Orthogona-

l i z a t i o n  Process ,  b u t  t h e  f a c t  remains t h a t  t h e  l a t t e r  method 

a p p l i e s  t o  a l l  v e c t o r  spaces  i n  which an i n n e r  product  i s  de f ined ,  

whi l e  t h e  more i n t u i t i v e  geometric technique  a p p l i e s  only t o  2-

and 3-dimensional space.  

You may r e c a l l  i n  our  f i r s t  Unit  i n  t h i s  Block, we emphasized 

t h e  f a c t  t h a t  t h e r e  w e r e  i n f i n i t e  dimensional vec to r  spaces and 

t h a t  one such space  was t h e  set of continuous func t ions  on an 

i n t e r v a l  [ a , b l .  I n  t h i s  e x e r c i s e  w e  want t o  p o i n t  ou t  t h a t  t h e  

i d e a  of a d o t  product  and t h e  a s s o c i a t e d  concept of "d is tance"  

make sense  i n  t h i s  r a t h e r  a b s t r a c t  model of a v e c t o r  space.  I n  

f a c t ,  t h e  s tudy of  or thogonal  func t ions  (of  which t h e  s p e c i a l  

case  of Four ie r  S e r i e s  w i l l  be  d iscussed i n  t h e  nex t  and f i n a l  

u n i t )  makes e x c e l l e n t  sense  i n  terms of t h e  genera l i zed  not ion  

of "d i s t ance" .  

More s p e c i f i c a l l y ,  w e  know t h a t  s i n c e  f (x)  i s  continuous on [ a , b ] ,  

jabf (x)  dx e x i s t s ;  and w e  a l s o  know t h a t  t h e  product  of two 

i n t e g r a b l e  func t ions  i s  an i n t e g r a b l e  funct ion .  Consequently, 

s i n c e  both  f and g a r e  continuous on [ a ,  b] ,$bf (x)  g (x)  dx is  a 

wel l -def ined number. Thus, t h e  d e f i n i t i o n  
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is  a t  l e a s t  a function which maps ordered p a i r s  of continuous 

funct ions ,  defined on [a ,b ] ,  i n t o  t h e  r e a l  numbers; and accord-

ingly t h e  d e f i n i t i o n  given above i s  a t  l e a s t  e l i g i b l e  t o  be 

considered a s  a poss ib le  dot product. Our aim i n  t h i s  exerc i se  

is t o  show t h a t  indeed (1) does def ine  a  dot product; and we do 

t h i s  by showing t h a t  t he  d e f i n i t i o n  given i n  (1) s a t i s f i e s  

p roper t ies  (i), (ii), (iii), and ( i v )  required of any dot  product. 

Given t h a t  

then 

(ii) (c f )  g = [[cf (x, Ig (x)dx  

(iii) f .  g =  £(x)g(x)dx6" 
= P.( X I  f (XI  -
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2 2and s i n c e  [ f ( x )1 2 0 f o r  a l l  x, k [ f ( x )1 dx -> 0 f o r  a l l  x and 
2$ [ £ ( x ) ~  d x =  0 ++f(x) O*  ++f = 0; f f -> 0 and f .  f = 0 

++ f = 0. Hence, s i n c e  (i), (ii), (iii)and ( i v )  a r e  a l l  obeyed 

f g ,  de f ined  by f g = $f ( ~ ) ~ ( x ) d xi s  a p o s i t i v e  d e f i n i t e ,  

symmetric, b i l i n e a r  funct ion .  I n  o t h e r  words, it i s  an inner  

product .  

Note : 

Once w e  have a d o t  product  de f ined  on a v e c t o r  space,  it makes 

sense  t o  t a l k  about  o r thogona l i ty .  I n  p a r t i c u l a r ,  suppose t h a t  

f l , . . . , fn  a r e  any l i n e a r l y  independent func t ions  which a r e  con-

t inuous  on [a ,b l  and t h a t  f o r  i # j, f i  ' f = 0. That is ,  f o r  
j 

i # j  I 

W e  then have a s imple way o f  computing t h e  c o e f f i c i e n t s  cl,  ..., 
and cn i n  an express ion such a s  

g ( x )  = c l f l (x )  + ... + cn f n ( x ) .  

