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3.4.1(L) 


Given any VEV = [u1,u2], w e  may w r i t e  v uniquely i n  t h e  form 


Then, since f is l i n e a r ,  

we a r e  t o l d  that 

and 

Hence, us ing  (3) and ( 4 )  i n  (2), w e  conclude t h a t  

I f  w e  agree  t o  view (ul ,u2) a s  t h e  coordinate  system f o r  V 

[ i . e . ,  w e  use (xl,x2) a s  an abbrev ia t ion  f o r  xlul + x2u2] ,  w e  

may rewrite (5)  a s  

f (x1,x2) = (-3x1 + 4x2, 2x1 - X2) . 
b. With vl = 7u + 5u2, w e  o b t a i n  from (5) t h a t  1

and wi th  v2 = 2u + 3u2, w e  see from (5)  t h a t  
1 
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Hence, from ( 6) and ( 7) , we conclude t h a t  

On t h e  o the r  hand, 

Consequently, by (5), we see that 

Comparing (8) and ( 9 )  , we conclude t h a t  f (vl + v2) = f (vl) + f (v2). 
.. 	 I f  we iden t i fy  ul with :and u2 with 7, we see  from (5 ' )  t h a t  f 

is  t h e  l i n e a r  mapping of t h e  xy-plane i n t o  t he  uv-plane defined 

by 


That i s ,  
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Notice from t h e  f i g u r e  t h a t  f  "preserves  s t r u c t u r e " ;  t h a t  i s ,  t h e  

image of  v + v2 is  t h e  same a s  t h e  sum of  f (vl) and f ( v 2 ) .  

P i c t o r i a l l y ,  para l le lograms (wi th  a v e r t e x  a t  t h e  o r ig in*)  a r e  

mapped on to  para l le lograms.  

Note : 

W e  have l i m i t e d  our  d i s c u s s i o n  i n  t h i s  e x e r c i s e  t o  t h e  case  n 

= 2 only  s o  t h a t  our  computations would be  r e l a t i v e l y  easy and 

a l s o  s o  t h a t  w e  could s t i l l  i n t e r p r e t  our  r e s u l t s  p i c t o r i a l l y .  

The p o i n t  is t h a t  our  r e s u l t s  apply t o  any dimension. More 

s p e c i f i c a l l y ,  i f  V = [ul , . - . ,u  I and i f  wl, ..., and wn a r e  anyn 

n a r b i t r a r i l y  chosen elements i n  another  space,  W, then t h e r e  is  

one and only one l i n e a r  t r ans fo rmat ion  f:V + W such t h a t  

Namely, i f  v = x u + ... + xnun i s  an a r b i t r a r y  element o f  V,1 1  
then  f ( v )  must equa l  xlwl + ... + xnwn. I n  d i f f e r e n t  pe r spec t ive ,  

i f  w e  s t a r t  wi th  j u s t  t h e  informat ion  given i n  (1) and then 

i n s i s t  t h a t  

... 
f b e  l i n e a r ;  then  t h e  mapping def ined by f ( v )  = 

xlwl + + xnwn " f i l l s  

. 
t h e  b i l l "  and no o t h e r  l i n e a r  mapping 

f :V + W can obey (1)

W e  must b e  c a r e f u l  i n  our reading o f  t h e  above paragraph. W e  

c a n ' t  conclude t h a t  i f  dim V = n t h a t  we can d e f i n e  a l i n e a r  

mapping f:V + W j u s t  b e  r e q u i r i n g  t h a t  any n elements i n  V be  

ass igned t o  n elements i n  W. The key po in t  is  t h a t  t h e  vec to r s  

i n  t h e  domain must be  a l i n e a r l y  independent set. That  i s ,  t h e  

proper ty  of l i n e a r i t y  is such t h a t  f ( c lv l  + ... + c v ) is  n n 
determined once we know t h e  e f f e c t  of  f on vl, ..., and vn. 

Namely, by l i n e a r i t y ,  

+ 
* I d e n t i f y i n g  x i  + + + + 

y j  w i t h  ( x , y )  r e q u i r e s  t h a t  x i  + y j  o r i g i n a t e  
a t  ( 0 , O ) .  C o n s e q u e n t l y ,  t h e  n a t u r a l  t e n d e n c y  o f  t h i n k i n g  o f  
a l i n e a r  t r a n s f o r m a t i o n  a s  a m a p p i n g  w h i c h  maps l i n e s  i n t o  
l i n e s  m u s t  b e  amended  t o  s a y  i t  maps l i n e s  t h r o u g h  t h e  o r i g i n  
i n t o  l i n e s  t h r o u g h  t h e  o r i g i n .  
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For example, with reference t o  p a r t  (b) of t he  present  exercise .  

once f ( v  ) = -ul + 9u2 and f ( v 2 )  = 6u + u2, then f cannot be 1 1
l i n e a r  unless  f ( v l  + v2) = 5u1 + 10u2. 

A s  a spec i a l  case i f  dim V = n and m > n, then it i s  impossible 

t o  f i nd  a l i n e a r  transformation f:V + W by a r b i t r a r i l y  p rescr ib ing  

the  values of f ( v l ) ,  ..., and f ( v m ) .  Namely, s ince  m > n the  

set vlr . . . ,v is l i n e a r l y  dependent and t h i s  means t h a t  some m 
of t h e  v ' s  a r e  l i n e a r  combinations of t h e  others .  In  tu rn ,  i f  

f i s  t o  be l i n e a r ,  t h i s  means t h a t  t he  images of these  v ' s  must 

be t h e  -same l i n e a r  combination of t h e  images of t h e  o ther  v's! 

I n  o the r  words, 

. 
i f  vk = clvl + ... + ~ ~ , then ~ v f (vk )  ~ = - ~ ~ 

clf(vl)  + .. + ck,lf ( v ~ , ~ ). 
Hence, f (vk) cannot be a r b i t r a r i l y  

prescr ibed once f (vl) ,.. . , and f have been chosen. 


The major poin t  is t h a t  s ince  a3 = 2a2 - al* and T i s  l i n e a r ,  

then 

From (1)we s e e  t h a t  T(a3) is completely determined by t h e  


values of T(al)  and T ( a 2 ) .  


In  p a r t i c u l a r ,  i f  T(al) = (3,1,2,4) and T(a2) = 

see  from (1) t h a t  

*Thi s  o b s e r v a t i o n  h a s  n o t h i n g  t o  do w i t h  l i n e a r  t r a n s f o r m a t i o n s .  
R a t h e r ,  i t  i s  o b t a i n e d  by  t h e  row-reduced m a t r i x  t e c h n i q u e  o f  
t h e  p r e v i o u s  u n i t s  w h e r e i n  we d i s c u s s e d  s u c h  t h i n g s  a s  f i n d i n g  
t h e  d i m e n s i o n  o f  S (a1, a2,a3) . 

(4 ,2 ,1 ,5) ,  we 



S o l u t i o n s  
Block 3: Se lec ted  Topics i n  Linear  Algebra 
Unit  4:  L inear  Transformations 

3.4.2 continued 

Thus, w e  see t h a t  i f  T:V -+ W is  l i n e a r  and T(1 ,2 ,3)  = (3 ,1 ,2 ,4)  

whi l e  T(4 ,5 ,6)  = ( 4 , 2 , 1 , 5 ) ,  then  T(7 ,8 ,9)  must equal  (5 ,3 ,0 ,6) .  

Consequently, t h e r e  i s  n o  l i n e a r  t ransformat ion  T from V t o  W 

such t h a t  

P i c t o r i a l l y ,  

A n a l y t i c a l l y  speaking,  l i n e a r  t ransformations "preserve"  sums 

and s c a l a r  m u l t i p l e s .  That is  

v1 	T T w and v2 1 W2 -+ 

impl ies  t h a t  

b. 	 This  i s  another  form of ( a ) .  The only d i f f e r e n c e  h e r e  i s  t h a t  

s i n c e  we have more v e c t o r s  than dim V, t h e  s e t  must be l i n e a r l y  

dependent. I n  p a r t i c u l a r ,  us ing  our  row-reduced matr ix  technique,  

w e  have 
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The l a s t  row of (3)  t e l l s  us  t h a t  -4y1 - 9y2 + 5y3 + y4 = 0 o r  

Y 4  = 4yl ' 9y2 - 5y3= 

Consequently, T (y4) = 4T(y1) + 9T(y2) - ST (y3) . Thus, w e  cannot 

p r e s c r i b e  T (y4)  a r b i t r a r i l y  once T (yl) , T (y2), and T (y3) a r e  

given. 

