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comment 

While we  wa i t  u n t i l  t h e  f i n a l  p a r t  of t h i s  e x e r c i s e  t o  have you 

supply t h e  va r ious  d e t a i l s ,  t h e  main aim of t h i s  e x e r c i s e  i s  t o  

emphasize t h a t ,  s i n c e  c e r t a i n  r u l e s  f o r  numerical products  a r e  no t  

obeyed by d o t  p roduc t s ,  t h e r e  i s  no reason t o  suspect  t h a t  t h e  two 

types  of m u l t i p l i c a t i o n  w i l l  behave e x a c t l y  a l i k e .  I n  p a r t i c u l a r ,  

i n  numerical a r i t h m e t i c  w e  may conclude t h a t  i f  ab  = a c  and a # 0 
then  b = c.  What w e  a r e  having you show i n  p a r t  ( a )  i s  t h a t  i f  

+2 # d t h e r e  a r e  a number of ( i n  f a c t ,  i n f i n i t e l y  many) v e c t o r s  C 
+ +  + +  

such t h a t  A - B  = A - C .  This  shows t h a t  t h e  c a n c e l l a t i o n  law i s  

d i f f e r e n t  f o r  d o t  products  and w e  cannot go around b l i t h e l y  can-
+ + +  + +  

c e l l i n g  A ' s  i n  an express ion such a s  A * B  = A - C ,  s i n c e  it need n o t  
+ +

be t r u e  t h a t  B = C. 

A t  any r a t e ,  t a c k l i n g  t h i s  e x e r c i s e  with t h e  p a r t s  i n  t h e  given 

o r d e r ,  w e  have: 

a. In t roducing t h e  abbrev ia t ion  ( a , b , c )  t o  denote  t h e  vec to r  
+ + +

a i  + b j  + ck, we have 

W e  d e s i r e  t h a t  

Since w e  a r e  dea l ing  i n  C a r t e s i a n  coord ina tes ,  our r e c i p e  f o r  

f i n d i n g  d o t  products  y i e l d s  

+ + 
A - C  = (1,1,1) (x,y,Z) = ( 1 ) ~+ ( 1 ) ~+ ( 1 1 2  = x + y + Z 
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+ +  - + +
From (1) and ( 2 )  we see t h a t  A - B  = AoC i f  and only i f  

Since (3)  i s  a l i n e a r  equation i n  t h r ee  unknowns, we have two 
+ 

degrees of freedom i n  determining C. I n  other.words, w e  can pick 

any two of i ts components a t  random and solve uniquely f o r  i ts 

t h i r d  component with equation (3) .  

For example, i f  w e  wish t o  have x = 5 and y = 7 ,  then equation (3)
+ 

te l ls  us t h a t  z = -3. In  t h i s  case ,  C = (5,7 ,-3). A s  a check 

+ -+ 
A o B  = (1,1,1) (2,3,4) = 9 
+ + 
A - C  = (1,1,1) (5,7,-3) = 5 + 7 - 3 = 9 

+ - +  + +  
Therefore, A - B  = A*C 

More general ly ,  we could use (3) t o  show t h a t  z = 9 - x - y. Then 
+ 

l e t t i n g  C = (x,y,9-x-y), w e  have t h a t  

+ +  + - +  
and comparing t h i s  with equation (1) w e  see t h a t  A - B  = A0C a s  

asser ted .  
+ +  + +  

b. We have A * B  = A - C ,  whence 

+ - +  + +  
A * B  - A-C = 0 

Hence, by t h e  d i s t r i b u t i v e  property of t h e  do t  product,  equation 

(4 ) becomes 

*For t h e  r i g o r - o r i e n t e d  r e a d e r ,  what we r e a l l y  a r e  do ing  i s  
+ +  + +  + +  + + 
A . B  - A ' C  A * B  + (-A)*C 

+ -+ + -+ -+ + 
= A - B  + (-1)A-C ( s i n c e  -A = ( - l )A)

+ +  + + + +  + + 
= A - B  + A * ( - l ) C  ( s i n c e  mA0C = A 0 m C  f o r  any s c a l a r  m)

