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lock 3: Selected Topics in Linear Algebra 


retest 


 	 Let V = [u1,u2,u3] and suppose a = (1,2,3) a2 = (2,4,6) 1 , 
a3 = (3,7,8), a4 = (1,3,2), and a5 = (1,-2,7). What is the dimen- 

sion of the space spanned by IalIa2~a3,a4,a5)? 

 	 Let dim V = 4 and assume that Iul,u2,u3,u4) is the coordinate sys- 

tem being used for denoting the elements of V as 4-tuples. Let W 

be the subspace of V spanned by (1,1,3,4), (2,3,7,9), (3,-2,4,7), 

and (4,-5,3,7). Express x4 as a linear combination of xl, x2, and 

x3 if it is known that (xl,x2,x3,x4) E W. 

. 	 Let V = [u1,u2,u31 and let f:V+V be the linear transformation de- 

fined by 

Describe the set iv:f (v) = 0) .  

. Use row-reduction techniques to evaluate 


. Let V = [u1,u2,u3,u4] and let f:V+V be the linear transformation 

defined by 

B

P

1.

2.

3

4

5
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( a )  What a r e  t h e  c h a r a c t e r i s t i c  values of f ?  

fb )  Describe V2 = {v:f (v) = 2 ~ ) .  

Find a matrix B such t h a t  

7. Define f 

I
on (-IT,IT) by 

-1, i f  -T < x 4 0 
f (x) = 

( a )  What i s  the  Fourier representat ion of f (x)? 

(-1)(b) Use (a)  t o  evaluate  2n + 

3 .  iii 
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P re face  

I n  some ways, t h i s  Block may b e  viewed a s  o p t i o n a l  m a t e r i a l .  

Cer ta in ly ,  i n  terms of  t h e  t r a d i t i o n a l  curr iculum, t h e  app l i -  

c a t i o n s  of  t h i s  m a t e r i a l  t o  c a l c u l u s  can be  made wi thout  an i n -

depth knowledge o f  a b s t r a c t  l i n e a r  a lgebra .  

On t h e  o t h e r  hand, l i n e a r  a lgebra  c o n t r i b u t e s  s o  much t o  our  s tudy 

of  mathematical s t r u c t u r e  t h a t  it is f i n d i n g  i t s  way i n t o  more 

and more a r e a s  which previous ly  made no use of  t h e  s u b j e c t .  Thcs, 

t h e r e  i s  a high p r o b a b i l i t y  t h a t  you w i l l  encounter  l i n e a r  

a l g e b r a  somewhere along t h e  l i n e  i n  your f u t u r e  i n v e s t i g a t i o n s .  

S ince  t h e  o v e r a l l  concept of  a b s t r a c t  mathematical s t r u c t u r e  

r e q u i r e s  a c e r t a i n  amount of  ma tu r i ty  and exper ience ,  it is 

c r u c i a l  t h a t  you g e t  some s o r t  of  f e e l i n g  f o r  t h e  s u b j e c t  b e f o r e  

t h e  t i m e  comes t h a t  you r e a l l y  need it. I t  i s  f o r  t h i s  reason 

t h a t  we have inc luded t h i s  Block a s  p a r t  of our  course.  

W e  a l s o  recognize  t h a t  it i s  h igh ly  l i k e l y  t h a t  t h i s  Block, 

more than any o t h e r ,  i s  n o t  r e a l l y  review m a t e r i a l .  For t h i s  

reason we  have e l e c t e d  t o  in t roduce  va r ious  t o p i c s  wi thout  

pursuing them t o  s o p h i s t i c a t e d  depths  (al though w e  have inc luded 

s u f f i c i e n t  depth  s o  a s  n o t  t o  have t h e  m a t e r i a l  seem e a s i e r  than 

it r e a l l y  i s ) .  I n  p a r t i c u l a r ,  w e  have contented ourse lves  t o  

p r e s e n t  t h e  m a t e r i a l  f o r  i t s  own sake ,  wi th  l i t t l e  i f  any 

a t tempt  t o  g ive  p r a c t i c a l  a p p l i c a t i o n s .  For one t h i n g ,  it i s  

ha rd  enough t o  g e t  a f e e l i n g  f o r  t h e  new concepts  i n  t h e i r  own 

r i g h t ,  and f o r  another  t h i n g ,  what i s  c a l l e d  an a p p l i c a t i o n  

depends on your a r e a  o f  r e sea rch .  Our hope i n  t h i s  Block i s  t o  

provide you wi th  an i n i t i a l  overview and mastery of fundamental 

concepts  i n  t h e  hope t h a t  you w i l l  f i n d  t h e  s u b j e c t  more 

a c c e s s i b l e  t o  you a t  t h e  t i m e  t h a t  you a r e  c a l l e d  upon t o  know 

it i n  more d e t a i l .  