I n  t h e  f i r s t  two e x e r c i s e s  w e  d e l i b e r a t e l y  avoided any re fe rence  

t o  ma t r i ces ,  a t  l e a s t  wi th  r e s p e c t  t o  l i n e a r  t ransformat ions .  

The reason f o r  t h i s  i s  t h a t  t h e  concept of l i n e a r  t r ans fo rmat ion  

does n o t  r e q u i r e  a  knowledge of matr ices .  I t  is  t r u e ,  however, 

t h a t  judic ious  use  of a  matr ix  coding system al lows us t o  

express  l i n e a r  t ransformat ions  r a t h e r  n i c e l y .  W e  have made use  

of t h i s  ma t r ix  coding system n o t  only i n  t h e  p r e s e n t  l e c t u r e  

b u t  a l s o  i n  our  in t roduc to ry  t r ea tmen t  of  l i n e a r  mappings i n  

Block 4 of P a r t  2. 

I n  t h e  p r e s e n t  e x e r c i s e ,  what w e  want t o  do i s  emphasize how 

w e  may use  ma t r ix  n o t a t i o n  t o  compute f ( v )  f o r  any v i n  V where 

V = [ Ul , . . . ,u,]. For t h e  sake  of s i m p l i c i t y  we have assumed 

t h a t  V = W i n  t h i s  e x e r c i s e  b u t  t h e  genera l  approach works f o r  
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any l i n e a r  t r ans fo rmat ion  f:V -t W .  

W e  a l s o  want t o  make s u r e  t h a t  you a r e  no t  confused by t h e  two 

d i f f e r e n t  conventions whereby l i n e a r  t ransformat ions  a r e  

r ep resen ted  by matr ices .  Consequently, we use t h e  technique of 

t h e  l e c t u r e  i n  doing p a r t  ( a ) ,  and t h e  t r anspose  of t h i s  method 

i n  doing p a r t  (b) . 

Then, a s  w e  saw i n  Exerc i se  3.4.1 (L) , f o r  any v = x u + x2u2€V,1 1  


f (v)  = (-3x1 + 4x2) u1 + (2x1 - x u2 2' 


I f  w e  now l e t  


4 = -1 
b e  t h e  t r anspose  of  t h e  ma t r ix  of c o e f f i c i e n t s  i n  (1) and i f  w e  

l e t  X denote  t h e  column v e c t o r  (matr ix)  
? I 

vue have 

Not ice  t h a t  (3)  i s  a column v e c t o r  whose components a r e  t h o s e  

I n  summary, then,  we may i d e n t i f y  t h e  matr ix  equat ion  A x  = Y 

wi th  t h e  v e c t o r  equat ion  (2), where 

S.3.4.7 
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where f ( v )  = (y1,y2) = ylul + y2u2. Notice i n  t h i s  context t h a t  

XA wouldn't make sense s ince  X is 2 by 1while A is  2 by 2 .  

b. I f  we want t o  use t h e  matrix of coe f f i c i en t s  i n  ( l) ,then we l e t  

B = [-: -;]* 
i n  o the r  words, B = A ~ .  

W e  now l e t  X denote t he  row vector  (matrix) Exl x2] .  In  order no t  

t o  confuse t he  row vector X here with t h e  column vector  X i n  p a r t  
+ 

( a ), l e t  us agree t o  wr i t e  X is S i s  a row matrix; and X 
+ 

i f  X is  

a column vector .  


A t  any r a t e ,  w e  e a s i l y  ve r i fy  t h a t  

P 1 

-+
s o  t h a t  XB a l s o  names t h e  components of f (v) , but  now a s  a row 

matrix. 

The connection between p a r t s  (a )  and (b) i s  simple. Namely, 

i f  

Then 

* W e  u s e  B r a t h e r  than A o n l y  s o  t h a t  w e  do n o t  c o n f u s e  t h e  
n o t a t i o n  i n  p a r t  (b) w i t h  t h a t  i n  p a r t  ( a ) .  
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Consequently, 

+ + 
I f  X = 3,  then  xT = X; and conversely i f  X = X ,  xT -f 

= X 

Thus, i f  w e  r e c a l l  t h a t  B = A ~ ,w e  see from ( 4 )  and (5)  t h a t  

s o  t h a t  p a r t s  ( a )  and (b)  a r e  indeed two d i f f e r e n t  matr ix  

equat ions  which code t h e  same information.  

I t  is n o t  impor tant  which of  t h e  two conventions w e  use,  b u t  

a s  w e  s h a l l  soon s e e ,  w e  must be  c a r e f u l  no t  t o  confuse t h e  two. 
+ 

For example, wi th  A a s  i n  p a r t  ( a ), w e  could s t i l l  compute XA. 

W e  would o b t a i n  

[x, X - 1  -:] = 1-3xl 2x2 - x.1

which i s  a row v e c t o r  b u t  it does n o t  code t h e  information 

given i n  ( 2 ) .  I n  o t h e r  words. both  %A and A; make sense ,  b u t  

i n  genera l ,  t h e  row v e c t o r  def ined by 
-f
XA does no t  have t h e  same 

components a s  t h e  column v e c t o r  AX. 

The advantage of  t h e  n o t a t i o n  used i n  ( a )  is  t h a t  it al lows us 

t o  w r i t e  X a f t e r  t h e  matr ix  A and t h i s  preserves  t h e  no ta t ion  

f (x)  a s  opposed t o  (x)  f .  The disadvantage i s  t h a t  we must 

remember t h a t  A is  not t h e  matr ix  of  c o e f f i c i e n t s  i n  (1) b u t  

r a t h e r  t h e  t r anspose  of t h a t  matr ix.  

Conversely, t h e  advantage of  ( 6 )  i s  t h a t  B denotes t h e  matr ix  

of c o e f f i c i e n t s  i n  (1);whi le  t h e  disadvantage is  t h a t  w e  must 

w r i t e  XA r a t h e r  than AX. 
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V = [u1,u2,u31 

f :V -+ V is l i n e a r  and is defined by 

a. Let t ing  

w e  ob ta in  from (1) t h a t  

f (v) = xlf (ul) + x2f (u2) + x3f (u3) 

= xl(ul + u2 + u ) + x2(2u1 + 3u2 + 3u3) 3
+ x3(3ul + 4u2 + 6u3) 

= (xl + 2x2 + 3x3)u1 + (xl + 3x2 + 4 x 3 ) ~ ~  

+ (xl + 3x2 + 6x3) u3. 

b. Le t t i ng

L 1 J  
: + 

and x 1 2 3  x X I ,
= 

we have 

~ x l x 2 x 3 , ~  1 
I n  o ther  words, i f  f ( v )  = ylUl + Y2U2 + Y U r W e  may f i nd  Yl,  

-+ 3 3 Y2 
and y3 by l e t t i n g  Y = [yl, y2, y31 a d  solving 

c. Taking t h e  transpose of both s ide s  of ( 2 1 ,  we obtain  
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Hence, 

F i n a l l y ,  i f  w e  let A = B
T , ( 4 )  becomes 

where A i s  t h e  t r anspose  of  t h e  matr ix  of  c o e f f i c i e n t s  i n  (1). 

