
Study Guide 
Block 3: Se lec ted  Topics i n  Linear  Algebra 

Unit 3: Addi t ional  Comments on Dimension 

1. 	 Overview 

I n  most r e s p e c t s  t h i s  Unit could have been included as  a sub top ic  

of t h e  previous one, b u t  w e  have e l e c t e d  t o  inc lude  it a s  a 

s e p a r a t e  u n i t  i n . o r d e r  t o  g ive  you another  chance f o r  grasping 

t h e  " b i g  p i c t u r e " .  
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3. 	 Exerc i ses  : 

Let  dim V = 4 and assume t h a t  [ul,  u2, u3, u4] i s  t h e  coordinate  

system being used f o r  denot ing  t h e  elements of  V a s  4-tuples.  

L e t  W b e  t h e  subspace of V genera ted  by al = (1, 1, 3,4) , 
( 2 , 3 , 7 , 9 ) ,  a3  = (3 , -2 ,4 ,7 ) ,  a 4  = (4 , -5 ,3 ,7 ) ,  and a5  = (4 ,5 ,  a2  = 

a .  	 Find t h e  dimension of  W .  

b .  	 Express x4 a s  a l i n e a r  combination of xl, x2,  and x3 i f  it i s  

known t h a t  ( x ~ ~ x ~ ~ x ~ ~ x ~ )EW. 

c.  	 Find vec to r s  B 1 , B 2 , B 3 ~ W  S U C ~t h a t  ( x ~ ~ X ~ ~ X ~ I X ~ ) E W + +  ( x ~ I x ~ I X ~ I X ~ )

= xlBl + x2B2 + x3B3. Then express  a1,a2, and a5  a s  l i n e a r  com-

b i n a t i o n s  of B l r B 2 ,  and B3.  

-Let  	V = [ U ~ , U ~ ~ U ~ I  
and d e f i n e  a11a21a3 by a1 = (5 ,2 ,7 )  a2  -
(-3,4,1) , and a3  (-1,-2, -3) . Let  W = S (al ,a2 a3) . 


a. 	 Show t h a t  dim W = 2. 

b.  	 Find a l i n e a r  combination of  al ,a2,a3 which i s  zero  even though 

no c o e f f i c i e n t s  a r e  zero.  

c .  	 Show t h a t  al may be  w r i t t e n  i n  i n f i n i t e l y  many d i f f e r e n t  ways 

a s  a l i n e a r  combination of  a1,a2 , and a3. 

3.3.3(L) 

Show t h a t  W = f :  f "  (x )  - 4f (x)  5 0 1 i s  a subspace of  t h e  


space of  continuous func t ions .  


Le t  V = [ul,u2,u3,u4] and l e t  S be  t h e  subspace of V generated by 

a1 = ( 1 , 1 , 2 , 3 ) ,  a 2  = (2 ,3 ,5 ,7 )  and a3  = ( 2 , 1 , 3 , 5 ) .  

(cont inued on nex t  page) 

3.3.3 
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3.3.4 (L) continued 

a .  	 I f  ( x l , x 2 , x 3 , x 4 ) ~ S ,  how a r e  x and x4 r e l a t e d  t o  xl and x2? 3 

b. 	 With V a s  above, l e t  T b e  t h e  subspace of  V generated by 

a 4  = ( 1 , 2 , 2 , 3 ) ,  a5 = ( 2 , 5 , 4 , 7 ) ,  and a 6  = (3 ,7 ,7 ,8 ) .  

I f  (x l ,x2 ,x3 ,x4)~T,  how i s  x4 expressed i n  terms of xl, x 2 ,  and x3? 

c. 	 Describe t h e  subspace S n T. 

d .  	 Describe t h e  subspace S + T = 1s + t: SES and t s T ) .  

e. 	 Ver i fy  t h a t  i n  t h i s  example, dim(S + T) = dim S + dim T - dim S T 

Let  V = [u1,u2,u3,u4,u5]. Le t  S be  t h e  subspace spanned by 

( 1 , 1 , 2 , 3 , 3 ) ,  ( 2 , 3 , 4 , 5 , 7 ) ,  and ( 3 , 4 , 7 , 8 , 8 ) ,  and l e t  T be  t h e  sub- 

space spanned by ( 1 , 1 , 1 , 3 , 5 ) ,  ( 1 , 2 , 3 , 2 , 2 ) ,  and ( 2 , 3 , 3 , 7 , 8 ) .  

a .  	 Find t h e  dimension of S. 

b. 	 Find t h e  dimension of T. 

c. 	 Find t h e  dimension of S n T ,  and, i n  p a r t i c u l a r ,  f i n d  a row reduced 

b a s i s  f o r  S nT. 

d. 	 Find t h e  dimension of S + T and i n  p a r t i c u l a r  show how xl,  x2 ,  x3 ,  

x4 ,  and x5 must b e  r e l a t e d  i f  (x1 ,x2 ,x3 ,x4 ,x5)~S+ T. 

e. 	 Again v e r i f y  t h a t  dim(S + T) = dim S + dim T - dim S n T. 

3.3.6 ( o p t i o n a l )  

Our main aim i n  t h i s  e x e r c i s e  is t o  show how one c o n s t r u c t s  a 

b a s i s  f o r  S + T by s t a r t i n g  wi th  a b a s i s  f o r  SITT. I n  t h e  course  

of t h i s  c o n s t r u c t i o n ,  w e  manage t o  prove t h a t  i f  S and T a r e  

subspaces of a f i n i t e  dimensional space V,  then  dim(S + T) = 

dim S + dim T - dim (SnT) . 
U s e  t h e  r e s u l t  of  t h e  previous e x e r c i s e  t o  o b t a i n  a b a s i s  f o r  

SPT and then show how t h i s  may be  augmented by t h e  given b a s i s  

v e c t o r s  f o r  S t o  form a new b a s i s  f o r  S. Apply a s i m i l a r  

approach t o  f i n d  a new b a s i s  f o r  T and then exp la in  why 

dim 	 (S + T)  = dim S + dim T - dim (SOT). 
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