From a  more a e s t h e t i c  p o i n t  of view, it is a l s o  o u r  f e e l i n g  

t h a t  a  course  which was s o  h e a v i l y  p red ica ted  on t h e  concept 

of mathematical s t r u c t u r e  should conclude on t h e  theme of 

mathematical s t r u c t u r e .  I n  t h i s  sense ,  Black 3 supplements 

our  e a r l i e r  t r ea tmen t  of mathematical s t r u c t u r e  and al lows us 

t o  f i l l  i n  some o f  t h e  gaps i n  our  e a r l i e r  t rea tment .  
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The f i r s t  t h r e e  Units  i n  t h i s  Block a r e  f o r  t h e  most p a r t  a review 

of t h e  mathematical s t r u c t u r e  of v e c t o r  spaces a s  presented  i n  

Calculus Rev i s i t ed ,  P a r t  2 ,  e s p e c i a l l y  i n  Blocks 1, 2 ,  and 4 .  We 

have supplemented o u r  e a r l i e r  d i scuss ion  by inc lud ing  a  more formal 

d e f i n i t i o n  of a v e c t o r  space  a s  w e l l  a s  exp la in ing  t h e  meaning of 

b a s i s  v e c t o r s  and t h e  r o l e  of l i n e a r  independence (which e a r l i e r  

had been in t roduced i n  o u r  s tudy of l i n e a r  d i f f e r e n t i a l  e q u a t i o n s ) .  

While we have s p l i t  t h e  m a t e r i a l  i n t o  t h r e e  s e c t i o n s ,  t h e  s t u d e n t  

who i s  a c t u a l l y  us ing  t h i s  Block a s  a review might f i n d  t h e  f i r s t  

t h r e e  Uni ts  be ing t r e a t e d  a s  a s i n g l e ,  a l b e i t  lengthy,  e n t i t y .  

Unit  4 i n t roduces  t h e  no t ion  of t h e  l i n e a r  t ransformat ion  and 

t ends  t o  formal ize  t h e  s t r u c t u r e  of  l i n e a r i t y ,  used s o  o f t e n  i n  

our course.  Indeed,  it is more than coincidence t h a t  more and 

more i n  t h e  modern cur r i cu lum, l inea r  a lgebra  i s  being i n t e g r a t e d  

wi th  advanced c a l c u l u s  and d i f f e r e n t i a l  equat ions ;  f o r  t h e  use  

of l i n e a r i t y  i n  t h e s e  courses  i s  more than enough "excuse" f o r  

t each ing  t h e  s t u d e n t  l i n e a r  a lgebra .  

Unit  5 is  an a t tempt  t o  t r a c e  t h e  concept of de terminants  i n  

genera l  and t o  show how t h i s  s tudy p lays  an important  r o l e  i n  

l i n e a r  a lgebra .  For t h e  s t u d e n t  who i s  a l ready  f a m i l i a r  wi th  

de terminants  o r  who is  w i l l i n g  t o  accept  t h e  r e s u l t s  wi thout  

ques t ion ,  it should be  noted t h a t  one can omit Unit 5 and pro- 

ceed d i r e c t l y  t o  Uni t  6 a s  an ex tens ion  of Unit 4 .  More 

p r e c i s e l y ,  Unit 6 t a l k s  about s p e c i a l  p r o p e r t i e s  of  l i n e a r  

t r ans fo rmat ions  known a s  e igen v e c t o r s  o r  c h a r a c t e r i s t i c  vec to r s .  