Indeed w e  need only employ t h e  usua l  technique  of d o t t i n g  both 

s i d e s  of  (3)  w i t h  f k ( x )  ( f o r  any k = 1,2 ,3 , .  ..,n)  i n  o r d e r  

t o  f i n d  each ck. 

I n  p a r t i c u l a r ,  t h i s  l e a d s  t o  

Each term on t h e  r i g h t  s i d e  of (4)  i s  zero  except  f o r  ck fk  f k ,  

s i n c e  f i  f = 0 whenever i # j.
j 

I f  w e  rewrite ( 4 )  i n  terms o f  d e f i n i t i o n  ( l ) ,we o b t a i n  

*Here we u s e  t h e  f a c t  t h a t  f i s  c o n t i n u o u s  f o r  o t h e r w i s e  we 
c o u l d  a l l o w  f ( x )  t o  b e  unequa l  t o  0 a t ,  f o r  example ,  a f i n i t e  
number o f  p o i n t s  i n  [ a , b ]  and y e t  
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from which w e  conclude t h a t  

[Notice t h a t  f k  # 0 s i n c e  f . ..,£ 1 i s  l i n e a r l y  independent.  
2hence by ( i v )  , $[ fk  (x)1 dx # 0 and, consequently ( 6 )  i s  w e l l -

de f ined  .] 
I f  a l s o  w e  assume t h a t  t h e  f ' s  a r e  normalized, i .e. ,  f f = 

2d b [ f  ( X I  I dx = l * ,  then ( 6 )  may be  f u r t h e r  s i m p l i f i e d  t o  read  

Using t h e  r e s u l t  of (7)  i n  ( 3 )  w e  o b t a i n  

A s  i s  u s u a l l y  the case ,  very few s e r i o u s  problems a r i s e  a s  long 

a s  w e  look a t  f i n i t e  l i n e a r  combinations. The deep study begins  

when we assume t h a t  we a r e  d e a l i n g  wi th  an i n f i n i t e  sets of  

func t ions  de f ined  and continuous on an i n t e r v a l  [ a r b ] .  For now, 

j u s t  a s  i n  o u r  s tudy of  power series i n  P a r t  1 of t h i s  course ,  

w e  must ask  t h e  ques t ion  of  whether every continuous func t ion  

de f ined  on [a ,b ]  can be rep resen ted  a s  a convergent series i n  

* I f  f . f # 1 ,  we a r e  i n  no g r e a t  t r o u b l e .  Namely, i f  
f f = k $ 1 ( k  $ 0 ) ,  then  s i n c e  f f 2 0 ,  k 2 0 ,  & i s  r e a l .  
We then  r e p l a c e  f by f /  whereupon 

1 1  & i s  then c a l l e d  a w e i g h t i n g  f a c t o r  f o r  f .  
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which t h e  series is an i n f i n i t e  l i n e a r  combination of elements of 

our  s e t  S. Once w e  have answered t h i s  ques t ion  (hopeful ly ,  i n  t h e  

a f f i r m a t i v e )  we must then ask  whether t h e  process  of d o t t i n g  t e r m  

by term a s  w e  d i d  i n  t h i s  e x e r c i s e  i s  v a l i d .  I n  o t h e r  words, a s  

usual ,  such s t a t ements  a s  " t h e  i n t e g r a l  of a sum i s  t h e  sum of 

t h e  i n t e g r a l s "  depends on t h e  f a c t  t h a t  our sum involves  only a 

f i n i t e  number of terms. 

