
Study Guide 
Block 5: Mul t ip le  I n t e g r a t i o n  

Unit  3: Change of Var iables  I n t e g r a l si n  ~ u l t i . ~ l e  

1. Overview 

J u s t  a s  i n  t h e  s tudy of ca lcu lus  of a s i n g l e  v a r i a b l e ,  it w i l l  

o f t e n  be t o  o u r  advantage t o  be a b l e  t o  perform a m u l t i p l e  

i n t e g r a t i o n  by means of a change of  v a r i a b l e s  ( s u b s t i t u t i o n ) .  

I n  t h i s  u n i t  w e  s h a l l  show how t h i s  i s  accomplished. The key 

i d e a  i s  very much t h e  same a s  it was i n  t h e  case  of a s i n g l e  r e a l  

v a r i a b l e ,  b u t  complicat ions s e t  i n  when w e  d e a l  with more than 

1-dimensional space.  (Geometrical ly,  t h i s  can be expla ined by 

observing t h a t  i t  i s  more complicated t o  keep t r a c k  of how a 

region i n  e i t h e r  2-space o r  3-space i s  transformed by a mapping 

than it was i n  1-space s i n c e  i n  1-space t h e  image of an i n t e r v a l  

i s  again  an i n t e r v a l . )  

A t  any r a t e ,  t h e  l e c t u r e  w i l l  t r y  t o  make t h i s  p o i n t  seem a b i t  

e a s i e r  t o  d i g e s t .  I n  essence ,  t h e  l e c t u r e  w i l l  p r e s e n t  t h e  main 

idea  i n  a convenient ly  overs impl i f i ed  form. Following t h e  l ec -  

t u r e ,  you w i l l  r ead  a s h o r t  no te  t h a t  w i l l  g e n e r a l i z e  t h e  r e s u l t  

of t h e  l e c t u r e ,  and a f t e r  t h a t  you w i l l  read  about p o l a r  coordi-  

n a t e s  i n  t h e  t e x t .  

The p o i n t  i s  t h a t  while p o l a r  coordinates  provide us wi th  an 

important  a p p l i c a t i o n  of a s i t u a t i o n  i n  which one would want 

t o  make a change of v a r i a b l e s ,  it must a l s o  be remembered t h a t  

t h e r e  a r e  o t h e r  t i m e s  t h a t  we might want t o  make changes of 

v a r i a b l e s  t h a t  a r e  u n r e l a t e d  t o  p o l a r  coordinates .  The approach 

i n  t h i s  u n i t  i s  meant t o  extend t h e  r e s u l t s  of t h e  t e x t  beyond 

t h e  a p p l i c a t i o n  t o  p o l a r  coordinates .  

F i n a l l y  t h e  e x e r c i s e s  have been s e l e c t e d  t o  p r e s e n t  you with 

a r a t h e r  wide v a r i e t y  of s i t u a t i o n s  i n  which you would want 

t o  make a change of v a r i a b l e s  (sometimes i n  terms of p o l a r  

coord ina tes  and o t h e r  t imes a more genera l  change) i n  o rde r  

t o  e v a l u a t e  a p a r t i c u l a r  double i n t e g r a l .  
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2 .  Lecture  5.030 
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3 .  Note on t h e  Lecture:  

W e  would now l i k e  t o  extend t h e  r e s u l t  of our  l e c t u r e  t o  cover 

t h e  more g e n e r a l  i n t e g r a l  / g (x ,  y )  dAF 
R 


I f  f R +S i s  de f ined  by f  (x ,y)  = (u,v)  where 

i s  i n v e r t i b l e  ( s o  t h a t  w e  may view x and y  a s  func t ions  of u and 

v )  , then  

Notice t h a t  i n  t h e  s p e c i a l  case  g ( x , y )  I equat ion  (1) i s  t h e  

r e s u l t  desc r ibed  i n  Lecture  5.030. 

The d e r i v a t i o n  of equa t ion  (1) i s  analosous t o  t h e  d e r i v a t i o n  -
of /ab g (x )dx  = ( X  (u)  ) 2 du. 