+ - +  -+ + + + 
= A - B  + A*(-C) ( s i n c e  ( - l ) C  = -C) 

+ + + 
= Aa(B + [-C]) (by t h e  "usual" d i s t r i b u t i v e  r u l e )  

+ +  + + + 
= A-(B - C) (by t h e  d e f i n i t i o n  of B - C )  
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Since  t h e  d o t  product  of two v e c t o r s  impl ies  t h a t  e i t h e r  one of 
-+ 

t h e  v e c t o r s  i s  0 o r  t h e  two v e c t o r s  a r e  pe rpend icu la r ,  w e  may con-

c lude  from (5) t h a t  

I n  p a r t  ( a )  w e  chose A 
+ 

s o  t h a t  
+ 
A # d and w e  r equ i red  t h a t  

+ 
B # 

+ 
C. 

-+ 	 + + 
Hence, i t  must be t h a t  B - C i s  perpendicular  t o  A .  A s  a check, 

n o t i c e  t h a t  

Therefore,  

Therefore ,  

c. 	 Since w e  have a l r e a d y  agreed t h a t  v e c t o r s  do no t  depend on their 

p o i n t  of o r i g i n ,  l e t  u s  assume, wi thout  l o s s  of g e n e r a l i t y ,  t h a t  
-+

and 	B o r i g i n a t e  a t  a common p o i n t ,  t h e  o r i g i n .  
-+ + -+ 

Now, t h e  locus  of a l l  v e c t o r s  V such t h a t  A - V  = 0 i s  t h e  p lane  t o  
-+ 

which A i s  perpendicular .  (Again, f o r  t h e  sake  of uni formi ty ,  w e  
-f 

a r e  assuming t h a t  a l l  v e c t o r s  V s t a r t  a t  t h e  o r i g i n . )  W e  then  

have, p i c t o r i a l l y ,  
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+ 
I f  we denote t h i s  plane by M I  C may be any vector  which o r ig ina t e s  

i n  t h e  plane M and terminates  a t  t he  head of B. Again, p i c t o r i a l l y ,  

(P 	i s  any point  i n  M 
+ 

Therefore, OP lies i n  M 
+ 

Theref o re ,  OP I A 
+ + + + 

But, OP + C = B + OP = 
+ + 
B 	- C. Therefore, 

1 ( - ) Theref ore ,  
+ +  + +  
A - B  = A*C) 

+ + +  + +  
In  summary, then,  t o  f i n d  a l l  C such t h a t  A-B = A - C ,  we construct  

+ 	 + 
t h e  plane to  which A i s  perpendicular.  Then, any vector  C which 

+ 
o r i g i n a t e s  i n  t h i s  plane and terminates  a t  t he  head of B s a t i s f i e s  

t h e  requirement. 
+ 

I n  terms of p a r t  ( a ) ,  i n  t h i s  p a r t i c u l a r  problem, i f  each C which 

works i s  placed a t  (0,0,0) it w i l l  terminate i n  t h e  plane, whose 

equation,  i n  f a c t ,  i s  x + y + z = 9. 

To see t h i s  more v i sua l ly  t he  diagram below shows t h e  plane 

x + y + z = 9 i n  t h e  f i r s t  oc t an t  (x,y,z 3 0 ) .  Notice t h a t  t o  

f i n d  where t h e  plane i n t e r s e c t s ,  say,  t h e  x-axis, w e  r e c a l l  t h a t  

t h i s  po in t  i s  of the  form (x,O,O) and hence w e  solve x  + y + z = 9 

with y  = z = 0. W e  ob t a in  x = 9. 
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(1) ASQR r e p r e s e n t s  t h e  p o r t i o n  of t h e  p lane  x + y + z = 9 which 

i s  i n  t h e  f i r s t  o c t a n t .  

(2)  Summarizing our  preceding remarks, p ick  any p o i n t  i n  + + + +  + +  
x + y + z = g I  s ay ,  Po. Then OPo i s  a C which s a t i s f i e s  A * B  = A - C  

A A 

wi th  and % a s  given i n  t h e  e x e r c i s e .  