The d i scuss ion  h i n t e d  a t  h e r e  forms t h e  foundation of such t o p i c s  

a s  r e p r e s e n t a t i o n s  by Four ie r  series. We s h a l l  n o t  go i n t o  t h e  

theory  o f  Four ie r  series i n  t h i s  course,  b u t  w e  s h a l l ,  i n  t h e  

nex t  u n i t ,  t a l k  about  a few p r o p e r t i e s  of  Four ie r  series. 

3.7.9 ( o p t i o n a l )  

a .  Suppose 

then 

Since  {ul , . . . ,un)  a r e  or thogonal  w e  have t h a t  ul u = 0 f o r  
j

j = 2, .  . . ,n .  This ,  coupled wi th  t h e  f a c t  t h a t  ul 0 = 0, 

reduces (21 t o  

Now, s i n c e  c and ul u a r e  r e a l  numbers, w e  conclude from (3 )
1 1 

t h a t  e i t h e r  cl = 0 o r  ul u1 = 0. 

But ul ul = 0 ++ u1 = 0 ( i . e . ,  a d o t  product  i s  p o s i t i v e  

d e f i n i t e ) .  Hence, i f  ul # 0, then cl = 0. W e  may r e p e a t  t h i s  

procedure by d o t t i n g  both  s i d e s  of (1)with  u2, u3 , . . . ,  o r  un; 

and we conclude t h a t  i f  (ul, ...,un) i s  any s e t  of non-zero 

orthogonal  v e c t o r s ,  then  clul + ... 
+ 'nun 

= O c + c  = ..' = C = 0. 
n 

I n  o t h e r  words, any set of non-zero orthogonal v e c t o r s  i s  

l i n e a r l y  independent.  This  does n o t  mean t h a t  one needs t h e  

concept of a d o t  product  t o  s tudy l i n e a r  independence b u t  r a t h e r  
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t h a t  once one knows about a d o t  product ,  t h e r e  a r e  e a s i e r  ways 

o f  t e s t i n g  f o r  l i n e a r  independence. 

Along t h e s e  same l i n e s ,  n o t i c e  how we  used t h i s  i d e a  when w e  
-t 3

d e a l t  wi th  1, $, and k components i n  E . Q u i t e  genera l ly ,  i f  

where ul, ..., and un a r e  or thogonal ,  w e  may compute cl by d o t t i n g  

both  s i d e s  of (4)  wi th  ul. S ince  

w e  deduce from (4)  t h a t  

I f  w e  now assume, i n  a d d i t i o n ,  t h a t  {ul, ...,un} i s  orthonormal, 

then ul ul = 1, whereupon (5)  y i e l d s  

What equat ion  (6 )  co r robora tes  i s  our usua l  proper ty  of 

3-dimensional orthonormal coord ina te  systems. Namely, i f  

Iu1,...,un} i s  orthonormal and i f  v i s  any l i n e a r  combination 

of u l , . . . ,  and un; then w e  f i n d  t h e  ui-component of v merely 

by d o t t i n g  v w i t h  ui. 

b. I n  t h i s  p a r t  of t h e  e x e r c i s e  we a r e  t r y i n g  t o  show how t h e  

concept of  an orthogonal  complement extends t h e  i d e a  of  perpendi-

c u l a r i t y  a s  s t u d i e d  i n  t h e  lower dimensional cases .  For example, 

i n  2-space w e  know t h a t  t h e  1-dimensional subspaces a r e  l i n e s .  

Any two non-para l l e l  l i n e s  span t h e  p lane ,  b u t  w e  can always 

p ick  o u r  l i n e s  t o  be perpendicular .  I n  a s i m i l a r  way, given a 

p lane  W i n  3-space then any vec to r  i n  3-space i s  t h e  sum of  

two v e c t o r s ,  one of which l ies  i n  W and t h e  o t h e r  of  which 

doesn ' t .  We can always choose t h e  second vec to r  t o  be perpendi-

c u l a r  t o  W. 