That  i s ,  w e  may t h i n k  of 

a s  t h e  3-dimensional**system 

*If f is given by it is easy to compute a(u,v)/a(x,y) 

explicitly, but it may be difficult to express x and y explicitly 
in terms of u and v. In this case, it is best to invoke our 
earlier result that a (x,y)/a(u,v) = [a (u,v)/a(x,y) I-'. 

b 

**Recall in our lecture that when we let u = u(x) in .fa g(x)dx, 
we viewed u = u(x) as the 2-dimensional system 
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W e  then  see t h a t  t h e  mapping de f ined  by (2)  p rese rves  t h e  h e i g h t  

of a r e c t a n g u l a r  p a r a l l e l o p i p e d ,  b u t  t h e  r e c t a n g u l a r  base  R1 i s  

mapped i n t o  a r eg ion  S1, which i s  e s s e n t i a l l y  a  para l le logram f o r  

s u f f i c i e n t l y  smal l  Ax and Ay, and f o r  such choices  of  Ax and Ay 

I n  o t h e r  words t h e  r e s u l t  desc r ibed  i n  t h e  l e c t u r e  extends t o  

gg(x,  y )  dAR where a (x ,  y )  /a (u ,v)  i s  t h e  "cor rec t ion  f a c t o r "  f o r  

o b t a i n i n g  A i n  terms of A . 
R1 '1 

I n  summary, it is  equat ion  (1) t h a t  w e  r e a l l y  wanted t o  develop,  

and t h e  equat ion  developed i n  our  l e c t u r e  was t h e  s p e c i a l  case  

of equat ion  (1)when g ( x , y )  was i d e n t i c a l l y  equa l  t o  1 on R. 

Notice t h a t  i n  t h e  development of equat ion  (1) t h e  c r u c i a l  p o i n t  

was t h a t  t h e  c o r r e c t i o n  f a c t o r  depended on t h e  region R n o t  on 

t h e  func t ion  g. Consequently, t h e  demonstrat ion g iven i n  t h e  

l e c t u r e  i s  t h e  same a s  it would have been had w e  t a c k l e d  t h e  

more g e n e r a l  $4 (x,Y )  d ~ b u t  t h e  presence of ~ , g  (x ,  y)  might have 

proved t o  be a d i s t r a c t i o n  t h a t  would have taken our  a t t e n t i o n  

away from t h e  f a c t  t h a t  t h e  Jacobian was in t roduced t o  " c o r r e c t "  

on ly  t h e  a r e a  of t h e  region R. 

4. Read Thomas, Sec t ion  16.4. 

5. Exerc i ses  

5.3.1(L) 


Given t h e  mapping -£ : E ~ - E ~def ined  by f (x ,y )  = (u,v) where 
a .  
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5.3.1 (L) continued i
f 

I 1 Compute a(X'J) .a (u ,v)  	 I 1 

8 Yb. Explain t h e  sense  i n  which .*, a u v i s  a " s c a l i n g  f a c t o r " .  

1 c, 	Explain t h e  meaning of t h e  nega t ive  " s c a l i n g  f a c t o r "  I 
where 

1 
I 

5.3.2 

1 a. Describe t h e  l i n e a r  mapping -f which maps (3 ,4)  i n t o  (1 ,0)  and 

(5 ,6 )  i n t o  ( 0 , l ) .  

8 3. What region R i s  mapped by -f i n t o  t h e  square S wi th  v e r t i c e s  a t

O 1  (0,O) , A 1  ( 1 , O )  , 

I 	
B 1 ( l , l ) ,  and C 1 ( O , l ) ?  

c. How does t h e  a r e a  of R compare wi th  t h e  a r e a  of S? 

8 d. Describe -f i f  -f ( 5 , 6 )  = (It())and f( 3 t 4 )  = ( 0 1 ~ ) .

