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E 1

Pretest

1. Let V = [ul,uz,u3] and suppose a = (1;2,3); a, = (2,4;6);
a3 = (3,7,8); @, = (1,3,2), and ag = (1,-2,7). What is the dimen-
sion of the space spanned by {al,az,u3,a4,u5}?

EE ==

2. Let dim V = 4 and assume that {ul,uz,u3,u4} is the coordinate sys-
tem being used for denoting the elements of V as 4-tuples. Let W
be the subspace of V spanned by (1,1,3,4), (2,3,7,9), (3,-2,4,7),

and (4,-5,3,7). Express X, as a linear combination of Xy Xy, and
X3 if it is known that {xl,xz,xa,x4) £ W.

3. Let V = [ul,u2,u3] and let f:V»V be the linear transformation de-

fined by
i
~ 1
f(ul} = u; + 21:12 + 3113
I
d f(u2) = 2uy + 5u2 + Bu3
-f(u3} = 0 + 4u2 + ?u3

Describe the set {v:f(v) = 0}.

4. Use row-reduction techniques to evaluate

=W NN
O s W
N oW N
(TSI~ - ]
L o g ;W

5. Let V = [ul,uz,u3,u4] and let f:V»V be the linear transformation
defined by
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Pretest
f(ul) - Bul + 4u3
f(u2) = 91.1.1 + 2u2 + 6u3
f(u3) = -9u1 - 4u3
f(u4} = 2u2 + 3u4

(a) What are

(b) Describe

6. Let A =

S
w N =

Find a matrix

BAB™ =

(=T =R
o = o

7. Define f on (

-1,
f(x)

1,

(a) What is

(b) Use (a)

the characteristic values of f?

V2 = {v:f(v) =

B such that

[= ]

-m,m) by

if -m<xg0

if 0 <x <

2v}.

the Fourier representation of f(x)?

to evaluate E:

=0

(="
2n + 1°

3.1
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Preface

In some ways, this Block may be viewed as optional material.
Certainly, in terms of the traditional curriculum, the appli-
cations of this material to calculus can be made without an in-
depth knowledge of abstract linear algebra.

On the other hand, linear algebra contributes so much to our study
of mathematical structure that it is finding its way into more

and more areas which previously made no use of the subject. Thus,
there is a high probability that you will encounter linear

algebra somewhere along the line in your future investigations.
Since the overall concept of abstract mathematical structure
requires a certain amount of maturity and experience, it is
crucial that you get some sort of feeling for the subject before
the time comes that you really need it. It is for this reason

that we have included this Block as part of our course.

We also recognize that it is highly likely that this Block,

more than any other, is not really review material. For this
reason we have elected to introduce various topics without
pursuing them to sophisticated depths (although we have included
sufficient depth so as not to have the material seem easier than
it really is). 1In particular, we have contented ourselves to
present the material for its own sake, with little if any
attempt to give practical applications. For one thing, it is
hard enough to get a feeling for the new concepts in their own
right, and for another thing, what is called an application
depends on your area of research. Our hope in this Block is to
provide you with an initial overview and mastery of fundamental
concepts in the hope that you will find the subject more
accessible to you at the time that you are called upon to know
it in more detail.

From a more aesthetic point of view, it is also our feeling
that a course which was so heavily predicated on the concept
of mathematical structure should conclude on the theme of
mathematical structure. In this sense, Block 3 supplements
our earlier treatment of mathematical structure and allows us

to fill in some of the gaps in our earlier treatment.

¥
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Preface

The first three Units in this Block are for the most part a review
of the mathematical structure of vector spaces as presented in
Calculus Revisited, Part 2, especially in Blocks 1, 2, and 4. We
have supplemented our earlier discussion by including a more formal
definition of a vector space as well as explaining the meaning of
basis vectors and the role of linear independence (which earlier
had been introduced in our study of linear differential equations).
While we have split the material into three sections, the student
who is actually using this Block as a review might find the first

three Units being treated as a single, albeit lengthy, entity.

Unit 4 introduces the notion of the linear transformation and
tends to formalize the structure of linearity, used so often in
our course. Indeed, it is more than coincidence that more and
more in the modern curriculum,linear algebra is being integrated
with advanced calculus and differential equations; for the use
of linearity in these courses is more than enough "excuse" for
teaching the student linear algebra.

Unit 5 is an attempt to trace the concept of determinants in
general and to show how this study plays an important role in
linear algebra. For the student who is already familiar with
determinants or who is willing to accept the results without
question, it should be noted that one can omit Unit 5 and pro-
ceed directly to Unit 6 as an extension of Unit 4. More
precisely, Unit 6 talks about special properties of linear

transformations known as eigen vectors or characteristic vectors.

Unit 7 for the first time discusses the concept of a generalized
dot product which may be defined on a vector space. It is in
this context that we motivate the concept of orthogonal functions
and we conclude our course in Unit 8 with a special application
of the study of orthogonal functions. Namely, we give a brief

introduction to the concept of Fourier series.
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Unit 1: The Case Against n-Tuples

1. Overview

Our main aim in this unit is to give you a better idea of the
nature of a vector space, and why it is best not to get too
involved, at least initially, with an overemphasis on the n-
tuple notation which we have stressed in the past. We present
our case in Lecture 3.010 and refine our arguments through the
exercises. Because of a somewhat different approach from that
used in the text we prefer not to assign portions of the text
as assignments at this time. At the conclusion of this Block,
however, we shall present a format whereby you may integrate
our approach with that of the text.
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2. Lecture 3.010
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Unit 1: The Case Against n-Tuples