Our p o i n t  is  t h a t  t h i s  i d e a  extends t o  any v e c t o r  space  on which 

a d o t  product  i s  def ined.  The b a s i c  idea  i s  a s  fol lows:  
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(i) Suppose t h a t  W i s  any subspace of  V. We then d e f i n e  a new 

set W by
P 

W = { V E V : ~  w = 0 f o r  each we^)
P 

Clea r ly ,  by i t s  very d e f i n i t i o n ,  W is a subse t  of V, b u t  a s  w e
P 

ask you t o  show i n  t h i s  p a r t  of t h e  e x e r c i s e ,  W i s  a l s o  a
P 

subspace of  V. To show t h i s ,  a l l  w e  have t o  do i s  prove t h a t  t h e  

sum of two m e m b e r s  o f  W i s  a l s o  a member of  W and t h a t  every
P PI  

s c a l a r  m u l t i p l e  of  an element of  W belongs t o  W .
P P 

Computationally, t h i s  i s  c e r t a i n l y  easy  enough t o  do. Namely: 

v , v  EW + v w = v2 w = 0 f o r  each weW 
1 2 P  1 

+ v1 w + v2 . w = 0 f o r  each WEW 

+ (vl + v2) w = 0 f o r  each WEW 

VEW + v w = 0 f o r  each WEW 
P 

+ c ( v  W) = 0 f o r  each wsW, where c i s  any s c a l a r  

+ (cv)  w = 0 f o r  each WEW 

(ii) I f  veW then  v w = 0 f o r  each weW. I n  p a r t i c u l a r ,  then ,
P 

i f  v a l s o  belongs t o  W,  then  by v i r t u e  of  it being a member of  

W v . v = 0. Since our  d o t  product  i s ,  by d e f i n i t i o n ,  p o s i t i v e
P 

d e f i n i t e ,  v v = 0 + v = 0. Hence, veWnW + v = 0, o r  
P 

L-

(iii) W e  now show t h a t  V = W @ Wp. That i s ,  each veV may 

be  expressed i n  one and only one way as  a sum of two v e c t o r s ,  

one o f  which i s  i n  W and t h e  o t h e r  of  which is  perpendicular  t o  

W ( i . e . ,  i n  W ) .
P 
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Since W n W  = (01 , it i s  s u f f i c i e n t  t o  show t h a t  each VEV may be 
P 

wr i t t en  i n  a t  l e a s t  one way i n  t he  required form.* 

W e  introduce t h e  Gram Schmidt process t o  solve our problem. 

Namely, we begin by construct ing an orthonormal bas i s  f o r  W ,  say 

{wl,...,w 1. We may now use t he  Gram-Schmidt Orthogonalization r 
Process t o  augment t h i s  ba s i s  t o  become a bas i s  f o r  V. That is  

v = [wl, ...,Wr. vl,... I V  I I n-r 

where dim V = n. 

The key l i e s  i n  t h e  f a c t  t h a t  W = [vl,.  . . ,v I where v and 
P n-r 1'"" 

v a r e  a s  given by ( 8 ) .  To prove t h i s  asse r t ion  we f i r s t  no t ice  n-r 
t h a t  it i s  t r i v i a l  t o  show t h a t  vl, .... and vn-r a l l  belong t o  W 

P ' 
Namely each of these  vectors i s  by construction orthogonal t o  each 

of t h e  vectors  wl.. . . , and wr; hence t o  the  space spanned by 

wl , . . . .  and wr. A s  a computational review, we have t h a t  f o r  each 

wEW, 

Hence, vi E W 
P' 

* R e c a l l  t h a t  i f  W1.nW2 = (0) a n d  wl + w = w ' + w ' ,  w h e r e  
wlYw1'~W1 a n d  w 2 ,  * E W ~ .  t h e n  w  = w " a n d  l w  = 2 w 2 ' .  N a m e l y2+ w 2  = w ' + w '2+ w - w ' = l w  ' w . H e n c e ,  - w ' & W 2
1 2 1 1 

since w ' - l w  i s  i n  w 2 ?  S i n c e  w12- w ' 2 ~w e  h a v e w h a t  wl - w I =  

W1 n w Z 2 ;  a n d 2 s i n c e  W y2  = 0 1 w J=  0 f r o m  w h i c h  
1 

W1 1 
w e  c o n c l u d e  t h a t  w = l w l  . A s i m i l a r  a r g u m e n t  s h o w s  t h a t  w 2  = w 2 ' .

