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1.6.1(L) 
+ 

From Exerc i se  1.5.2 w e  know t h a t  a v e c t o r  N normal t o  t h e  d e s i r e d  

p lane  i s  (-14,10,9).  W e  a l s o  know t h a t  (1 ,2 ,3)  is i n  t h e  plane.  

Hence, P (x ,y ,  z) i s  i n  t h e  p lane  i f  and only i f  8 Aif = 0. 

P i c t o r i a l l y ,  

S ince  Ab = ( x  - 1, y - 2,  z  - 3) and 8 = (-14,10,9) ,  N AP = 0 

impl ies  t h a t  

A s  a "quick" check of ( l) ,w e  know t h a t  it must be  s a t i s f i e d  when 

x = 1, y = 2, z = 3 [ s i n c e  (1,2,3)  belongs t o  t h e  p l a n e ] ,  when 

x = 3,  y = 3, z = 5 [ s i n c e  (3,3,5) belongs t o  t h e  p lane]  , and when 

x = 4 ,  y = 8, z = 1 [ s i n c e  (4 ,8 ,1)  belongs t o  t h e  p lane] .  

W e  o b t a i n  

and w e  see t h a t  equat ion  (1) i s  s a t i s f i e d  i n  each case.  

.You may have no t i ced  t h a t  w e  w e r e  s o l v i n g  problems of  t h i s  type  

i n  Unit  4. One of t h e  major d i f f e r e n c e s  between then and now is 

t h a t  e a r l i e r  we t a l k e d  about  a vec to r  being perpendicular  t o  a 
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plane even though we may no t  have been ab l e  t o  compute such a 

vector.  Now, by use of t h e  c ross  product, we may ac tua l ly  deter-

mine a vector  which' is  perpendicular t o  a given plane. 

QuiTe i n  general ,  t o  f i nd  the  equation of a plane determined by 
+

t h r ee  non-collinear po in t s  A, B, and C,  we form the  vectors  AB 
and AE, whereupon 6 X AC y ie ld s  a normal vector  $ t o  t he  plane. 

We then pick any point  P(x,y ,z)  i n  space and form, say,  t he  vector  

Rb. The equation of t he  plane i n  vector  form is then simply 

The "standard equation"fol1ows from (2) merely by expressing (2) 

i n  Cartesian coordinates.  

In  summary, i n  Cartesian coordinates 

represen ts  t h e  equation of t he  plane which has t he  vector  
+ + + 

a i  + b j  + ck a s  t h e  normal vector  and which passes through t h e  
+

poin t  (xotyo,zo), f o r  i n  t h i s  case 6 AP = (a ,b ,c )  (x  - rot 

y - yo, z - zO) = a ( x  - xo) + b(y  - yo) + c ( z  - z0) . 

1.6.2 

We a r e  probably conditioned t o  th ink of y = 2x a s  denoting t he  

equation of a l i ne .  In  terms of what w e  c a l l  t h e  universe of 

discourse ,  y = 2x denotes a l i n e  i f  we think of it a s  an abbre-

v i a t i o n  f o r  

On t h e  o ther  hand, i f  we think of it as  an abbreviation f o r  

then w e  should have a plane r a t h e r  than a l ine .  That is ,  t he  

bas i c  d i f fe rence  between (1)and (2) is  t h a t  i n  (1) our elements 
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a r e  ordered  p a i r s  (two-dimensional) whi le  i n  (2)  they a r e  ordered 

t r i p l e t s  ( three-dimensional ) .  

With a l i t t l e  geometric  i n t u i t i o n  w e  may recognize  t h a t  equat ion  

( 2 )  i s  t h e  p lane  which passes  through t h e  l i n e  y = 2x and is  per-

pendicular  t o  t h e  xy-plane. That is ,  equat ion  (2)  seems t o  say  

t h a t  a p o i n t  belongs t o  our  c o l l e c t i o n  a s  soon a s  y = 2x regard- 

less of t h e  choice  of z. 

