
Study Guide 
Block 5: M u l t i p l e  I n t e g r a t i o n  

Uni t  5: More on P o l a r  Coordinates 

1. Overview 

In  Unit 3 w e  d i scussed  t h e  r o l e  of t h e  Jacobian determinant  i n  

e v a l u a t i n g  double i n t e g r a l s  involving a change of v a r i a b l e s .  This  

technique  g e n e r a l i z e s  very n i c e l y  t o  t r i p l e  i n t e g r a l s .  I n  f a c t ,  

excep t  t h a t  t h e  diagrams a r e  ha rde r  t o  v i s u a l i z e  i n  3-dimensional 

space ,  t h e  theory  i s  p r e c i s e l y  t h e  same a s  i n  t h e  2-dimensional 

case .  

I n  p a r t i c u l a r ,  i f  R i s  now a 3-dimensional region and f : ~ ~ - +E 
3 

-
such t h a t  -f i s  1-1 and onto  on R ,  then i f  f i s  def ined by 

f ( x , y , z )  = (u ,v ,w)  , w e  have t h a t-

i l l  a (x ,y ,z)  dvS. 
a (u ,v ,w)-

s = f (R)-

One very common a p p l i c a t i o n  of (1) i s  i n  t h e  case  of "3-

dimensional  p o l a r  coord ina tes"  (which w e  s h a l l  t r e a t  more r i g o r o u s l y  

very soon) where, j u s t  a s  i n  t h e  2-dimensional c a s e ,  w e  can rep lace  

equat ion  (1)by a r a t h e r  convenient  geometric  argument (which is  

t h e  procedure used i n  Sec t ions  16.6 and 16.8 of t h e  t e x t ) .  

Before t a l k i n g  about  t h i s  e x t e n t i o n  of p o l a r  coord ina tes ,  n o t i c e  

t h a t  t h e  a n a l y t i c  proof of equat ion  (1)can be made wi thout  re-

course  t o  a drawing; hence, i t s  v a l i d i t y  c a r r i e s  over t o  any 

h igher  o r d e r  dimensional  space.  

For example, i f  R i s  a r eg ion  of E" and -£:En+ En and -f i s  1-1 

and o n t o  on R ,  t hen  i f  S = -f (R) and ( x l , = (ul, .  - , U  n 

w e  have t h a t  
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The d i f f i c u l t  p a r t  of  (1') i s  w r i t i n g  t h e  r i g h t  hand s i d e  a s  an 

i t e r a t e d  i n t e g r a l  wi th  r e s p e c t  t o  ul,  ...,un. I n  o t h e r  words, w e  

must express  ul i n  terms of u2 ,  ...,un; u2 i n  terms of u3, . . . ,u  n ' 
etc. ,  and t h i s  may be very complicated,  t h e  degree of  complicat ion 

depending upon how ul, ...,U, a r e  r e l a t e d  i n  terms of xl ,  ...,xn. 

For our  purposes,  t h e r e  i s  no need t o  de lve  beyond t r i p l e  

i n t e g r a l s ,  and t h i s  s h a l l  be t h e  p u r s u i t  of t h i s  u n i t .  

Now f o r  a few words about 3-dimensional p o l a r  coord ina tes .  When 

w e  decided t o  extend 2-dimensional Car tes i an  coord ina tes  t o  3-

dimensional  C a r t e s i a n  coord ina tes ,  it seemed r a t h e r  n a t u r a l  t o  

augment t h e  xy-plane by t h e  z-axis  and l o c a t e  p o i n t s  by t h e  

t r i p l e t  ( x , y , z )  r a t h e r  than by t h e  doub le t  ( x , y ) .  Thus, it 

would seem n a t u r a l  t h a t  t o  extend p o l a r  coord ina tes  t o  3- 

dimensional  space ,  w e  would need only augment t h e  r and 8 coordi-  

n a t e s  by a z-coordinate.  I n  t h i s  c o n t e x t ,  then  ( r ,B ,z )  would 

r e f e r  t o  a p o i n t  z u n i t s  above t h e  xy-plane and t h e  p r o j e c t i o n  

of t h i s  p o i n t  on to  t h e  xy-plane would be named by ( r , e )  i n  p o l a r  

coordinates .  P i c t o r i a l l y ,  

When p o l a r  coord ina tes  a r e  extended t o  3-dimensional space i n  

t h i s  way, t h e  r e s u l t i n g  coord ina te  system is known under t h e  

name of c y l i n d r i c a l  coord ina tes .  

There i s  ano the r  way, however, t h a t  one could have e l e c t e d  t o  

extend t h e  concept  of p o l a r  coord ina tes  t o  3-dimensional space .  