1 
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3 . 7 . 9  cont inued  

Conversely i f  w i s  any element  of W t h e n  s i n c e  W c V ,  w e  see from 
P P P 

(8 )  t h a t  

Now, s i n c e  w w = 0 f o r  each  WEW, w e  know t h a t  i n  p a r t i c u l a r  
- P 

W~ ' W1-
... = w - w, = 0. Thus, f o r  example, i f  w e  d o t  both 

P 
s i d e s  of  (9)  w i t h  wl w e  o b t a i n  

. w = ( C W  + ... + crwr + a l v l +  ... + a v wl 
P 1 1 1  n-r  n-r 

and s i n c e  {wl. ....wr,  v l . . . ,  vn-r  1 i s  orthonormal ,  w e  conclude 
-from (10) t h a t  0 = cr S i m i l a r l y ,  w e  may show t h a t  c2  = ... - -

Cr-
0 ,  s o  t h a t  by (9)  , 

and t h i s  shows t h a t  Cvl, ...,vn-r  1 span  W . T h i s  completes  o u r  
P 

proof  t h a t  

3.7.10 ( o p t i o n a l )  

W e  have 

u4 - u1 = 1, u 4  . u = 2,  u4 u3 = 1, U 42 

W e  f i r s t  l e t  

u 4 = 9 J  
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3.7.10 continued 

Then by t h e  Gram-Schmidt process  w e  have 

o r  from (1), 

[Check: u * u * = 1 1 
1 2 u1 (u2 - ;?. ul) = u1 . u2 - 7 u, 

1 = 1 - ;?.(4) = 1 - 1 = 0.1 

With ul* a s  i n  (2)  and u2* a s  i n  ( 3 ) '  w e  next  de f ine  u3* by 

U ' U *3 u - u *  
u3* = u - l ul* - 3 u * .  

ul*. ul* u2*. u2* 
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3.7.10 con t inued  

~ u t t i n g ~t h e  r e s u l t s  o f  (5), ( 6 )  , (7)  and (8)  i n t o  (4)  y i e l d s  

F i n a l l y ,  

2 7
u2* u2* [by ( 8 ) ]  = 4 

11
u4 u3* = [by (9)  1 u4 (u3  - - 10 

27 u1 - 27 u2) 

= u4 11u 3 - - 10 
27  u4 ' u1- 27 u4 ' 2 

11= 1 - 3(1) - -lo (2)27 
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3.7.10 cont inued 

P u t t i n g  t h e s e  r e s u l t s  i n t o  (10) y i e l d s  

Summarizing, w e  have from (21,  (31, (91, and (11) 

u * =  -ul - u + 2u3 + u,,4 2 
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3.7.10 continued 

Note : 


If  we write (12) i n  matrix form w e  have 


Matrix (13) t e l l s  us that  
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3.7.10 continued 

Hence, ul*, u2*,  u3*, u4* is  an orthogonal  b a s i s  f o r  V; and 

This  is  much n e a t e r  than t h e  corresponding r e s u l t  us ing  

u ,u ,u  , and u4 as a b a s i s  - i n  which case  w e  would a l s o  have 1 2 3  
had t o  worry about  t h e  terms involving x1y2, x y , x1y4, x2y1,1 3  
X2Y3f  X 2 Y 4 r  X3Y1r X3Y2t  X3Y4' X4Y1, X4Y28 and X4Y3-
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