Our main aim i n  t h i s  s e c t i o n  is  t o  show how t h i s  r e s u l t  a c t u a l l y  

fo l lows from t h e  s t andard  equat ion  of a plane. S p e c i f i c a l l y ,  w e  

rewrite y = 2x a s  

and t o  b r i n g  i n  t h e  t h i r d  dimension, we r e w r i t e  t h i s  a s  

2x - y + Oz = 0. 

F i n a l l y ,  t o  p u t  t h i s  i n t o  t h e  s t andard  form, we r e w r i t e  it a s  

and t h i s  i s  t h e  p lane  which passes  through (0 ,0 ,0)  and has t h e  

v e c t o r 7'21 -
 a s  a normal. 

A s  a check n o t i c e  t h a t  t h e  s l o p e  of 21  - 3 is  -1/2 and t h i s  i s  t h e  

nega t ive  r e c i p r o c a l  o f . 2  which is  t h e  s l o p e  of t h e  l i n e  y = 2x. 

1.6.3(L) 

a .  	 The l i n e  passes  through (-2,5,-1) and i s  p a r a l l e l  t o  t h e  v e c t o r  

3 1  + 4 3  + 2g ( s e e  n o t e  a t  t h e  end of t h i s  e x e r c i s e  f o r  a f u r t h e r  

d i s c u s s i o n ) .  P i c t o r i a l l y ,  w e  have: 
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-----).

Now P(x ,y ,z )  is  on !t i f  and only  i f  POP is p a r a l l e l  t o  t. I n  
v e c t o r  language t h i s  s a y s  t h a t  PTand 3 must be s c a l a r  m u l t i p l e s  

of  one another .  That i s , P  is  on R i f  and only  i f  t h e r e  e x i s t s  a 

number ( s c a l a r )  t such t h a t  

Wri t ing  (1) i n  Car tes i an  coord ina tes  w e  have 

( x  - (-2) ,  y - 5, z - (-1))= t ( 3 , 4 , 2 )  

o r  (x  + 2, y - 5, z + 1) = ( 3 t ,  4 t ,  2 t ) .  

Hence, by comparing components i n  ( 2 ) ,  w e  have 

Thus (x,y,z)  belongs t o  our  l i n e  i f  and only i f  

Qui te  i n  g e n e r a l  


x - x o  y - y o  2 - 2 ,  


r e p r e s e n t s  t h e  l i n e  which passes  through t h e  p o i n t  (xo,yo,zo) and 


is p a r a l l e l  t o  t h e  v e c t o r  a x  + bf + cg. 

b. 	 The p o i n t  i n  ques t ion  is determined from ( 4 )  wi th  z = 0. I n  t h i s  

even t  

I 
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. . 
r . 

1Therefore ,  t h e  r equ i red  p o i n t  i s  (-2,7,0) ,  

, THE SLOPE OF A LINE I N  THREE-DIMENSIONAL CARTESIAN COORDINATES 

The s t a t ement  t h a t  a l i n e  is determined by two d i s t i n c t  p o i n t s  o r  

by one p o i n t  and t h e  s l o p e  is  independent of any p a r t i c u l a r  coor-

d i n a t e  system. It is a l s o  independent of whether w e  a r e  d e a l i n g  

i n  two-dimensional space  o r  three-dimensional space. In  t h e  solu-

t i o n  of  t h e  e x e r c i s e  j u s t  concluded, w e  t a l k e d  about  t h e  s l o p e  of  

a l i n e  i n  three-dimensional  space  i n d i r e c t l y  by spec i fy ing  t h a t  

t h e  l i n e  be p a r a l l e l  t o  a given vec to r .  

