Study Guide
Block 3: Selected Topics in Linear Algebra

Unit 4: Linear Transformations

1.

Overview

We have already seen many instances in our course where the
concept of a linear function was most crucial. It turns out
that the general concept of a linear transformation is best
handled in terms of viewing them as special mappings of vector
spaces into vector spaces. Thus, the aim of this unit is to
show how this study is handled, and it is our hope that seeing
the general structure will make it clear as to what common
properties are shared by all linear transformations.
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3. Exercises:
3.4.1(L)

Let V = [ul,uz] and let f:V -+ V be the linear function defined by
f(ul} = —311l + 2u2
f{uz) = 4111 - 'l.l2-

a. Letting (xl,xz) denote xlu1 + XyUy s compute f(xl,le.

b. With £ as above, let vy = Tul + 5u2 and vy = 201 + 3u2. Compute
f(vl},f(vz}, and f(v1 + vz): and show that f(vl + v2] = f{vl) +
f(vz).

c. Identifying uy with 1 and u, with 3, describe f in terms of how
it maps the xy-plane onto the uv-plane.

Siplln 2
Let V = [ul,uz,u3]; and let oy = (L ;253)+ a, = (4,5,6),
a3 = (7,8,9)eV. Suppose T:V + w is linear where W = [wl,wz,w3,w4].

a. Is it possible that T{ul) = (3;142;:4); T(azj (4,2,1,5) and
T(a3} = (2,3,4,1)? Explain.

b. Let Yy = (1,1, Vg = (1,2,3), Y3 = (2 ;:34:5) ; &ng ¥ = (3,7,6)
Express T(Y4) as a linear combination of T(Yl), T(Yz), and T{Y3}.
3.4.3(L)

Define the linear transformation f£:V - V, where V = [ul,uzl, by
f(ul) - —3ul + 2u2 and f(u2] = 4ul - u,.
a. Letting
-3 4
2 -1

use the method described in the lecture to express f(v) =

f(xlul - xzuz} as a product of matrices.

(continued on next page)

3.4.3




Study Guide
Block 3: Selected Topics in Linear Algebra
Unit 4: Linear Transformations

3.4.3(L) continued

b. Do the same as in (a) but now use the matrix

3.4.4

Let V = [ul,uz,u3] and let the linear transformation f:V =+ V be

defined by

f(ul} ul + u, + u3
f(uz) = 2u1 + 3u2 + 3u3
f(u3) = 3ul + 4u2 + 6u3

Now, let v = xlul + xzu2 #+. x3u3.

a. Compute f(v) without the use of matrices.
b. Compute f(v) using the matrices

1 b & 1
B =12 3 3
3 4 6

+-—
X = [xlx2x3].

c. Use BT and iT to compute f(v) in terms of

1 2 xl
and x2
2 4 P v
3.4.5(L)
Let V = [ul,uz] and let f be the linear transformation f:V = V
defined by f{ul) = uy + 2u2, f{uz) = 3ul + 5u2. Let vy =y + u,
and Vg = 2u1 = u, .

( continued on next page )
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3.4.5(L) continued

a. Show that V = [vl,v2] and express uy and u, in terms of vy and Voo
Use this result to express f(vlJ and f(vZ} as linear combinations

of vy and Vye What is the matrix of coefficients of f relative

to the basis {vl,vz} ?

b. Let v = 4u, + 7u,. Express f(v) as a linear combination of uy

1 2

and u, and also as a linear combination of v

c. Suppose V = [al,azl and that also V = [Bl'B?]'

By = D33® * by
By = byy0; + byoa, .

Suppose also that T:V = V is the linear transformation defined

by

Tla;) = aj 0 + 2,50,
T(az} = azlul - LI

If
o a1y boa Sy

A = and B =

a b b

show that the matrix BAB'_l represents T relative to the basis

[Byr B,) -

3.4.6 (optional)

22 21 22

a. Show that if X Tax = I, then A

b. Show that if X 1ax

I
H
.

1]
o
.

0, then A

=
Let

1 3 1
A= |2 3

3 5 4

(continued on next page)
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3.4.7 continued

be the matrix of coefficients of the linear transformation

f:V - V relative to the basis {ul,uz,u3} . Now, let vy =u+

1 + 6u2 # 10u3. Show
that v = [vl,vz,v31, and use the method described in Exercise
8.4.5 to express the matrix of coefficients of f relative to

the basis {vl,vz,va} 5

2u2 + 3u3, Vs = 2u1 + Su2 + 6u3, and Vq = 3u

3.4.8(L)

Let V = [ul,uz,ual and let £:V = V be the linear transformation
defined by

f(ul) =u; + 2u2 + 3u3
f(uz) = 2u1 + 5u2 + 8u3
f(u3) =y + 4u2 + 7u3.

Describe the space f(V) and show that its dimension is 2. Also,
describe the null space of V with respect to f.

3.4.9 (optional)

[This is a generalization of the previous exercise.]

Let V = Ivl,vz,v3,v4] and W = [wl,wzl. Suppose f:V = W is the
linear transformation defined by

f(v1) =W, + Wy
f(vz) = 2w1 + 3w2

f(v3) = 3wl + 5W2

H
<
=%
|

= 4wl + Wy

Show that f(v) = W. 1In particular, find oy and azev such that
f(al) = w; and f{az) = Wy. Also, find a basis for Ne.

b. Find a row-reduced basis for Nf and show how x3and X, must be
related to Xy and Xy if (xl,xz,x3,x4)eNf.

c. Find all veV such that f(v) = Swl + 6w2-

J.deb
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3.4.10 (optional)

[This exercise is not crucial here but it is very important in
Unit 6.]

Let V be a vector space and let c be a fixed real number. Suppose
f:V + V is linear. Define w = {veV:f(v) = cv }. Prove that w is

a subspace of V and, moreover, that f(w) cW.

3.4.7
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