With V = [ul,u2] and t h e  l i n e a r  mapping f :  V -+ V def ined by 

it follows f o r  any v = xlul + x 2 u 2 ~ V ,  t h a t  

o r  i n  2- tuple  n o t a t i o n ,  r e l a t i v e  t o  (u l t  u2} a s  a  b a s i s  f o  V, 

So f a r  we have j u s t  been reviewing t h e  technique d i scussed  i n  

t h e  previous  two e x e r c i s e s ,  b u t  t h e  new p o i n t  w e  want t o  make i s  

t h a t  whi le  f does no t  depend on t h e  choice of  b a s i s  ( i . e . ,  t h e  

same l i n e a r  t r ans fo rmat ion  can be expressed i n  t e r m s  of 

[ i n f i n i t e l y ]  many b a s e s ) ,  t h e  2-tuple no ta t ion  used i n  (3 )  does 

depend on t h e  p a r t i c u l a r  b a s i s  being used. 

I n  o t h e r  words, had we found another  b a s i s  f o r  V ,  say vl and v 2 ,  and 

i f  veV; then f ( v )  would no t  depend on whether w e  wrote v  i n  terms of 



Solutions 
Block 3: Selected Topics i n  Linear Algebra 
Unit 4: Linear Transformations 

3.4.5 (L)  continued 

terms of ul and u2 coordinates o r  i n  terms of vl and v2 coordinates,  

bu t  t h e  r e s u l t i n g  2-tuple notat ion would depend on the  bas i s .  This 

i s  what we want t o  show i n  p a r t  (a)  of t h i s  exercise .  

a ,  W e  a r e  now t o l d  t h a t  we want t o  express f i n  terms of t he  vectors  

v1 = u1 + u2 and v2 = 2ul + u2. 

Again, pr imari ly  a s  a review, we may use row-reduction t o  show 

t h a t  vl and v2 do indeed form a bas i s  f o r  V and a t  the  same time 

w e  can see  how vl and v2 a r e  expressed a s  l i n e a r  combinations of 

u1 and u2. More spec i f i ca l l y :  

s o  t h a t  

Now w e  may compute f (v l )  and f ( v 2 )  a s  follows: From ( 4 ) ,  

Then, by t h e  l i n e a r i t y  of f ,  we conclude from ( 6 )  t h a t  

s o  t h a t  by (1), (7) becomes 

and 



Solu t ions  
Block 3: Se lec ted  Topics i n  L inea r  Algebra 
Unit  4: L inear  Transformations 

3.4.5 (L) continued 

W e  may now use  (5)  t o  r e w r i t e  (8)  a s  

from which w e  see t h a t  t h e  ma t r ix  of c o e f f i c i e n t s  of  f r e l a t i v e  

t o  t h e  bases  (v1,v2) i s  given by 

b .  Le t  

Then, f  (v)  = ylul + y2u2, where 

fi 21 

That is ,  

Hence 

I n  o t h e r  words, 

Not ice  t h a t  i n  terms of column v e c t o r s ,  (11) could have been 

r e w r i t t e n  a s  
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On t h e  o t h e r  hand, combining (5)  and (10) w e  have 

Hence, t o  compute f ( v )  = zlvl + z v w e  have2 2 

s o  t h a t  

That is ,  r e l a t i v e  t o  t h e  b a s i s  Ivlr v2) 

W e  may check (12) and (13) by rep lac ing  ul and u2 i n  (12) by 

t h e i r  va lues  i n  ( 5 ) .  This  y i e l d s  

which checks wi th  (13) .  

From a geometric p o i n t  of view, w e  a r e  saying t h a t  a l i n e a r  

t ransformat ion of t h e  xy-plane i n t o  t h e  uv-plane i s  completely 

determined a s  soon a s  w e  know t h e  image of a p a i r  of non-

p a r a l l e l  vec to r s  i n  t h e  xy-plane. I n  o t h e r  words, a l i n e a r  

mapping i s  def ined by i t s  e f f e c t  on one p a i r  of non-para l le l  

v e c t o r s ,  and t h e r e  a r e  i n f i n i t e l y  many ways i n  which such a 

p a i r  of vec to r s  may be chosen. What does vary wi th  t h e  choice  
S.3.4.14 
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of bas i s ,  however, i s  t h e  representat ion of a given vector as a 


l i n e a r  combination of bas i s  vectors.  


What is  i n t e r e s t i n g  i s  how the  matrix of coe f f i c i en t s ,  


i n  (1) is r e l a t ed  t o  t he  matrix of coe f f i c i en t s ,  

i n  ( 9 ) .  This is what w e  inves t iga te  i n  (c ). 
c. We have: 

Assuming i n  ( 3 )  t h a t  IB1,B2] is  a bas i s  f o r  V, we may inve r t  

(3) t o  obtain  

where (3) and ( 4 )  a r e  r e l a t ed  by 

I f  we now look a t  the  same T but i n  terms of i t s  e f f e c t  on B1 
and B 2 ,  we have by (3) 
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3.4.5 (L) continued 


s o  t h a t  by l i n e a r i t y  


Using (21, (5) becomes 

I f  w e  now r e p l a c e  a1 and a2 i n  ( 6 )  by t h e i r  va lues  i n  ( 4 ) ,  w e  

o b t a i n  

It should be  noted  t h a t  our  d e r i v a t i o n  o f  (7)  was very s t r a i g h t -  

forward, i f  a  b i t  messy. However, i f  w e  t h i n k  i n  t e r m s  o f  

ma t r i ces ,  w e  see t h a t  t h e  matr ix  of  c o e f f i c i e n t s  i n  (7)  is  very 

c l o s e l y  r e l a t e d  t o  t h e  ma t r i ces  of c o e f f i c i e n t s  i n  (21, ( 3 ) ,  and 

( 4 ) .  I n  p a r t i c u l a r ,  we have t h a t :  
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-
- ( b l l a l l  b12a21)c11 (b l l a12  + b12a22)c21+ + 

(bllall+ b12a21) 5 2  (b l la12 b12a22)c21+ + 

( b 2 l a l l  b22a21)c11 + (b21a12 b22a22)c21+ + 

- (b21al l  + b22a21)c12 + (b21a12 + b22a22)c22d 

= BAC 

This  r e s u l t  is  o f  extreme importance. What it t e l l s  us is  t h a t  

i f  t h e  n  by n  ma t r ix  A ( w e  have d e a l t  wi th  t h e  case  n  = 2 b u t  

t h i s  is of  ha rd ly  'any consequence) r ep resen t s  a l i n e a r  t r a n s -  

formation o f  V i n t o  V r e l a t i v e  t o  t h e  b a s i s ( a l ,  ...,an l then  i f  
-1

B i s  any non-singular  n  by n  matr ix ,  w e  have t h a t  BAB 

r e p r e s e n t s  t h e  same t ransformat ion  r e l a t i v e  t o  t h e  b a s i s  

{B11-..r8n) where 

To see what t h i s  r e s u l t  means i n  t e r m s  of t h e  p resen t  e x e r c i s e ,  

we form from p a r t  ( a )  t h a t  
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From B we see  t h a t  B-' i s  determined by 

s o  t h a t  

Therefore, 

which agrees with t he  matrix of coe f f i c i en t s  i n  (9). 

Note : 

Two n by n matrices A and B a r e  ca l l ed  s imi l a r  i f  and only i f  

t he re  e x i s t s  a non-singular matrix X such t h a t  = B. I n  

terms of l i n e a r  transformation of a vector space, t he  s ign i -  

f icance of s i m i l a r  matrices i s  t h a t  they represent  t he  same 

l i n e a r  transformation,  but  with respect  t o  a (possibly)  

d i f f e r e n t  ba s i s .  

From a s t r u c t u r a l  point  of view, it may be worth observing 
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3 . 4 . 5  (L) continued 

t h a t  t h e  r e l a t i o n  "is  s i m i l a r "  is  an equivalence r e l a t i o n .  
-1

Namely, s i n c e  I A I  = A, w e  have t h a t  any matr ix  A i s  s i m i l a r  t o  

i t s e l f .  Secondly i f  XAX-l = B,  then  x - ~ ( X A X - ~ )x = X-'BX, s o  t h a t  

l e t t i n g  Y = X
-1 , w e  have t h a t  A = YBY-l. i f  A i s  s i m i l a rHence, 

t o  B then B i s  s i m i l a r  t o  A. F i n a l l y ,  i f  X A X - ~  = B =and YBY-IC, 

we have by s u b s t i t u t i o n  t h a t  

(YX)  A (YX) -'= C 

ZAZ-I= C, where Z = YX. 