This i d e a  i s  very much ak in  t o  a t r a d i t i o n a l  t o p i c  known a s  

d i r e c t i o n a l  cos ines .  Given a l i n e  i n  space ,  w e  cons idered  t h e  

l i n e  p a r a l l e l  t o  t h e  g iven l i n e  t h a t  passed through t h e  o r i g i n  

( t h e  advantage t o  v e c t o r  n o t a t i o n  i s  t h a t  i f  Ge  view t h e  l i n e  a s  

vec to r i zed  w e  may assume t h a t  it passes  through t h e  o r i g i n  with-

o u t  having t o  t h i n k  of  it a s  a d i f f e r e n t  v e c t o r ) .  I n  any even t ,  

t h e  s l o p e  of t h e  l i n e  was well-defined a s  soon a s  w e  could measure 

t h e  ang le  it made w i t h  each of t h e  t h r e e  coord ina te  axes. Tradi-

t i o n a l l y ,  t h e  convention is  t o  l e t  a denote  t h e  angle  t h e  l i n e  

makes wi th  t h e  p o s i t i v e  x-axis ,  f3 t h e  angle  it makes wi th  t h e  

p o s i t i v e  y-axis ,  and y t h e  ang le  it makes wi th  t h e  p o s i t i v e  z-axis.  

The p o i n t  i s  t h a t  i f  w e  use  v e c t o r  n o t a t i o n  it i s  p a r t i c u l a r l y  easy  

t o  f i n d  t h e  cos ines  of t h e s e  t h r e e  ang les  (even wi thou t  v e c t o r s  

t h e r e  a r e  s imple  formulas fo r  cos ines  of  t h e s e  ang les  i n  t e r m s  of  

x ,  y ,  and 2). Namely, w e  have a l r eady  seen t h a t  i f  A and denote  
+ -+ 

u n i t  v e c t o r s ,  then  A B i s  t h e  cos ine  of  t h e  ang le  between A-
and B. That  i s ,  

and by d e f i n i t i o n  of  u n i t  v e c t o r s ,  both  J A J  and lq equal  1 i n  t h i s  

c a s e ,  and t h e  r e s u l t  fo l lows.  
-f

I n  o t h e r  words, then ,  i f  u denotes a u n i t  v e c t o r  p a r a l l e l  t o  a-
+ -tgiven l i n e  then u . 1 r e p r e s e n t s  t h e  cos ine  of  t h e  angle  between 
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-+ -+ -+ 
u and 1; and s i n c e  u has t h e  d i r e c t i o n  of t h e  given l i n e  and s i n c e  

? has t h e  d i r e c t i o n  of  t h e  p o s i t i v e  x-axis ,  i f  fo l lows t h a t  2 f 
is  a l s o  t h e  c o s i n e  of  t h e  ang le  between t h e  l i n e  and t h e  p o s i t i v e  

x-axis. 

That  is, 

+ cosa  = u X. 

S i m i l a r l y ,  

and 

cosy = G 2. 

1.6.4 

S ince  t h e  l i n e  

is p a r a l l e l  t o  t h e  v e c t o r  6 1  + 35 + 22, and s i n c e  

16: + 3 j  + 221 = = 7 ,  w e  have t h a t  6 = + $3 + +% 
i s  a u n i t  v e c t o r  a long t h e  given l i n e .  In  accord w i t h  o u r - n o t e - a t  

t h e  end of  Exerc ise  1.6.3, w e  have: 

+ - t 6cosa  = u = = 7  

+ 2 
cosy = u i; = 7 

Therefore ,  a = cos  $ % 31. 
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The l i n e  i n  ques t ion  i s  given by t h e  equat ion  

This  equat ion  may be w r i t t e n  pa ramet r i ca l ly  by 

In  Exerc i se  1.6.1(L) we saw t h a t  t h e  p lane  was given by t h e  equat ion  

Since  t h e  p o i n t  we seek belongs t o  both  t h e  l i n e  and t h e  p lane  

i t s  coord ina tes  must s a t i s f y  both  equat ions  ( 2 )  and ( 3 ) .  P u t t i n g  

t h e  va lues  of x, y ,  and z from ( 2 )  i n t o  (3)  we ob ta in :  

and t h i s  y i e l d s  

P u t t i n g  t h e  va lue  of t i n  ( 4 )  i n t o  (2), w e  s e e  t h a t  
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-33 162 -59 so  t h a t  (T, T,-?n) is  the  po in t  a t  which t he  l i n e  meets t h e  

plane. 