W e  could  have decided t h a t  t h e  impor tant  i d e a  was t h a t  of a 

p o s i t i o n  ( o r  r a d i u s )  v e c t o r .  I n  o t h e r  words, it might be  t h a t  
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one of t h e  coord ina tes  should measure t h e  d i s t a n c e  of t h e  p o i n t  i n  

space from t h e  o r i g i n .  This  d i s t a n c e  i s  u s u a l l y  denoted by p 

and it means i n  3-space what r means i n  2-space; namely, t h e  

d i s t a n c e  from t h e  o r i g i n  t o  t h e  p o i n t .  I n  any even t ,  i f  w e  

dec ide  t o  extend p o l a r  coord ina tes  i n  t h i s  way, it i s  conventional  

t h a t  w e  use  t h e  a n g l e 4 t o  measure t h e  angle  between the  l i n e  from 

t h e  o r i g i n  t o  t h e  p o i n t  and t h e  p o s i t i v e  z-axis .  W e  then  l e t  8 ,  

j u s t  a s  i n  t h e  case  of 2-dimensional p o l a r  coord ina tes ,  measure 

t h e  angle  between t h e  p o s i t i v e  x-axis  and t h e  l i n e  t h a t  jo ins  

t h e  o r i g i n  t o  t h e  p r o j e c t i o n  of t h e  p o i n t  i n  t h e  xy-plane. 

Again, p i c t o r i a l l y ,  

When t h i s  system i s  used,  t h e  r e s u l t i n g  coord ina te  system i s  

known a s  s p h e r i c a l  coord ina tes .  Why w e  use  t h e  names c y l i n d r i c a l  

and s p h e r i c a l  w i l l  become c l e a r e r  i n  t h e  development of t h e  u n i t ,  

b u t  t h e  impor tant  p o i n t  i s  t h a t  both  of  t h e s e  systems, while they 

a r e  q u i t e  d i f f e r e n t ,  a r e  n e v e r t h e l e s s  b ~ t h  n a t u r a l  extens ions  of 

p o l a r  coord ina tes  t o  3-dimensional space. 

2. 	 Read: Thomas; Sec t ion  12.4. 

3. 	 Do Exerc i ses  5.5.1, 5.5.2, 5.5.3. 

4 .  	 Read: Thomas; Sec t ions  16.6, 16.8 ( a s  an o p t i o n a l  assignment 

you may a l s o  read  16.7 which s u p p l i e s  some p r a c t i c a l  motivat ions 

f o r  t h e  use  of p o l a r  c o o r d i n a t e s ) .  

5.  	Do t h e  remaining e x e r c i s e s .  



Study Guide 
Block 5: Mul t ip le  I n t e g r a t i o n  
Unit  5: More on Po la r  Coordinates 

Describe e x p l i c i t l y  t h e  set  of a l l  p o i n t s  

5.5.2 

Describe t h e  s e t  S i f  

s = { r z :  r = a )  . 

Describe each of t h e  fol lowing sets S. 

a .  s =  { ( p . m , e ) : p  = 3 n cp.rn.e):  e = ;} 
( P , $ ,  8 ) : ~  = 3 and 8 = 

The s o l i d  sphere S = {(x ,y  , z )  :x2+ y2+ z2 < 1) has a v a r i a b l e  -	 JT7-7 
d e n s i t y  	p .  I n  f a c t  a t  any p o i n t  ( x , y , z ) ~ S ,p (x ,y , z )  = x + y + z 

( i . e . , p  i s  equa l  t o  t h e  d i s t a n c e  from t h e  p o i n t  t o  t h e  o r i g i n ) .  

U s e  s p h e r i c a l  coord ina tes  t o  compute t h e  mass of S -

5.5.5 

R i s  t h e  p o r t i o n  of  t h e  c y l i n d e r  x 2+ y2 = 4 bounded by t h e  p lanes  

x = 0,  y = 0 ,  z = 0,  and z = 5. U s e  c y l i n d r i c a l  coord ina tes  t o  

compute JJxz dz  dy dx. 
R 


L e t  R be t h e  region conta ined between t h e  two spheres  x 
2+ y 

2+ z2 = 
2 2a 2  and x + y + z2 = b2 ( a < b ) .  Compute I$z2dz dy dx. 


R 
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C o m p u t e l m y 2 d y  dx where R i s  t h e  e l l i p t i c  region 
R 

U s e  a t r ans fo rmat ion  (change of v a r i a b l e s )  which r e s u l t s  i n  a 

s impler  double i n t e g r a l .  

Compute JJIxyz dz dy dx i f  R i s  t h e  p o r t i o n  of t h e  e l l i p s o i d  
R 

which l i e s  i n  t h e  f i r s t  o c t a n t .  
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