Unit  7 f o r  t h e  f i r s t  t i m e  d i s c u s s e s  t h e  concept of a genera l i zed  

d o t  product  which m a y  be  de f ined  on a  v e c t o r  space.  I t  is  i n  

t h i s  con tex t  t h a t  w e  mot ivate  t h e  concept of or thogonal  func t ions  

and we conclude our course  i n  Unit  8 wi th  a  s p e c i a l  a p p l i c a t i o n  

o f  t h e  s tudy of or thogonal  func t ions .  Namely, we g ive  a  b r i e f  

i n t r o d u c t i o n  t o  t h e  concept  of Four ie r  s e r i e s .  
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Unit  1: The Case Against n-Tuples 

1. Overview 

Our main aim i n  t h i s  u n i t  i s  t o  g ive  you a b e t t e r  idea  of  t h e  

n a t u r e  of a v e c t o r  space,  and why it i s  b e s t  n o t  t o  g e t  too  

involved,  a t  l e a s t  i n i t i a l l y ,  wi th  an overemphasis on t h e  n-

t u p l e  no ta t ion  which we have s t r e s s e d  i n  t h e  p a s t .  We p resen t  

our case  i n  Lecture 3.010 and r e f i n e  our  arguments through t h e  

exe rc i ses .  Because of  a somewhat d i f f e r e n t  approach from t h a t  

used i n  t h e  t e x t  w e  p r e f e r  n o t  t o  a s s ign  por t ions  of t h e  t e x t  

a s  assignments a t  t h i s  time. A t  t h e  conclusion of  t h i s  Block, 

however, w e  s h a l l  p r e s e n t  a format whereby you may i n t e g r a t e  

our approach wi th  t h a t  of t h e  t e x t .  
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2 .  Lecture 3.010 
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3 .  	 Exerc i ses  : 

3.1 .1(L)  

Using t h e  usua l  abbrev ia t ion  t h a t  f o r  "arrows" i n  t h e  p lane ,  

( x ,  y)  denotes t h e  vec to r  xl
-f + y 

t 
J , l e t  

+ 
y = (5 ,4 )  . Now l e t  

-+ 
a 

= (3 ,4 )  and 8 = (2 ,3)  . Show t h a t  r e l a t i v e  t o  and 5 coordinates  
+ 
y = (7 , -8 ) .  Does t h e  f a c t  t h a t  (5 ,4)  = (7,-8)  c o n t r a d i c t  our  

previous  axiom t h a t  (xl,yl) = (x2 ,y2)  f+ x1 = x2 and yl = y2? 

Explain.  

3.1.2(L) 

a .  	 R e w r i t e  t h e  fo l lowing 3 by 6 ma t r ix  i n  row-reduced form: 

b. 	 U s e  t h e  r e s u l t  of p a r t  ( a )  t o  express  1, 3, and 2 a s  l i n e a r  com-
+ 

b i n a t i o n s  of 2, 3, and y ,where 

c. 	 L e t  $ = 5x + 35 - 22. U s e  p a r t  (b)  t o  express  5 a s  a l i n e a r  
-+ 

combination o f  a,  8 , + 
and y . 

d. 	 Express 1, x, and x2 a s  l i n e a r  combinations of  t h e  second degree 

polynomials 1 + x + 2 x , 2 + 3x + 2 4x2, and 3 + 5x + 8x . 

e .  	 Write 5 + 3x - 2 2x a s  a l i n e a r  combination of t h e  t h r e e  second 

degree polynomials de f ined  i n  (dl  . 
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Suppose every vector  i n  E~ may be expressed uniquely as  a l i n e a r  

combination of t h e  t h ree  vectors  al, a2 .  and a3. Let B1 = 
-

a1 + a2 + a31 B = 2a + 3a2 + 4a3, and B 3  = 3al + 5a2 + 8a3.
2 1 

Suppose now t h a t  y= xB1 + yB2 + zB3. Show how we may use 

matrix algebra t o  express y a s  a l i n e a r  combination of a1' "2' 
and a3. 

a. 	 Inver t  t he  matrix 

b. 	 Given t h a t  B = a1 1 + 2a2 + 3a B 2  3' = 2a + 5a2 + 7a3, and 1
B 3  = 4al + 9a2 + 9a3; express y1 as  a l i n e a r  combination of 

a1,a2, and a3 i f  yl = 3B1 - 2B2 + B3.  

c.  	 With t h e  B ' s  and a ' s  as i n  (b) suppose y 2  = 3al - 2a2 + a,. 

Express y2 as  a l i n e a r  combination of B1, B 2 ,  and B3. 

Use our axiomatic de f in i t i on  of a vector  space t o  prove t h e  

following theorems. 

a. 	 I£ a ,  B,y€V and B+a = Y+a then B =Y . 
b. 	 I f  a ,  B , ~ E Vand a+B = a+y then B =y . 
C. 	 Oa = 6 1 We must d i s t inguish  between the  number 0 and the  

C6 3 f -+ 
d. 	 = vector 0. 0 r e fe r s .  of course. t o  the  vector 0 .  