1.6.6(L) 

a. 	 Since t he  equation of t h e  plane is  2x + 3y + 62 = 8, w e  see t h a t  
+ + 2 3 6  
N = 	 (2,3,6) i s  normal t o  the  plane. * In  p a r t i c u l a r  uN = f7t1t7) ' 
is a,unit  vector  normal t o  the  plane. 


We can now loca t e  a po in t  i n  the  plane by a r b i t r a r i l y  picking 


values f o r  two of t he  var iab les  i n  2x + 3y + 62 = 8 and then solv- 


ing t h e  equation f o r  t he  t h i rd .  For example, i f  w e  l e t  y = 2 e 0, 


then x .= 4. Hence, A(4 ,O ,0) is i n  t he  plane, P i c t o r i a l l y ,  


We seek the  length of PB which i n  turn i s  t he  length of AE, 
Vec tor ia l ly ,  t h i s  i s  t he  magnitude of t he  pro jec t ion  of A$ onto 

i. [We say "magnituden s ince  i f  the  measure of +PAC exceeds 90° 

( t h a t  is ,  i f  P is 'below" the  plane) the  pro jec t ion  w i l l  f a l l  i n  

t h e  opposi te  sense of 8.1 

*In  g e n e r a l  t o  c o n v e r t  ax  + b y  + c z  = d  i n t o  t h e  s tandard form we 
may ( i f  a # 0) r e w r i t e  t h e  equat ion  a s  

( a x  	- d) + by + c z  = 0 

Hence, our p l a n e  p a s s e s  through (da 0,O) and h a s  a; + b; + c g  a s  
a normal v e c t o r .  
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-+ 
Now w e  have a l r eady  seen t h a t  t o  p r o j e c t  a vec to r  A onto  a  vec to r  

-f + -+3 t h e  magnitude of t h e  p r o j e c t i o n  i s  given by I A  uB 1 where uB 
. . -+ 

i s  a u n i t  v e c t o r  i n  t h e  d i r e c t i o n  of B. Hence, t h e  d i s t a n c e  w e  
seek is given by 

-+ 
IA' . unl 

which is  equa l  t o  

b. The l i n e  through P perpendicular  t o  t h e  p lane  i s ,  of  course ,  t h e  

l i n e  thfough P p a r a l l e l  t o  8 (where fi is  a s  i n  a . ) .  Hence t h e  

equat ion  of t h i s  l i n e  is:  

I n  pa ramet r i c  form t h i s  becomes: 

I f  ~ ( x , y , z )i s  t h e  p o i n t  a t  which t h e  l i n e  through P and p a r a l l e l  

t o  8 i n t e r s e c t s  t h e  p lane  2x + 3y + 6 2  = 8, then B must s a t i s f y  

both  t h e  equat ion  of t h e  p lane  and equat ion  ( 2 ) .  That i s ,  w e  must 

have : 



Hence, 

Putting (3) into'  (2) y i e l d s  -

25 	20 -9 . 	 From (4)  w e  f ind  that  B i s  the point (-7,'7,7). 

Again p i c t o r i a l l y ,  

By the  way, s ince  BP = E,the r e s u l t  of  b. should supply us with 

an alternat ive  so lut ion  for  a.  Namely, 



2; 

Solu t ions  
Block 1: Vector Ar i thmet ic  
Unit  6: Equations of  Lines and Planes -

1.6.6 ( L )  continued 

which checks wi th  our previous r e s u l t .  

c .  Looking a t  

and 

one might be tempted t o  s u b t r a c t  (6)  from (5)  and o b t a i n  1 4  a s  an 

answer. 