Hence, i f  A i s  s i m i l a r  t o  B and B is s i m i l a r  t o  C, then  A is  

s i m i l a r  t o  C. 

What becomes confus ing i n  t h e  s tudy of matr ix  a lgebra  is  t h e  

d i f f e r e n t  types  o f  equivalences  involving matr ices .  For example, 

we have a l ready t a l k e d  about two types  of equivalence;  one when w e  

t a l k e d  about  row-reducing matr ices  and again he re  i n  t h e  context  

of l i n e a r  t r ans fo rmat ions .  I t  seems t h a t  one of t h e  b e s t  ways 

n o t  t o  g e t  confused is  t o  keep t h e  model of a v e c t o r  space i n  

mind. I n  terms of such a model, w e  usual ly  t a l k  about row 

equivalence  when w e  want t o  s e e  whether two sets of v e c t o r s  

span t h e  same space; and we t a l k  about t h e  equivalence  de f ined  

by s i m i l a r  ma t r i ces  ( a  s i m i l i t u d e )  when w e  want t o  examine 

whether two mat r i ces  r e p r e s e n t  t h e  same l i n e a r  t r ans fo rmat ion  

b u t  perhaps wi th  r e s p e c t  t o  a d i f f e r e n t  b a s i s .  

I n  summary, s i m i l a r  ma t r i ces  r e p r e s e n t  t h e  same l i n e a r  t r a n s -

formation b u t  wi th  r e s p e c t  t o  (poss ib ly )  d i f f e r e n t  bases .  More 

s p e c i f i c a l l y ,  suppose 
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and t h a t  

whi le  

Then, 

where t h e  mat r ix  C = [c, , I  is obta ined from t h e  matr ix  
AJ 

A = [ai 1 by C = BAB-l where B = [b . . I . 
1 3  

As a f i n a l  remark, n o t i c e  t h a t  

cT= (BAB-1) T + 


T T 
c T = B A ( B - I T +) 
T T  T - 1c T = B A ( B )  . 

Hence, w e  see t h a t  t h e  concept of Osimilarn does n o t  depend 

on whether w e  d e a l  wi th  t h e  matr ices  of  c o e f f i c i e n t s  o r  

w i t h  their t ransposes .  
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3 . 4 . 6  ( o p t i o n a l )  

The major o b j e c t i v e  of t h i s  e x e r c i s e  i s  t o  o f f e r  an i n s i g h t  t o  

t h e  i d e a  of  what i s  meant by " i n v a r i a n t  p r o p e r t i e s " .  I n  essence,  

t h i s  i s  p a r t  of t h e  "Number-versus-Numeral1' theme. Namely, we 

have a  p roper ty  which we wish t o  examine and t h i s  proper ty  does 

no t  depend on t h e  "coord ina te  system" being used, b u t  i t s  

appearance does. W e  must then make s u r e  t h a t  when such a pro-

p e r t y  is  s t a t e d  i n  t e r m s  of a p a r t i c u l a r  coordinate  system t h e  

de r ived  consequences a r e  v a l i d  i n  any coordinate  system. 

To apply t h i s  n o t i o n  s p e c i f i c a l l y  t o  t h e  ideas  of t h i s  Unit,  

l e t  us observe t h a t  t h e  no t ion  of  a l i n e a r  t ransformat ion  def ined 

on a v e c t o r  space does n o t  depend on t h e  b a s i s  we a r e  using f o r  

t h e  v e c t o r  space. The mat r ix  of  c o e f f i c i e n t s ,  however, does 

depend on t h e  b a s i s .  Thus, w e  want t o  make s u r e  t h a t  any con-

sequences of a p a r t i c u l a r  l i n e a r  t ransformat ion  a r e  independent 

of t h e  b a s i s  being used. 

This  i n v e s t i g a t i o n  can become a  b i t  s t i c k y ,  s o  we have l i m i t e d  

our  i n v e s t i g a t i o n b  two r a t h e r  elementary s i t u a t i o n s .  Namely, 

every v e c t o r  space ( o t h e r  than t h e  vec to r  space which c o n s i s t s  

only of  t h e  zero  vec to r )  al lows a t  l e a s t  two l i n e a r  t r a n s -  

formations t o  be de f ined  on it. I n  p a r t i c u l a r ,  t h e r e  i s  t h e  

i d e n t i t y  mapping de f ined  by f  (v)  = v f o r  each vsV; and t h e  

zero-mapping de f ined  by f ( v )  = 0 f o r  a l l  VEV. I t  is  r e a d i l y  

checked t h a t  bo thof  t h e s e  mappings a r e  indeed l i n e a r .  

a .  	 R e l a t i v e  t o  a p a r t i c u l a r  b a s i s ,  t h e  i d e n t i t y  mapping is  def ined 

by t h e  f a c t  t h a t  each element of t h a t  b a s i s  is  mapped i n t o  

i t s e l f .  S ince  t h i s  i s  t r u e  f o r  any b a s i s ,  it means t h a t  our  

ma t r ix  of c o e f f i c i e n t s  i n  t h i s  case  must be t h e  n  by n  i d e n t i t y  

ma t r ix  I no mat t e r  what b a s i s  i s  being considered.  I n  p a r t i c u l a r ,  

then it means t h a t  according t o  our  d e f i n i t i o n  of s i m i l a r  ma t r i ces ,  

no n  by n  matr ix  o t h e r  than I would be s i m i l a r  t o  I .  

S t a t e d  a b s t r a c t l y ,  we a r e  saying t h a t  f o r  t h e  sake  of cons is tency 

it had b e t t e r  t u r n  o u t  t h a t  i f  A i s  an n  by n  ma t r ix  and i f  X i s  

a l s o  an n  by n  ma t r ix  such t h a t  X - ~ A X  = I ,  then A = 1. 

The proof of t h i s  r e s u l t  fol lows from t h e  usual  r u l e s  of 


ma t r ix  a r i thmet ic .  


Namely, 
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-1
X A X = I  -+ 


~(x-~AX)x-l= X(1)X -l -+ 


(xx-~)A(xx-') = (XI)X-I-+ 


IAI = XX-I + 


I(A1) = I -+ 


I A = I  -+ 


A = I. 


Hence, as it should be, the only matrix similar to I is I 


itself. 


b. 	 If f is the 0-transformation andIal, ...an} is any basis for V. 
Then f(ai) = 0 for i = l,...,n . Thus, relative to{al,...,an) , 
the matrix of coefficients is 0 (the zero matrix) and this 

must be true for all bases of V. Thus, our definition of 

similar should also guarantee that the only matrix similar to 

the zero matrix is the zero matrix itself. To this end, then, 

suppose X-lAX = 0. Then x(x-~Ax)X-l = x(0)X-' or (XX-I) A (xx-~)= 

X(OX-l). Therefore, since OA = 0 for all matrices A, we have 

IAI = XO or I(A1) = 0, whence IA = 0 or A = 0. That is, if 

Ais similar to 0. then A = 0. 

The matrix of f relative to [u ,u ,u I is given by
1 2 3  


We are also told that 


To show that V = [vl, v2. v3] , we need only show that B-' exists 

where B is the matrix of coefficients in (2). Using row-reduction 

again, we have 
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3.4.7 continued 

From (3)  we see t h a t  

Therefore ,  {vl,v2,v3} is  a b a s i s  f o r  V and t h e  matr ix  of 

c o e f f i c i e n t s  f o r  f  r e l a t i v e  t o  {vl,v2,v3) is  given by 

BAB-1 = 

"Decoding" (5" ), w e  have 
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P a r t i a l  Check: 


[and t h i s  checks with t h e  f i r s t  row of f i r s t  matrix i n  ( 5 ' ) 1. 

Hence by (3), 

[which checks with the  f i r s t  row of (5")1 . 