However. a f t e r  once making t h i s  d i s t i n c t i o n ,  we 

s h a l l  assume t h a t  it is c l e a r  from context whether 

0 means t h e  number o r  the  vector.  

(continued on next page) 
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3.1.5 (L) continued 

3.1.6(L) 

a .  Which of  t h e  n i n e  axioms o f  a v e c t o r  space ( a s  l i s t e d  i n  our  

l e c t u r e )  apply t o  any s u b s e t  of  V? 

b.  Which p r o p e r t i e s  (axioms) need no t  be  t r u e  i f  S i s  an 

a r b i t r a r y  s u b s e t  of  V? 

c.  From ( a )  and (b) show t h a t  a necessary  and s u f f i c i e n t  set  of 

cond i t ions  t h a t  S  be  a  subspace of V is t h a t  

and 

CER, ~ E S+ C ~ E S  (where, a s  usua l ,  R = r e a l  numbers) . 

I n  t h i s  e x e r c i s e  V = E~ = { (x1,x2): x1,x2~R 1 .  T e l l  which of 

t h e  fo l lowing s u b s e t s  of V a r e  a l s o  subspaces. I n  each case  

give reasons for  your choice. 

I n  t h i s  e x e r c i s e  V i s  t h e  space of a l l  func t ions  def ined on 

[0 ,1 ] .  T e l l  which of  t h e  fo l lowing s u b s e t s  of  V a r e  a l s o  

subspaces of V. 

(cont inued on nex t  page) 
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3.1.8 continued 

Let  al and a2  belong t o  V. Define t h e  set W = S(a l , a2 )  t o  be  t h e  

set c o n s i s t i n g  o f  a l l  l i n e a r  combinations o f  al and a 2 .  

a.  Show t h a t  W i s  a subspace of  V (it is c a l l e d  t h e  space 

genera ted  [spanned] by al and a2)  . 
Suppose every v e c t o r  i n  V i s  a unique l i n e a r  combination of  u1' 
u and u3 s o  t h a t  w e  may use (x ,y , z )  a s  an abbrev ia t ion  f o r  2 
xu1 + yu2 + zu3. Define al ,  a2&V by a = (1 ,2 ,3)  and 1 
a = ( 3 , 5 , 5 ) .  W e  now d e f i n e  t h e  space spanned by al and a2 2 
(see t h e  nex t  e x e r c i s e  f o r  more d e t a i l s )  t o  be  t h e  set  

That  is  W i s  t h e  set of a l l  l i n e a r  combinations o f  a l  and a2.  

b. Describe t h e  3-tuples t h a t  make up W. 

c. Does (2 ,3 ,2)  belong t o  W? Explain. 

d. Does (3 ,4 ,3)  belong t o  W? Explain.  

e. For what va lue  (s) of c does (3 ,4 ,c)  belong t o  W? I n  t h i s  case ,  

how is (3 ,4 ,c)  desc r ibed  a s  a l i n e a r  combination o f  al and a2? 

f .  L e t t i n g  V denote  t h e  usua l  3-space, d e s c r i b e  W geometr ica l ly .  

3.1.10 ( o p t i o n a l )  

a. Ver i fy  t h a t  t h e  set  W = S(al ,a2)  = {x a + x2a2: x , X  ER}1 1  1 2  
where a l l  a2sV i s  a subspace of V. 

b.  Prove t h a t  i f  S and T a r e  subspaces of V s o  a l s o  is SnT. 

c.  Given t h a t  S and T a r e  subspaces of V, d e f i n e  S + T = 

{ s  + t: s€S,  t € T  1 .  Show t h a t  S + T i s  a l s o  a subspace of V. 
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3.1.11 ( o p t i o n a l )  

a.  By d e f i n i n g  ca t o  be 0 f o r  a l l  CER and aeV prove t h a t  t h e  axiom 

l a  = a cannot  be  de r ived  from o u r  o t h e r  e i g h t  axioms. 

b.  By computing (1+ 1)( a  + 0 )  i n  two d i f f e r e n t  ways, show t h a t  we 

may deduce t h e  r e s u l t  t h a t  a + 8 = €3 + a from t h e  o t h e r  axioms. 
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