Rather than argue ( a t  l e a s t  f o r  t h e  moment) a g a i n s t  t h i s  reasoning 

l e t  us a c t u a l l y  d e r i v e  t h e  c o r r e c t  answer. 

S ince  t h e . p l a n e s  a r e  p a r a l l e l  ( i . e . ,  both  a r e  perpendicular  t o  

+ 3f + 6g) it i s  s u f f i c i e n t  t o  f i n d  t h e  (perdendicular )  d i s t a n c e  

from -a p o i n t  i n  one p lane  t o  t h e  o t h e r  p lane .  

For example P ( l l t O , O )  belongs t o  2x + 3y + 62 = 22. Hence i m i t a t -  

ing  our  approach i n  p a r t  a. we have: 

Notice our  o r i e n t a t i o n .  Cer ta in ly  
(11,0,0) and(4 ,0 ,0)  should l i e  on 
t h e  x-axis.  That i s  AP is a seg-
ment of  t h e  x-axis .  The p o i n t  i s  
t h a t  PB does n o t  r e p r e s e n t  t h e  
d i r e c t i o n  of t h e  z-axis i n  our . diagram. 

In  o t h e r  words t h e  d i s t a n c e  between t h e  p lanes  i s  2 u n i t s ;  n o t  

14 u n i t s .  

To s e e  what happened he re ,  l e t ' s  look a t  t h e  genera l  s i t u a t i o n :  
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Equation of plane is ax + by + cz = d. Therefore,we may l e t  
d

A(Ei.,O,O) denote a po in t  i n  t he  plane ( i f  a = 0 we work with 

d
(o ,g lO) ,  e t c . ) .  

+
Now a vector  N normal t o  our plane is (a ,b ,c ) .  Hence a u n i t  

normal i s  given by -ax + bf + cE = . Thus, t he  d i s tance  from 

P t o  t he  plane is 

I£ we now assume t h a t  P l i e s  i n  t he  plane ax + by + cz =.e, then 
s ince  p(xO,yO,zO) i s  i n  t h i s  plane we have 

Put t ing  (8)  i n t o  (7)  y i e ld s  t h a t  t he  d i s tance  between t h e  planes 
ax + by + cz = e and ax + by + cz = d i s  
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From ( 9 )  w e  s e e  t h a t  t h e  c o r r e c t  answer i s  ( e  - d 1 i f  and only  i f  

I n  our  example a = 2, b = 3, and c = 6. Hence a  = 7. 

Notice t h a t  had w e  w r i t t e n  equat ions  (5) and (5) i n  t h e  equ iva len t  

form 

then a 2  + b2 + c2 = 1, and t h e  c o r r e c t  answer would then be  

22 8- T I  = 2 which checks wi th  t h e  p rev ious ly  obta ined r e s u l t .  

I n  t e r m s  of a  s imple  diagram 

t h i s  i s  t h e  d i s t a n c e  w e  want 

t h i s  is  t h e  d i s t a n c e  

w e  g e t  by s u b t r a c t i o n  


W e  have A 6  = ( 3  - 1, 4 - 1, 5 - 4 )  = (2 ,3 ,1)  i s  p a r a l l e l  t o  our  

l i n e  and s i n c e  ( 1 , 1 , 4 )  is on t h e  l i n e  [ t h i n g s  w i l l  work o u t  t h e  

same i f  we choose ( 3 , 4 , 5 )  r a t h e r  than (1,1,4)] our l i n e  L has t h e  

equat ion  

o r  i n  pa ramet r i c  form 
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A v e c t o r  normal t o  our  p lane  M is given by 

Hence t h e  equat ion of M is  given by 

The p o i n t  (x,y,z)  w e  seek,  s i n c e  it belongs t o  both  t h e  l i n e  and 
t h e  p lane ,  must s a t i s f y  both ( 2 )  and ( 3 ) .  Hencer 

8t h e r e f o r e ,  t = 3. 

