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Overview 

I n  t h i s  u n i t ,  we d i s c u s s  how one may de f ine  t h e  d o t  product  on an 

n-dimensional v e c t o r  space.  The main p o i n t  i s  t h a t  up t o  now 

t h e r e  has been no need t o  d e f i n e  such a concept.  That i s ,  t h e  

concept  of a v e c t o r  space i s  well-defined wi thout  r e fe rence  t o  a 

d o t  product .  I n  t h i s  u n i t ,  however, we a t tempt  t o  show how t h e  

added s t r u c t u r e  of t h e  d o t  product  g ives  us  a b e t t e r  hold on t h e  

vec to r  space. 
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3. Do t h e  e x e r c i s e s .  

4 .  (Opt ional )  Read Thomas, Chapter 13. 

(Up t o  now, w e  have omit ted  t h i s  chap te r  f o r  two reasons .  For one 

t h i n g ,  w e  f e l t  it was t o o  compact f o r  a f i r s t  exposure. The sec-

ond reason was t h a t  t h e  author  develops Chapter 13 under t h e  

assumption t h a t  one always uses  a d o t  product  i n  t h e  s tudy  of a 

v e c t o r  space.  To be  s u r e ,  one o f t e n  s t r e s s e s  t h e  i d e a  of a Eu-

c l i d e a n  space ( i . e .  a space i n  which t h e r e  i s  def ined a symmetric, 

p o s i t i v e  d e f i n i t e ,  b i l i n e a r  func t ion)  b u t  t h e  f a c t  remains t h a t  

t h e  s tudy  of v e c t o r  spaces  i s  more genera l  than t h i s .  Moreover, 

even a f t e r  one assumes t h a t  he i s  d e a l i n g  wi th  a Euclidean Space, 

it i s  n o t  made c l e a r  i n  t h e  t e x t  t h a t  one must d e f i n e  t h e  d o t  

product  i n  t h e  usua l  term-by-term manner. What w e  have done i n  

our  t r ea tmen t  i s  t o  show t h a t  by t h e  Gram-Schmidt Orthogonaliza-

t i o n  Process w e  may assume wi thout  l o s s  of g e n e r a l i t y  t h a t  we have 

chosen an orthonormal b a s i s .  Once t h i s  p o i n t  i s  made c l e a r ,  t h e r e  

is  no harm i n  t h e  s p e c i a l  case  def ined i n  t h e  t e x t .  A t  any r a t e ,  

a s  an o p t i o n a l  t o p i c ,  it might make a good review s e s s i o n  t o  now 

browse through Chapter 13 and use t h i s  a s  a concise  overview of 

our  t r ea tmen t  of v e c t o r  spaces a s  developed i n  t h i s  block.)  

5. Exerc ises  : 

3.7.1 

Let  f:V x V+R be  a b i l i n e a r  funct ion* and l e t  a-B denote f ( a , B )  

where a and f3 belong t o  V. Show t h a t  
+ 

a .  a - 0  = 0 f o r  a l l  ~ E V  

3.7.2 

Let  V = [u1,u2], and l e t  a and B denote a r b i t r a r y  elements of V. 

(continued on nex t  page) 

i . ., i ( a  + B )  - y  = a - y  + f3-y; (ii) a.  ( 6  + y )  = a-B + a - y ;  
(iii) a-(cB)  = ( c a ) - 8  = c ( a * B ) .  
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3.7.2 continued 


a. 	 Show that a.B is completely determined once we know the values of 

ul-ul, ulau2, u2-u1, and u2-u2. 

b. 	 Suppose ulaul = 1, u -U = -1, u -u = -5, and u mu = 6. Compute1 2  2 1 2 2 

a*B where a = 3ul + 2u2 and 8 = ul + 4u2. 


a. 	 Suppose we now impose the additional property on our bilinear 

function that a-f? = Boa for all a, BEV, where V = [u1,u21. 