Some Basic Review: 


Suppose t h a t  f:V -+ W i s  l i n e a r  (where W may be t he  same a s  V 


but  doesn ' t  have t o  be) ;  and l e t  N f  denote the  n u l l  space of V 


r e l a t i v e  t o  f .  That is, 


N f  = { V E V : ~(v) = 0 )  . 
We have already seen i n  t h e  l ec tu re  t h a t  Nf is indeed a subspace 

( r a t h e r  than j u s t  a subset)  of V and t h a t  Nf i s  not empty s ince  

a t  l e a s t  t h e  zero element of V belongs t o  N f .  

Some Additional Terminology 

The image of V r e l a t i v e  t o  f ,  t h a t  is, f(V),where 

which w e  already know is a subspace of W i s  ca l l ed  t h e  rank of f .  

Moreover by the n u l l i t y  of f w e  mean dim N f .  
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Main Resu l t  

I f  dim V = n and f :  V -t W is l i n e a r ,  then  dim V = dim N f  + dim Rf 

where Rf denotes t h e  rank of  f [ i . e . ,  f ( V ) ] .  

I n t e r p r e t a t i o n  of t h e  Main Resul t  

Suppose dim N f  = r. C l e a r l y  r may be  a s  small  a s  zero,  and t h i s  

w i l l  be t h e  case  i f  Nf  c o n s i s t s  of  0 alone;  o r  a s  g r e a t  a s  n,  

and t h i s  w i l l  be t h e  case  i f  N f  = V [ i . e . ,  i f  f ( v )  = 0 f o r  every 

VEV]. 
I n  any even t ,  i f  w e  l e t f al r . . . , a r )  be  a b a s i s  f o r  N f ,  we may 

augment t h i s  b a s i s  t o  become a b a s i s  f o r  V. That is ,  w e  may 

f i n d  a r+ l , . . . , an~V such t h a t  V = [a1,..., I ar+l I I an] . Our 

c la im i s  t h a t  

That i s ,  N f  is mapped on to  0 and t h e  image of f is determined 

by t h e  images of  ar+l , . . . ,  and an. P i c t o r i a l l y ,  

f 

A l l  of  t h i s  

A formal proof i s  given a s  an o p t i o n a l  note  a t  t h e  end of t h i s  

e x e r c i s e  b u t  f o r  now we p r e f e r  t o  i l l u s t r a t e  t h e  main i d e a s  

i n  t e r m s  of  t h i s  e x p l i c i t  example. 

W e  a r e  given t h a t  
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3.4.8 (L) continued 

and t h a t  f:V + V i s  t h e  l i n e a r  transformation defined by 

We want t o  descr ibe  f (v) . What should be immediately c l e a r  i s  

t h a t  { f ( u l ) ,  f (u2) , f (u3) 1 spans f (v) . The proof i s  c l e a r  s i nce  

each veV may be wr i t t en  i n  t h e  form v = clul + c2u2 + c3u3, 

whereupon 

f (v) = f (clul + C2U2 + ~ 3 ~ 3 )-
Hence, by t h e  l i n e a r i t y  of f ,  we see  from ( 4 )  t h a t  

f (v) = clf (ul) + c2f (u2) + c3f (u3) I 

and s ince  f ( v )  is  any member of f ( v ) ,  we deduce from (5) t h a t  

every member of f ( v )  may be expressed as  a l i n e a r  combination 

of f (u l )  f ( u 2 )r and f (u3 )  * -
What we c a n ' t  say f o r  sure ,  i n  general ,  i s  whether { f ( u l ) ,  

f ( u 2 ) ,  f (u3 )  1 is  l i n e a r l y  independent. In  our p a r t i c u l a r  

exerc i se  w e  can use (3)  together  with our by-now-hopefully- 

f ami l i a r  row-reduced matrix code t o  f i n e  a bas i s  for f ( v ). 
That is, f (v) i s  spanned by (f (ul, f (u2) , f (u3) and we obtain  

from (3 ) : 

* W e  s a y  a s . .  ." s i n c e  1 i s  b u t  o n e"may b e  e x p r e s s e d  { u1 , ~ 2 , ~3
p a r t i c u l a r  b a s i s  f o r  V .  I n  t h i s  r e s p e c t ,  t h e r e  i s  n o t h i n g  
s p e c i a l  a b o u t  { u.. i s u a : u3) e x c e p t  t h a t  a s  t h e  p r o b l e m  s t a n d s ,  i t  
i n d i c a t e s  t h e  c o o r  i n a t e  s y s t e m "  b e i n g  u s e d  t o  d e s c r i b e  V .  
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Comparing t h e  r i g h t  h a l f  of  (6 )  wi th  t h e  l e f t  h a l f  of  ( 7 ) ,  we 

see t h a t  t h e  space spanned by f (ul) , f (u2)  and f (u3) has a s  a 

b a s i s  

and 

W e  a l s o  have from (7)  t h a t  

Hence by t h e  l i n e a r i t y  o f  f w e  see from (9)  t h a t  

I n  o t h e r  words, t o  emphasize t h e  domain of  f ,  we see from 

(10) t h a t  i f  w e  d e f i n e  a l  and a2EV by 
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then  

-and 

{a1,a2) i s  l i n e a r l y  independent.  

Important  Aside: 

I f  T:V + W i s  any l i n e a r  t ransformat ion  of V i n t o  W and i f  

v l , . . . ,v  EV a r e  a set of l i n e a r l y  independent v e c t o r s  w e  cannot  n 
be  s u r e  t h a t  {T(vl ) ,  ...,T ( v n ) )  i s  l i n e a r l y  independent.  I n  

t h e  p r e s e n t  e x e r c i s e ,  f o r  example, {u1,u2,u3) i s  l i n e a r l y  

independent b u t  { f ( u l ) , f ( u 2 ) , f ( u 3 ) )  i s n ' t  s i n c e  dim f ( v )  = 2. 

On t h e  o t h e r  hand i f  { f ( v l ) ,  ...,f ( v n ) ) i s  l i n e a r l y  independent 

s o  a l s o  is  {v l I . . . I ~ n )  . Namely, suppose 

then 

Hence, s i n c e  { f ( v l ) ,  ...,f ( v n ) 3 i s  l i n e a r l y  independent,  we see 

from (13) t h a t  cl = .. -- cn = 0; and combining t h i s  wi th  

equat ion  (12) w e  may conclude t h a t  {vl, . . . ,v n 1 is  l i n e a r l y  

independent.  

Summarized p i c t o r i a l l y ,  w e  have 
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1. {a1, a 2  1 i s  l i n e a r l y  independent 

Suppose w e  l e t  V1 b e  t h e  2-dimensional subspace of V spanned 

by al and a2. Then, t h e  only member of V1 which belongs t o  t h e  

n u l l  space,  N f f  of  F is  0. Namely, i f  

f ( v )  = 0 and v = clal + c2a2 

then 

b u t  s i n c e  ( f ( a l ) ,  f ( a 2 )} i s  l i n e a r l y  independent,  w e  have t h a t  
-c1 - c2 = 0,  and hence, t h a t  v = clal + c2a2 = 0. 

I n  o t h e r  words, i f  f l  i s  t h e  func t ion  f r e s t r i c t e d  t o  t h e  domain 

fl:V1 + W i s  both  1-1 and onto.* 

* S e e  Note a t  t h e  e n d  o f  t h i s  s o l u t i o n  f o r  more  d e t a i l s .  
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(Reca l l  t h a t  i n  t h e  l e c t u r e  w e  showed t h a t  t h e  l i n e a r  transforma- 

t i o n  T:V + W was 1-1- NT = (0 )  ; i .e . ,  T(v)  = 0 ++v = 0.)  

The f a c t  t h a t  V1nNf = (0)  now gives  us a f i n a l  h i n t  t o  t h e  

s t r u c t u r e  of f (V) . Namely, w e  know t h e r e  must be an element 

a3&V which does n o t  belong t o  V1 ( s i n c e  dim V = 3 and dim V = 2 ) .1 
Moreover, a3  must genera te  t h e  n u l l  space of f s i n c e  t h e  zero  

element is t h e  only  element of t h e  n u l l  space t h a t  belongs t o  V1. 