P u t t i n g  (4) i n t o  (2)  y i e l d s  

19 20Thus, t h e  p o i n t  of i n t e r s e c t i o n  i s  (T, 9,  --J). 

Check : 
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and 

1.6.8 

a. The ang le  between t h e  two planes  i s  equal  t o  t h e  angle  between 

t h e i r  normals. (From a " s i d e  view" 

NOW, 

-+ -+ 
A = 3x + 2J + 6k i s  normal t o  one p lane  

whi le  

3 = 2 x  + 2 5  - 2 i s  normal t o  t h e  o t h e r .  

Now t h e  ang le  u between Zf and is  determined by 

ii i$ = / A /  ] B I  cosu 

Therefore,  ( 3 , 2 , 6 ) - ( 2 , 2 , - 1 )  = 171 131 cosu 

o r  6 + 4 - 6 = 2 1  cosu. 

Therefore,  cosu = 
4 

Ti 

-1 4 u = cos  -.21 

b. The l i n e  w e  seek  l ies  i n  3x + 2y + 62 = 8. Hence i t  i s  perpendi-

c u l a r  t o  3; + 2; + 6%. It a l s o  l ies  i n  2x + 2y - 2 = 5, s o  it is 

a l s o  perpendicular  t o  2; + 25 - 2. 
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Now one vector  perpendicular t o  both 31 + 2 5  + 6g and 2 1  + 23 - 2 
is t h e i r  c ross  product 

Therefore, - 1 4 f  + 153 + 2% is  p a r a l l e l  t o  the  l i n e  w e  seek. 

To f i nd  a po in t  on t he  l l n e  we may take  any so lu t ion  of 

Le t t ing ,  f o r  example, z = 0 w e  obtain  

3x + 2y = 8 there fore ,  x = 3 
1
2x + 2y = 5 y = - z .I 

Therefore, 3 , , 0  i s  on our l i n e  and our l i n e  i s  p a r a l l e l  t o  

- 1 4 f  + 153 + 2k. 
Therefore, t h e  equation of our l i n e  is  

o r ,  i n  parametric form: 

Check: 
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and 
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1. Since  1 - 1 = 0  and w e  have proven t h e  theorem t h a t  b ( 0 )  = 0  f o r  

-a l l  numbers b, i f  fo l lows t h a t  

Next, r e c a l l i n g  t h a t  1 - 1means 1 + (-I) , w e  may use t h e  d i s t r i -  

b u t i v e  r u l e  $0 conclude 

Using s u b s t i t u t i o n  [e.g.,  r ep lac ing  (-1)(1- 1) i n  ( 2 )  by i ts  

va lue  i n  (1)1 w e  may conclude from (1) and ( 2 )  t h a t  

By t h e  p roper ty  of 1 being a  m u l t i p l i c a t i v e  i d e n t i t y  ( i .e. ,  

b x 1 = b  f o r  a l l  numbers b ) ,  it fol lows t h a t  

P u t t i n g  ( 4 )  i n t o  ( 3 )  y i e l d s  

whereupon adding 1 t o  both  s i d e s  of ( 5 )  y i e l d s  t h e  d e s i r e d  r e s u l t .  

More formally,  by s u b s t i t u t i o n  using t h e  e q u a l i t y  i n  ( S ) ,  

By v i r t u e  of  0  be ing t h e  a d d i t i v e  i d e n t i t y  

whi le  by t h e  a s s o c i a t i v i t y  of a d d i t i o n  
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By the  add i t i ve  inverse  r u l e  1 + (-1) = 0, whence ( 8 )  becomes 

i + [ - i  + (-1)(-1)j = o + (-1) (-1). (9) 

s ince  0 + (-1)(-1) = (-1)(-1) + 0 = (-1)(-11,  we may rewrite ( 9 )  a s  

1 + [-1 + (-1)(-1)I = (-1)(-1). 