If ulmu1= 1, u -u = 2, and u mu = 3, compute 1 2  2 2 


3 	 + 
-+ + -+ + 

+ + - -+ -+ b. 	 Let V = E and suppose v, = i 2j 3k and v, = 2i 5j 2k. 
I 	 L 

Find a vector v2*cV such that S (vl ,v2) = S (vl,v2*) and vlav2* = 0 

where now the dot product is the usual one. 

c. 	 Returning to part (a) , find u2* such that S(ul ,u2) = S (ul,u2*) I 

where ulmu2* = 0. 

3.7.4 


Consider the bilinear function defined by 


on the space V = [ul, u2 1 . 
a. 	 Compute (xlul + x u )-(ylul + y u ), and in particular, compute v-v 2 2 2 2 


for each veV where v = x u + x2u2.
1 1  


b. 	 Find a vector ul*€V such that S(ulru2) = S(ul*,u2) and ul*-u2 = 0. 

Moreover, prove that relative to [u1*,u2] the matrix of the bilin- 


ear function is 


(continued on next page) 

3.7.4 
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3.7.4 continued 


c. VEV is called a null vector if v f 0 but v-v = 0. Find all null 

vectors of V. 

Let V = [u1,u2 ,u31 and let 

define a symmetric bilinear function on V relative to (u1,u2,u3). 

a. Find a new basis for V, {ulru2*,u3*) where u2* and u3* are linear 

combinations of ul, u2, and u3, but such that ulau2* = u1-u3* = 

u2*-u3*= 0, while ul0u1 = u2*-u2* = u3*-u3*= 1. 

b. If v = x u + x2u2* + x u *, show that v-v = 0 1 1  3 3 t-t

c. Check the result of (b) by converting v = 3ul + 4u2* + 5u * into3 
ul,u2,u3-components and showing that v-v = 0. 

d. With A as in part (a) , find a matrix B such that 

e. Explain how the equation 

+ 2xZ2 + 4x32 + 2x1x2 + 2x1x3 + 6x x = m 1 2 3 

is equivalent to solving the equation 
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Let  V = [u1,u2,u31 and l e t  a d o t  product  be  de f ined  on V by 

Find a b a s i s  {u1*,u2*,u3*~ f o r  V such t h a t  ul*-ul* = u2*-u2* = 

u3*-u3* = 1 and u * * u * = 0 i f  i # j. i j 

Ver i fy  t h e  c o n s t r u c t i o n  of t h e  or thogonal  b a s i s  developed i n  t h e  
1 


l e c t u r e  of t h i s  u n i t  by showing geometr ica l ly  t h a t  -ul - p 2 + u  I
 3 

i s  perpendicular  t o  t h e  p lane  determined by ul and u2 where 

3.7.8 

Consider t h e  v e c t o r  space V = I f :  f ( x ) d x  e x i s t s  and f cont inuous)  

where a and b a r e  given cons tan t s .  
,,"

Show t h a t  i f  w e  d e f i n e  fog  = 

jbf ( x ) g ( x ) d x ,  f o r  a l l  f  and g i n  V ,  then  f * g  i s  an i n n e r  product .  

a 

a .  	 Suppose {ul, ...,u I is a set of or thogonal  non-zero v e c t o r s  and 
n 


t h a t  clul + ... + cnun = 0. Prove t h a t  cl = ... = c = 0 .  
n 

b. 	 (Optional)  Suppose dim V = n and W is  any proper  subspace of V. 

Define W = {veV:v-w = 0 f o r  each WEW). Show t h a t  W i s  a proper
P P 


subspace of  V and t h a t  
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3.7.10 (Opt ional )  

Use t h e  Gram-Schmidt Or thogonal iza t ion  Process t o  f i n d  an ortho- 

gonal  b a s i s  f o r  V = [u1,u2,u3,u4] i f  t h e  do t  product  on V i s  de-

f i n e d  by t h e  ma t r ix  

(This  e x e r c i s e  is  o p t i o n a l  only  because of t h e  amount of computa-

t i o n a l  d e t a i l ,  b u t  it i s  worth doing i f  only t o  s e e  how t h e  method 

works f o r  spaces  of dimension g r e a t e r  than t h r e e . )  
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