3. Exercises:
3:L1e 1.(L)
Using the usual abbreviation that for "arrows" in the plane,
(x,y) denotes the vector X1 + yj , let ? = (5,4). Now let a
= (3,4) and § = (2,3). Show that relative to o and E coordinates
¥ = (7,-8). Does the fact that (5,4) = (7,-8) contradict our
previous axiom that (x,,y;) = (X,,¥,) +> X} = X, and y; = y,?
Explain.
3.1.2(L)
a. Rewrite the following 3 by 6 matrix in row-reduced form:
1 1 1 1 0 O
2 3 4 0 1 o0
3 5 8 0 0 1%
b. Use the result of part (a) to express I, 3, and k as linear com-
binations of E, E, and ?,where
a =1+3+k
B =21 + 33 + 4k
¥ =317 + 57 + 8k .
c. Let E = 51 + 33 - 2k. Use part (b) to express £ as a linear
combination of E, § , and ? .
d. Express 1, x, and x2 as linear combinations of the second degree
polynomials 1 + x + x2, 2 ¥ 3%+ 4x2, and 3 + 5x + sz.
e. Write 5 + 3x - 2x2 as a linear combination of the three second

degree polynomials defined in (d).
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3.1.3(L)

Suppose every vector in E3 may be expressed uniquely as a linear

3
ay - oy + Gqs 82 &= 2al + 3u2 + 403, and 83 = 3a

combination of the three vectors Uyr Oy and a,. Let Bl =
1 + 5a2 + By

3
Suppose now that y= xBl + yBZ + 283. Show how we may use
matrix algebra to express y as a linear combination of Upr Oy
and age
3.1.4
a. Invert the matrix

1 2 3

2 5 7

4 9 9 |.

b. Given that Bl = 0y + 2u2 o+ 3u3, 62 = 2al + 5a2 + 7a3, and
83 = 4“1 + 9&2 + 9a3; express Yy, as a linear combination of
UprQos and e, if ¥i = 381 - 282 + 83.

c. With the B's and u's as in (b) suppose Yy = 3ul - 2a2 + g.
ExXpress Y, as a linear combination of Bl, 82, and 63.

3o lab (L)
Use our axiomatic definition of a vector space to prove the
following theorems.

a. If a, B,YeEV and B+o = y+a then B =y

b. If a, B,YeEV and o+B = a+y then B =Yy

c. 0 =0 l We must distinguish between the number 0 and the

a b =3 I vector 0. 3 refers, of course, to the wvector 0.

However, after once making this distinction, we
shall assume that it is clear from context whether
0 means the number or the vector.
(continued on next page)
3.1.4
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3.1.5(L) continued

e. o + (-l)o. = 0.
L (-1) a = =-a

g. If a+B8 = o, then B= 0.

3.1.6(L)

a. Which of the nine axioms of a vector space (as listed in our

lecture) apply to any subset of V?

b. Which properties (axioms) need not be true if S is an
arbitrary subset of V?

c. From (a) and (b) show that a necessary and sufficient set of
conditions that S be a subspace of V is that

o, BeS =+ o + BeS

and

ceR, aeS - caeS (where, as usual, R = real numbers) .

3.1.7(L)

In this exercise V = E2 = {(xl,xz): xl,xzsR }. Tell which of
the following subsets of V are also subspaces. In each case

give reasons for your choice.

a. S {(0,0)1}

b. S8

{(xl,xz): X, = 0 or x, = 0}

c. S = [(xl,xz): X, x; + 1}

d.. 8§ = {(xl,xz): X, = 3xl}

3,1:8

In this exercise V is the space of all functions defined on
[0,1]. Tell which of the following subsets of V are also
subspaces of V.

(continued on next page)
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3.1.8 continued

a. S = {fev: f(x) = £f(1 - %)}
b. 8 = {fev: f£(0) =2 }
3,1.9(L)
Let oy and 0y belong to V. Define the set W = S(al,az) to be the
set consisting of all linear combinations of oy and Q-
a. Show that W is a subspace of V (it is called the space
generated [spanned] by oy and a2}.
Suppose every vector in V is a unique linear combination of u;
u, and uy so that we may use (x,y,z) as an abbreviation for
Xuy + yu, + zus. Define Gpr Q,E V by a = (1,2,3) and
a, = (3,5,5). We now define the space spanned by 0q and o,
(see the next exercise for more details) to be the set
W= S(al,az) = {xlu1 +t oXy0,: xl,xzsR}
That is W is the set of all linear combinations of aq and Oy
b. Describe the 3-tuples that make up W.
c. Does (2,3,2) belong to W? Explain.
d. Does (3,4,3) belong to W? Explain.
e, For what value(s) of c does (3,4,c) belong to W? In this case,
how is (3,4,c) described as a linear combination of oq and 32?
f. Letting V denote the usual 3-space, describe W geometrically.
3.1.10 (optional)
a. Verify that the set W = S(al,uz} = {xlul + X0, xl,xzeR}
where Gy azev is a subspace of V.
b. Prove that if S and T are subspaces of V so also is SNT.
c. Given that S and T are subspaces of V, define S + T =
{s + t: seS, teT }. Show that S + T is also a subspace of V.
3.1.6

[
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3.1.11 (optional)

may deduce the result that a + § = § + o

a. By defining ca to be 0 for all ceR and aeV prove that the axiom
la = o cannot be derived from our other eight axioms.

b. By computing (1 + 1) (a + B) in two different ways, show that we

from the other axioms.

I




MIT OpenCourseWare
http://ocw.mit.edu

Resource: Calculus Revisited: Complex Variables, Differential Equations, and Linear Algebra
Prof. Herbert Gross

The following may not correspond to a particular course on MIT OpenCourseWare, but has been
provided by the author as an individual learning resource.

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.



http://ocw.mit.edu
http://ocw.mit.edu/terms