Put t ing  t he  r e s u l t s  of ( 7 )  and ( 1 0 )  i n t o  (6) y ie ld s  

2. Since $ = 3x2 + 1, the  s lope of t he  l i n e  tangent t o  our curve a t  

(1.2) i s  given a t  $1 = 4. men ,  s ince  the  normal vector  is  a t  

x=1 

r i g h t  angles  t o  t h e  tangent vector  (by d e f i n i t i o n  of normal), its 

s lope  must be t he  rec iproca l  of t he  s lope of t he  tangent vector.  

Hence, t he  required normal has -a1 a s  i t s  slope.  In  Cartes ian coor- 

d ina t e s ,  t h e  s lope of a vector  is the  quot ien t  of i t s  f-component 

divided by i t s  f-component. Therefore, one normal vector  would be 

Since lijl = V ( 4 )  2 + (-112 = m, we see  t h a t  a u n i t  normal i s  

given by 

F ina l ly ,  s i nce  4 i
-+ - -t 

J and - 4 f  + f have the  same d i r ec t i on  and 

magnitude bu t  opposi te  sense,  we see  t h a t  t he re  a r e  two u n i t  

normals given by 
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3 .  

Now A8 + AZ i s  the  vector  which i s  the diagonal of the  para l le lo-  

gram determined by A, B,  and C. In general ,  such a diagonal 

does not  b i s e c t  the  ver tex angle. In f a c t  it b i s e c t s  the  angle 

i f  and only i f  the  parallelogram is a rhombus ( a l l  four s ides  

have equal l ength) .  

So consider ins tead  the  parallelogram determined by IAZId and 

AZ. This i s  a rhombus (s ince each vector has ~ A Z I(AI =lA8 1 IAE1 
a s  i t s  magnitude) . 
Therefore, 

b i s e c t s  4BAC. (Notice t h a t  I A Z I d  i s  p a r a l l e l  t o  P$ and 1 Aifl AE 
is  p a r a l l e l  t o  AZ; hence, i n  both paralellograms, QBAC i s  a 

ver tex angle.) 

From (1) 

Hence one b i sec t ing  vector i s  



I 
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3. cantinued 

Hence, any s c a l a r  mul t iple  of 4 1  * - 3 - 2 z  is  a b i s ec t i ng  vector.  I 
Since 14; - 3 - 2 z l  = d l 6  + 1 + 4 = m, a u n i t  vector  which b i s e c t s  
QBAC i s  given by I 

( In  t h i s  type of problem, it i s  of ten  customary t o  r e j e c t  one of 
the  s igns  [though t h i s  i s  not  mandatory]. The reason i s  t h a t  

OBAC, unless  some convention i s  made, i s  ambiguous s ince  it does 

no t  d i s t i ngu i sh  between 

However, we s h a l l  not quibble about t h i s  d i s t i n c t i o n  here  and w e  

s h a l l  accept e i t h e r  of t he  two angles.)  

We have 
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a. W e  have t h a t  

There fo re ,  (2 ,1 ,2)  (3 ,2 ,6)  = ( 3 )  (7)  cos  d BAC. 

Therefore ,  ( 2 )  (3)  + (1)(2) + (2)  (6)  = 21  cos  9 BAC. 

6 + 2 + 1 2  20Therefore ,  cos  4 BAC = -ql= n. 