To f i n d  a s p e c i f i c  candidate  f o r  a3 w e  need only look a t  t h e  l a s t  

row of  ( 7 )  t o  conclude: 

Hence, again  by t h e  l i n e a r i t y  of f , ( 1 4 )  impl ies  t h a t  

Looking a t  (15) w e  decide t o  l e t  

Clea r ly ,  a3 # 0 ( s ince  {u1,u2,u3) i s  l i n e a r l y  independent and 

f (a3)€Nf  [ s ince  f (a3) = 0 by (15)1. Therefore,  s i n c e  

and 


w e  conclude t h a t  a3$v1. Hence,{al,a2,ap) i s  l i n e a r l y  independent. 

W e  a l s o  observe t h a t  t h e  n u l l  space of V wi th  respec t  t o  f con-

sists of  a l l  s c a l a r  mul t ip les  of a3. Namely, i f  f (c la l  + c2a2 + 
c3a3) = 0, then c1f (al) + c2f (a2)  + c3f (a3) = 0, o r  s i n c e  f (a3) = 

0, 
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3.4.8 (L)  continued 

Since  {f  (a l )  , f  ( a2 )  1 i s  l i n e a r l y  independent,  (17) impl ies  t h a t  


c1 = c2 = 0; t h e r e f o r e ,  


f ( c l a l  + c2a2 + c3a3) = 0 f+ c1 = c2 = 0 .  


Hence, 


Nf  = {c3a3: c3i%R} 


Again, p i c t o r i a l l y  


( A l l  of N, i s  ' 
L 


mapped i n t o  0 by f )  

1. A l l  m u l t i p l e s  o f  a 3  map i n t o  0. 

2. The rest of f (V) comes from V1. 

S t r u c t u r a l l y  what we a r e  saying i s  t h a t  i f  fl i s  t h e  r e s t r i c t i o n  

of  f  t o  V then  f  (V) = fl(V1) and 

fl:V1 f (V)  i s  1-1 and on to ,  b u t  f :  V V i s  n e i t h e r  1-1 nor onto.-+ -+ 

Moreover, i f  then  £ ( a )  = + + B =  a + rl~ E V ~ ,  f ( f 3 ) + + ( B - a ) ~ N ~  

where EN f '  Namely, f  ( a )  = f ( f 3 ) - +  f ( 6 )  - f ( a )  = 0 + f ( 6  - a )  = 0 
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3 . 4 . 8  (L) continued 

dim [a l ra2]  = dim f (V)  (= 2) 

dim [a3] = dim N f  (= 1). 

Hence, a t  l e a s t  i n  t h i s  case ,  

dim V = dim f (V) + dim N f .  

Opt ional  Note: 

W e  may o u t l i n e  t h e  more genera l  case  a s  follows: Suppose 

f:V + W is  l i n e a r  and t h a t  

dim V = n 

dim N f  = r (where 0 5 r n )  

Case 1: 

r = 0, then Nf = ( 0 )  s o  t h a t  f is 1-1 and onto.  Consequently, 

V and W a r e  " e s s e n t i a l l y "  t h e  same space ( s e e  t h e  n o t e  on 

isomorphisms which fo l lows) .  

Case 2: 

r =  n; then f ( V )  = ( 0 )  . 
Case 3: 

(The General Case; it inc ludes  cases  1 and 2 a s  s p e c i a l  cases)  

Le t  

Then s i n c e  N f  i s  a subspace of V, w e  may f i n d  v e c t o r s  

ar + l l  ' ' and a EV b u t  n o t  i n  Nf such t h a t  n 
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3 . 4 . 8  (L) continued 

C l e a r l y (  a l l . . . ,  an )  spans  f (V)  f o r  i f  veV, then 

Ciai . 

Hence, 

o r  by l i n e a r i t y  
n 

That is  

Moreover, s i n c e  f (a l )  = .. . = £ ( a r )  = 0, we s e e  from (18) t h a t  

dence, from (19) w e  conclude t h a t  

span £ (V) . 
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3 . 4 . 8  (L)  continued 

A l l  t h a t  remains t o  be  shown i s  t h a t  { f ( a r + , ) , . . . , f ( a , ) )  i s  
l i n e a r l y  independent,  f o r  i f  t h i s  i s  so ,  

n - r elements -
i n  which case  


dim V = dim Nf + dim f (V). 


So assume 


+ + . f
~ ~(ar+l) ~ .. + xnf (an) = 0. 


By l i n e a r i t y  (20) impl ies  


s o  t h a t  

S ince  Nf = [a l r . . . , a  1, t h e r e  e x i s t  cons tan t  -xl,...,-x * r r 
such t h a t  

Hence, 


X a  + . . . +  x a  + x  + ... + xnan = 0.
1 1  r r r + l a r + l  

But s i n c e  {a  l r . . . , a  ) i s  l i n e a r l y  independent,  (21) impl ies  t h a t  n 

*The r e a s o n  f o r  u s i n g  t h e  minus s i g n s  i s  f o r  a r i t h m e t i c  

c o n v e n i e n c e .  
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3.4.8(L) continued 

--X ... 

from (20) w e  see t h a t  {f  ..., f  (an)  is  l i n e a r l y  independent. 


= ... = x n = 0. I n  p a r t i c u l a r ,  then ,  x ~ + ~  = X 
n ' S O  

Note : 


From ( 7 )  w e  have t h a t  


Comparing (22) and (23) , w e  see t h a t  

Geometrical ly,  then ,  i f  w e  view t h i s  problem a s  one i n  which 

xyz-space i s  mapped i n t o  uvw-space, w e  see t h a t  t h e  image of 

o u r  mapping i s  t h e  p lane  

The s c a l a r  m u l t i p l e  o f  3; - 2; + $ map i n t o  0. That is ,  our  

n u l l  space i s  t h e  l i n e  

A NOTE ON ISOMORPHISM (OPTIONAL) 

By t h i s  s t a g e  o f  t h e  game, w e  should f e e l  very much a t  home 

wi th  t h e  no t ion  of a mathematical s t r u c t u r e .  I n  terms of  our  

axiomat ic  approach, w e  have seen t h a t  t h e  only v a l i d  conclus ions  

a r e  those  which fol low inescapably from our  axioms. Hence, 

i n  t h i s  r e s p e c t ,  w e  cannot mathematically ( l o g i c a l l y )  d i s t i n g u i s h  

between two d i f f e r e n t  phys ica l  models i f  t h e  only l i s t e d  axioms 
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a r e  t he  same f o r  both models. ( In  somewhat d i f f e r e n t  perspect ive ,  

any d i f fe rence  between t h e  two models depends on addi t iona l  

axioms which have not  been s t a t e d . )  

A s  a very s i m p l i s t i c  non-mathematical i l l u s t r a t i o n ,  consider t h e  

p l i gh t  of a champion chess p layer  who is ca l l ed  upon t o  play a 

game i n  which t h e  pieces have been disguised s o  t h a t  he does not 

recognize which piece i s  t h e  king and which is t h e  queen, e t c .  

Notice t h a t  he cannot play t h e  ganenow! For example, he c a n ' t  

even be su re  as  t o  how each piece i s  t o  be placed on t h e  board. 

However, h i s  d i f f i c u l t y  i s  only temporary (hopeful ly) ,  s ince  

once he l ea rns  t h e  i d e n t i t y  of t h e  pieces ,  the  game is t h e  

same a s  t h e  one he i s  champion i n .  In  o ther  words, he soon 

discovers t h a t  except f o r  how t h e  pieces a r e  named(in t h i s  

case,  how they look) t he  s t r u c t u r e  i s  t he  same a s  i n  t he  

"regular1' game. I n  sho r t ,  t h e  s t r a t egy  of a game hinges on t he  

r e l a t i onsh ip  between t h e  various terms ( r u l e s  o r  axioms) r a the r  

than on t h e  names of t he  terms themselves. An even e a s i e r  

example might be t o  observe t h a t  i f  a basebal l  buff d id  not know 

a s i n g l e  word of Japanese he could s t i l l  enjoy a basebal l  game 

played by Japanese, i n  Japanese, i n  Japan. 