I 5.3.3(L) 

1 
U s e  t h e  change of 	v a r i a b l e s  

8 
I 	

t o  e v a l u a t e  

x + 3y 

m - c o s 2 ( q )  d~~ where R i s  t h e  para l le logram wi th  
J e  

R 

B 	
v e r t i c e s  a t  0 ( 0 , 0 ) ,  A(3 ,1 ) ,  B(5,5) and C ( 2 , 4 ) .  

I 

1 	 L 

m 
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Let  R be the  square with v e r t i c e s  a t  A ( 1 . 0 ) .  B ( 2 . 1 ) .  C ( 1 . 2 )  and 

D ( O i l )  . Make the  subs t i t u t i on  

t o  evaluate  

a. Use po la r  coordinates t o  evaluate  -

5 .  What happens i n  p a r t  ( a )  i f  we l e t  a + m? 

2 
c .  Use t h e  answer t o  p a r t  (b) t o  compute e-X dx. '  

Compute 

11- dAR where R i s  t he  region bounded by the  x-axis 
R 


and the  curve C whose po la r  equation i s  r = 8 ,  0 -< 8 -< T .  

5.3.7 tL)  

Let  R be t h e  region i n  t h e  f i r s t  quadrant bounded between the  

curves x 2 - y 2 = a ,  x 2 - y2 = b. 2xy = c.  and 2xy = d (where 

O < a < b a n d O < c < d ) .  

a .  Discuss t h e  e f f e c t  on J& (x iy )dA brought about by t he  change 
R R
2of va r i ab l e s ,  u = x - y2.  v = 2xy, and i n  p a r t i c u l a r ,  d iscuss  

t h e  most general  form of g (x ,y)  which r e s u l t s  i n  t h e  va r i ab l e s  
(continued on next page) 

5.3-6 
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5.3.7 (L) continued 

being separa ted  i n  t h e  transformed i n t e g r a l .  

2 2 

b'. U s e  p a r t  ( a )  t o  e v a l u a t e  <f(x 2+ y 2) ex - y  cosh ( 2xy) dAR. 


L e t  R be t h e  r eg ion  i n  t h e  f i r s t  quadrant  bounded between t h e  
2 2 2 2 2 2 2 c u r v e s x - y  = a ,  x - y  = b t x + y  = c , x  + y 2 = d  (where 

0 < a < b< c  < d l .  I n  a  manner s i m i l a r  t o  t h a t  used i n  t h e  pre-  

ceding e x e r c i s e  d i s c u s s f f f ( x , y ) d ~  R under t h e  change of v a r i a b l e s  
R 

I n  p a r t i c u l a r  e v a l u a t e  <hxydAR 

5.3.9 ( o p t i o n a l )  

L e t  R be t h e  t r i a n g u l a r  region bounded by t h e  l i n e s  y  = x ,  x = 1, 


and t h e  x-axis.  Discuss what happens t o  t h e  i n t e g r a l  


{ff (x ,  y )  dAR under t h e  change of v a r i a b l e s  u  = x and v  = y/x. 


(The aim of t h i s  e x e r c i s e  i s  t o  show t h a t  t h e  mapping need no t  


be 1-1 f o r  our  change of  v a r i a b l e  technique t o  work. What i s  


impor tant  i s  n o t  s o  much t h a t  a (u ,v) / a  (x ,  y )  # 0 b u t  r a t h e r  t h a t  


t h e  s e t  of poin , t s  a t .which  a ( u , v ) / a ( x , y )  = 0 i s  n o t  " too  great'. ') 


Evaluate  fl dAR. 
R 

5.3.10 ( o p t i o n a l )  ---.....-- -.-

Show t h a t  t h e  technique  f o r  in terchanging t h e  o rde r  of 

i n t e g r a t i o n  i n  a double i n t e g r a l  (d iscussed i n  t h e  previous 

u n i t )  is  a s p e c i a l  case  of change of v a r i a b l e s .  I n  p a r t i c u l a r ,  

show t h a t  t h e  change of o r d e r  i s  accomplished by t h e  s u b s t i t u t i o n  
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