Therefore ,  QBAC = cos-'20 % l B O .n: 

b. A normal t o  P i s  given by 

Since  (1 ,2 ,3)  is  i n  P [ (3 ,3 ,5)  and (4 ,4 ,9)  could have been chosen 

a s  w e l l ] ,  t h e  equa t ion  f o r  P is  

[ I . e . ,  r e c a l l  t h a t  A(x - xo) + B(y - yo)  + C(z - zO)  = 0 is t h e  

equat ion  of t h e  p lane  pass ing through (xO,yO,zO)and having 

A; + B) + C% a s  a normal vec to r .  1 

The equat ion  of P i s  

[Check 
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4. 	continued 


c. 	 16 x AEI is the area of the parallelogram which has A6 and if as 
consecutive sides. Since the area of the triangle is half that of 

the parallelogram, we have 

[from b. 1 

d. 	 The key here is that if A(al,a2,a3), B(bl,b2,b3), and C(cltc2,c3) 

are the given points then the medians of AABC intersect at the 

+ bl + c1 a2 + b2 + c2 a3 + b3 
point 	 r 3 I-, 

+ C3) . ~n our present 

example we find that the medians intersect at 


e. 	 Since C(4,4,9) is on the line and & = 21 + 3 + 22 is parallel to 
the line, the equation of the line is 

or, in parametric form 


That is, 
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x - Xo - y - . .Yo - Z -
[The key h e r e  i s  t h a t  7--B -

C 
Z 0  r e p r e s e n t s  t h e  

equat ion  of  t h e  l i n e  which passes  through t h e  p o i n t  (xO,yO,zO)and 

i s  p a r a l l e l  t o  A: + 83 + ~ 8 . 1  

5. There a r e ,  of course ,  i n f i n i t e l y  many ways t h a t  w e  may choose a 

p o i n t  i n  t h e  p lane .  Our choice ,  q u i t e  a r b i t r a r i l y ,  is  t o  l e t  

x = y = 0,  whence 4x + 5y + 22 = 6 impl ies  t h a t  z = 3. I n  o t h e r  

words Q (0 ,0 ,3)  i s  i n  t h e  plane.  

Thus, t h e  d i s t a n c e  from Po t o  t h e  p lane  is  t h e  l e n g t h  of t h e  pro-

j e c t i o n  of  P;Q i n  t h e  d i r e c t i o n  of  t h e  normal t o  t h e  p lane  and t h i s  
-+ -+

i n  t u r n  i s  given by ~ P ~ QuNI , where uN i s  a u n i t  normal t o  t h e  

plane. S ince  t h e  equat ion  of t h e  p lane  i s  4x + 5y + 22 = 6 ,  a 
t t -+normal t o  t h e  p lane  i s  4 1  + 5 j  + 2k. Hence, a u n i t  normal i s  

Therefore,  t h e  d i s t a n c e  is  

The l a t t e r  p a r t  of t h i s  problem a l s o  provides  an a l t e r n a t i v e  f o r  

so lv ing  t h e  f i r s t  p a r t .  

S ince  t h e  l i n e  is  perpendicular  t o  t h e  p lane ,  it i s  p a r a l l e l  t o  
-+ 
N (= 4 1  + 53 + 283 . Then, s i n c e  Po (2,3,4) is on t h e  l i n e  i t s  

equat ion  i s  

S. l .Q.7 
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o r ,  i n  pa ramet r i c  form 

Thus, t h e  r equ i red  p o i n t  R must s a t i s f y  t h e  above system of  equa-

t i o n s  ( s i n c e  R lies on t h i s  l i n e )  and it must a l s o  s a t i s f y  

4x + 5y + 22 = 6 ( s i n c e  R a l s o  l ies  on t h e  p lane ) .  

Hence, w e  must have t h a t  

-54 5 t  = -25, o r  t = -p. 

P u t t i n g  t h i s  va lue  of t i n t o  (1)y i e l d s  

That  is ,  R i s  given by (-
2 2 26 
Y ~ Y , T )  

[As a check our  answer t o  t h e  f i r s t . p a r t  of t h e  problem should a l s o  

be  g iven by 1 doI . 
2 2 26

Now do= (2,3,4)  - ( -ytgry-)  
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5. continued 


Therefore, IdoI = 9 a 0 0  + 625 + 100 

m .m= = . 

9 9 


= 5 J S3 


which checks with our previous result.] 
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