Applying t h i s  idea  t o  mathematics, we o f t en  agree t o  i den t i fy  

two systems a s  being t h e  same i f  t h e  only way we can t e l l  them 

apa r t  is by t h e  name of t h e  terms. For ins tance,  r e l a t i v e  t o  

our present  discussion of l i n e a r  transformations of one 

vector  space i n t o  another, we have already seen t h a t  such a 

mapping preserves s t ruc tu re .  That i s ,  a l i n e a r  combination 

of elements i n  t h e  domain of f is  mapped i n t o  t he  same l i n e a r  

combination of t h e  images of t h e  elements i n  t he  domain. In  

othex words, t h e  imager of 

clf (vl) + c2f (v*) + ... + cnf (vn) .  

Of course,  f need not be e i t h e r  1-1 o r  onto. 
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W e  know, however, t h a t  i f  t h e  n u l l  space of f c o n s i s t s  of  0 alone ,  

then f  i s  both  1-1 and onto.  I n  t h i s  case  w e  c a l l  f an 

isomorphism. This  ominous t e r m  i s  j u s t  what t h e  name impl ies .  

I t  impl ies  t h a t  V and f (V)  have t h e  same form o r  s t r u c t u r e .  

Namely, any v a l i d  r e s u l t  invo lv ing  a  l i n e a r  combination of 

V l t  ..., and vncV remains v a l i d  i n  f (V)  when vl , . . . ,v  n a r e  replaced 

by f ( v l ) r . . . , f ( v n ) *  

A s  an example, cons ide r  t h e  set  of  i n t e g e r s  J r e l a t i v e  t o  t h e  

s t r u c t u r e  o f  a d d i t i o n ,  and cons ide r  t h e  func t ion  which doubles 

a given i n t e g e r .  I n  o t h e r  words, i f  f ( x )  = 2x f o r  each xsJ  

and i f  E i s  t h e  s u b s e t  of  J c o n s i s t i n g  of  a l l  even i n t e g e r s ,  

then 

is  both  1-1 and onto.  

But much more than t h i s ,  J and E a r e  isomorphic a s  f a r  a s  


a d d i t i o n  is  concerned s i n c e  


What t h i s  means i s  t h a t  i f  w e  r ep lace  i n t e g e r  x  by i t s  double 

2x, any a d d i t i o n a l  f a c t  which is v a l i d  i n  J remains v a l i d  i n  E. 

Diagramat ica l ly ,  i f  w e  l i n e  up elements of J wi th  t h e  correspond- 

i n g  element of  E: 

That  i s  2 + 3 = 5 t + f ( 2 )  + f ( 3 )  = f ( 5 ) ,  e t c .  

Notice t h a t  it i s  no t  enough f o r  f  t o  be 1-1 and onto;  we 

a l s o  r e q u i r e  t h a t  f  p rese rve  s t r u c t u r e .  For example, with 

J ,  E l  and f a s  above n o t i c e  t h a t  f does n o t  preserve  t h e  

s t r u c t u r e  of J r e l a t i v e  t o  m u l t i p l i c a t i o n .  Namely. 
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f ( x y )  = 2xy, whi le  f ( x ) f ( y )  = ( 2 x ) ( 2 y )  = 4xy. Hence f ( x y  # 
f ( x ) f ( y )  [ i . e . I  f ( x ) f ( y )  = 2 f ( x y ) l .  

Again, d iag ramat ica l ly  

4 <	These do 

n o t  "matchs'. 

I n  o t h e r  words, w e  would say  t h a t  t h e  i n t e g e r s  and even i n t e g e r s  

a r e  isomorphic w i t h  r e s p e c t  t o  t h e  s t r u c t u r e  of a d d i t i o n  b u t  

they a r e  n o t  isomorphic wi th  r e s p e c t  t o  t h e  s t r u c t u r e  of 

m u l t i p l i c a t i o n .  

A complete d i s c u s s i o n  on isomorphism i s  beyond t h e  aim of  t h e  

p r e s e n t  course ,  b u t  a s  a c l o s i n g  a s i d e ,  we can now exp la in  i n  

terms of isomorphism why one usua l ly  w r i t e s  n-dimensional vec to r  

spaces  a s  n- tuples  and o f t e n  f a i l s  t o  t a l k  about "coordinate  

systems". Namely, i f  dim V = n and i f  we s p e c i f y  a p a r t i c u l a r  

b a s i s  f o r  V, say ,  V = [v l r . . . Ivn l ;  then  r e l a t i v e  t o  t h e  

p a r t i c u l a r l y  chosen b a s i s ,  V i s  isomorphic t o  E". More s p e c i -  

f i c a l l y  (and w e  have done t h i s  s e v e r a l  t imes  informal ly  i n  t h i s  

Block) given v  i n  V w e  know t h a t  v can be  w r i t t e n  uniquely i n  

t h e  form 

u = CIVl + ... 
+ 'nVn 

and w e  d e f i n e  f:V + E" by 

f(v) = (c1,-.,cn) 

where cl, ...,c 	 and v  a r e  a s  i n  (1). It i s  then t r i v i a l l y  nv 

e s t a b l i s h e d  t h a t  f i s  1-1 and on to  and a l s o  t h a t  f i s  l i n e a r .  


I n  our  informal approach we  s a i d  a l l  of  t h i s  simply by saying 


"Let (cl.. ..,cn) be  an abbrev ia t ion  f o r  clvl + ... + cnvnl'. 


C e r t a i n l y ,  t h e  connota t ion  of "abbrevia t ion"  seems t o  be t h a t  

it i s  a d i f f e r e n t  ( s h o r t e r )  way of  saying t h e  same th ing .  
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What we must be c a r e f u l  about ,  however, ( a s  we have a l s o  empha- 

s i z e d  i n  o t h e r  l e c t u r e s )  i s  t h a t  two d i f f e r e n t  bases  l ead  t o  

d i f f e r e n t  s t r u c t u r e s  of  E". That i s ,  (cl. .  . . , c  ) names one n 
element wi th  r e s p e c t  t o  one b a s i s  and (poss ib ly )  a d i f f e r e n t  

element wi th  r e s p e c t  t o  another  b a s i s .  I f  V and W a r e  isomorphic, 

w e  w r i t e  V 
2r 
= W. 

3 . 4 . 9  ( o p t i o n a l )  

a .  	 Here w e  have genera l i zed  t h e  previous e x e r c i s e  i n  t h e  sense t h a t  

W # V. To f i n d  f (V)  [and n o t i c e  t h a t  t h i s  i s  a subspace of W 

no t  V; i n  t h e  previous  e x e r c i s e ,  t h i s  d i s t i n c t i o n  wasn ' t  s o  

apparent  s i n c e  then V = W] w e  want t o  f i n d  t h e  space spanned by 

f ( v l ) ,  f ( v 2 ) ,  f ( v 3 ) ,  and f ( v 4 ) .  This  l eads  t o  

From (1)w e  deduce t h a t  
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3.4.9 continued 


From (2) and (3) we see  t h a t  


That is, f :V + W is  onto; i n  p a r t i c u l a r  dim f (V) = 2. From ( 4 )  

and (5) we deduce t h a t  

where 

Thus, i f  w e  now l e t  

V1 = EalIa21 and N~ = [a3,a4I,  

w e  have 

1. V = V1 + Nf 

2. I f  f l  is  t h e  r e s t r i c t i o n  of f t o  V1, then fl:Vl 2 W. 

That is, fl:V1 + W is 1-1 and onto. P i c to r i a l l y ,  
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3 . 4 . 9  continued 

b. To o b t a i n  a  b a s i s  f o r  Nf i n  row-reduced form w e  have 

From ( 121, 


Nf = [B1,B21 


where 


Hence, 


Nf = I xlBl + x2B2: x1,x2€R 1, 




- -  - 
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3.4.9 continued 


Hence, r e l a t i v e  t o  vlrv2,v3,v4 as a coordinate system 


I n  o ther  words, 

Check: 

Hence, x1 = 1, x2 = -2, x3 = 1, x4 = 0, whereupon 

a4 = -10v1 + 3v2 + v4. 


Hence, xl = -10, x2 = 3 #  x3 = 0, x4 = I t  whereupon 


In  other  words, r e l a t i v e  t o  {vl, v2, v3, v41 as  our coordinate 

system, 

3 2 10 1 
(110, - 17 , - and ( O , l , - -17' - 3) 


form a bas i s  f o r  Nf so  t h a t  any element of N f  has t he  form 
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-

3.4.9 continued 

c. f (xlvl + x2V2 + X3V3 + x4v4) = 5wl + 6w2-

Hence, by (2)  and (3)  

(where (16) and (17) fo l low from (15) by t h e  l i n e a r i t y  of £1. 

Hence, one VEV such t h a t  f ( v )  = 5wl + 6w2 i s  v = 3v1 + v2. 

Check: 

f(3v1 + v2) 	= 3f(v1) + £(IT2) 

= 3(wl + w2) + (2wl + 3w2) 

= Swl + 6w2. 

I n  n- tuple  n o t a t i o n ,  us ing  ( v  ,v  ,v  , v  1 a s  a coordinate  system, 1 2 3 4  

(3 ,1 ,0 ,0)  maps i n t o  5wl + 6w2. 


Now s i n c e  f (v)  = 0 f o r  every  v&NfI w e  conclude from ( 1 4 )  t h a t  

I n  o t h e r  words, t h e  set of a l l  veV such t h a t  

nas t h e  proper ty  t h a t  f (v)  = 5wl + 6w2. 
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3 . 4 . 9  continued 

In  summary, 

is  t h e  only member of V1 = [a1, a21 = [v1,v21 such t h a t  

The set of a l l  vaV such t h a t  f ( v )  = 5wl + 6w2 is then given by 

More general ly ,  i f  Nf = [al , . . . ,a  1 and V = [ ~ l , . . . r ~ r f a r + l t - - - fr 

an] , def ine  V1 by [ar+l ,...,an] . Then, i f  f l  i s  f r e s t r i c t e d  

t o  vl, 

That is, f o r  wsf(V) t he re  e x i s t s  one and only one ucVl such t h a t  

f l (u )  = f  (u) = w. W e  then f i nd  a l l  VEV such t h a t  f  (v) = w by 

adding any element of Nf t o  u. That i s  

P i c t o r i a l l y  
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3.4.9 continued 

t h e r e f o r e  f  (vl + T-I) = w. 

1. For w ~ f ( V )  t h e r e  e x i s t s  a unique v1€V1 such t h a t  f ( v l )  = w. 

2. The s e t  of a l l  veV such t h a t  f ( v )  = w is  then given by 

Ivl + 0: TI EN^) . 

3.4.10 ( o p t i o n a l )  

Suppose t h a t  f:V + V i s  a l i n e a r  t ransformat ion  of V i n t o  i t s e l f  

and t h a t  W i s  a subspace of  V. Then w e  a l ready know t h a t  f(W) 

must be  a subspace of f (V)  = V. What need no t  b e  t r u e ,  however, 

i s  t h a t  f(W) must be  a subspace of W. For example, cons ider  

t h e  l i n e a r  mapping o f  t h e  p lane  which maps -t 
1 i n t o  * 1 + -t

3 and 5 i n t o  
+ -f 
1 - 3 .  This mapping c a r r i e s  t h e  1-dimensional subspace ( i . e . ,  

t h e  l i n e )  y = 0 o n t o  t h e  1-dimensional subspace y = x ,  b u t  

c e r t a i n l y  t h e  l i n e s  y = 0 and y = x a r e  d i f f e r e n t  subspaces of 

t h e  p lane .  

I f  it happens t h a t  f(W) i s  a subspace of W then  w e  r e f e r  t o  W 

a s  be ing an i n v a r i a n t  subspace of V wi th  r e s p e c t  t o  f .  Without 

going i n t o  any d e t a i l ,  it should be c l e a r  t h a t  one i s  o f t e n  

happy t o  d e a l  wi th  i n v a r i a n t  subspaces. That i s ,  i t ' s  n i c e  t o  

know what subspaces a r e  preserved by t h e  given l i n e a r  t r a n s -  

formation.  

The aim of t h i s  e x e r c i s e  is  t o  show t h a t  f o r  any given cons tan t  

c ,  t h e  s o l u t i o n s  of  t h e  equat ions  

f  (v)  = cv 

a r e  n o t  only a subspace of V b u t  a r e  an i n v a r i a n t  subspace 

r e l a t i v e  t o  f .  

To t h i s  end, suppose 

where i n  ( I ) , c i s  a f i x e d  constant .  



Solut ions  
Block 3: Selected Topics i n  Linear Algebra 
Unit 4: Linear Transformations 

3.4.10 continued 

Then f o r  vl and v2€W we have 

Hence, by t he  l i n e a r i t y  of f ,  we see  from (2) t h a t  

Therefore, by d e f i n i t i o n  of W ,  

Moreover, f o r  any s c a l a r  k and any vector  WEW we have 

f (kw) 	= kf (w) 

= k(cw) 

= c(kw), 

s o  again by t h e  d e f i n i t i o n  of W ,  

From 	 ( 3 )  and ( 4 )  w e  conclude that 

and 

Consequently W i s  a subspace of V. 


To prove t h a t  W is  an invar ian t  subspace of V r e l a t i v e  t o  f ,  


we must show t h a t  WEW + f(w) = W. SO suppose weW. Then, 


f (w) = cw. 



S o l u t i o n s  
Block 3 :  S e l e c t e d  Topics i n  Linear  Algebra 
Unit 4: L inear  Transformations 

-

3.4.10 continued 

But s i n c e  W is i t s e l f  a v e c t o r  space ,  WEW impl ie s  t h a t  mew. 

Hence from (5) w e  see t h a t  

wsw -+ f (w) [= cw] EW. 

Hence W i s  i n v a r i a n t  wi th  r e s p e c t  t o  f .  

Note #1: 

Observe t h a t  t h e  no t ion  of  i n v a r i a n t  subspace depends on t h e  

p a r t i c u l a r  l i n e a r  t r ans fo rmat ion  being considered.  For example 

i f  W i s  a subspace of V, c e r t a i n l y  t h i s  f a c t  does no t  depend 

on t h e  t r ans fo rmat ion  f .  Namely, t h e  s tudy of  subspaces of a 

given space i s  independent of t h e  not ion  of mappings. However, 

it is  e q u a l l y  c l e a r  t h a t  what t h e  image of W i s  does depend on 

t h e  mapping being considered.  Re la t ive  t o  our  e a r l i e r  remarks 

t h e  l i n e s  y = 0 and y = x a r e  both subspaces of  t h e  p lane ,  b u t  

what t h e i r  images a r e  wi th  r e s p e c t  t o  a l i n e a r  mapping depends 

on t h e  p a r t i c u l a r  mapping. I n  summary, a subspace W of V may 

be  i n v a r i a n t  t o  one l i n e a r  mapping f:V + V b u t  no t  i n v a r i a n t  

wi th  r e s p e c t  t o  another  l i n e a r  mapping g:V + V. 

Note #2: 

From a geometric  p o i n t  of  view, t h e  vec to r s  def ined by (1) a r e  

those  which have t h e i r  d i r e c t i o n  preserved w i t h  r e s p e c t  t o  a 

given l i n e a r  t ransformat ion .  I f  a b a s i s  c o n s i s t i n g  o f  such 

v e c t o r s  e x i s t s ,  then  t h i s  i s  a very n ice  b a s i s  t o  use f o r  

t h i s  t r ans fo rmat ion  s i n c e  then t h e  b a s i s  vec to r s  of W a r e  a l s o  

b a s i s  v e c t o r s  f o r  f(W). I n  o t h e r  words, r e l a t i v e  t o  t h i s  b a s i s ,  

our  coord ina te  axes a r e  preserved under t h e  t ransformat ion .  

W e  s h a l l  i l l u s t r a t e  t h i s  i n  more d e t a i l  i n  Exerc ise  3.6.3(L) i n  

our  d i s c u s s i o n  of Eigenvectors .  
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