A s , a  more computat ional  check, w e  have: 
+ 

I f  S ( X ~ , ~ ~ . Z ~ )  t o  Ai s  i n  t h e  p lane  perpendicular  = (111) then  
-P + + 
A - O S  = 0. Since OS = (xl,  ylr z ) we have 

Equation ( 6 )  t e l l s  us t h a t  (xl,  yl, zl) belongs t o  M i f  


x
1 

+ y1 + z1 = 0 ,  o r  z1 = - (xl + y l ) .  


So suppose ( ~ ~ . y ~ , z ~ )  Then zl -fxl  + y l ) . 
does belong t o  M. = 

Hence, S has  t h e  form (xl,ylr-x1 - y l ) .  Then s i n c e  B s t a r t s  a t  0 

and t e rmina tes  a t  (2 ,3 ,4 )  we have t h a t  
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+ 
From ( 7 )  we see  t h a t  the  sum of the  components of C i s  

and t h i s  i s  i n  agreement with equation (3) with x = 2-xl, y = 3-yl, 

and 	z = 4+x1 + yl. 

Hopefully, w e  now have a co r r e l a t i on  between the  a r i thmet ic  answer 

and the  geometric construct ion which y ie lds  t h i s  answer. 

d. 	 One f r i nge  bene f i t  of the  f i r s t  t h r ee  p a r t s  of t h i s  exerc i se  i s  

t h a t  not only has it supplied more d r i l l  i n  vector  a r i thmet ic  bu t  

it has a l s o  made it seem q u i t e  na tu ra l  i n  vector  a r i thmet ic  t h a t  
+ +  + +  	 + + + + 

we can have A - B  = A * C  without e i t h e r  A = 0 o r  B = C. 

The purpose of t h i s  p a r t  of t he  exerc i se  i s  t o  once again empha- 

s i z e  t he  c r u c i a l  concept of s t ruc tu re .  Recall t h a t ,  i n  ordinary 

a r i thmet ic ,  i f  a ,  b ,  and c a r e  numbers and i f  ab = ac,  then e i t h e r  

a = 0 o r  b = c.  This r e s u l t  follows inescapably from the  proper- 

t i e s  of mul t ip l ica t ion  of numbers. The do t  product has very d i f f -  

e r e n t  p roper t ies  from t h e  "ordinary" product. To be sure  the  dot  
+ +  + +  

product i s  commutative_ ( A - B  = B - A )  and it obeys t h e  d i s t r i b u t i v e  
+ +  + 

property of mul t ip l ica t ion  "overH addi t ion;  t h a t  is, A * ( B  + C )  = 
+ +  + +  
A - B  + A - C ,  bu t  here t he  resemblance ends. For one thing,  the  dot  

product i s n ' t  even a binary operat ion ( i . e . ,  it i s  not closed) 

s ince by use of it we combine two vectors  t o  form a s ca l a r .  For 

another th ing ,  t h e  do t  product i s  not  assoc ia t ive .  Indeed not 
+ + +  + +  +

only i s  it not- t r u e  t h a t  A * ( B * C )  = ( A * B ) * C  bu t  even more c ruc i a l l y ,  
+ + +  + +  + 

t h e  expressions A * ( B * C )  and ( A * B ) * C  a r e  not even defined,  s ince,  
+ + 

f o r  example, A - B  i s  a number and we do not "dotH a number ( s ca l a r )  

with a vector.  Thirdly,  there  i s  no analog of a mul t ip l ica t ive  

i d e n t i t y .  Namely, we cannot do t  a vector  with any vector  t o  obtain  

the  o r i g i n a l  vector  a s  the  product s ince  the  do t  product of two 

vec tors  i s  n o t  a vector .  F ina l ly ,  t he  concept of mul t ip l ica t ive  

inverses  i s  a l s o  lacking f o r  do t  products. Namely, not only i s  

t he re  no i d e n t i t y  vector  with respec t  t o  dot  products, bu t  even i f  

t he re  were, it would not  be poss ib le ,  a s  w e  have already sa id  

s eve ra l  times i n  t h i s  paragraph, t o  do t  two vectors  t o  obtain  a 

vector .  



Solu t ions  
Block 1: Vector Ar i thmet ic  
Unit  4 :  The Dot Product 

1 . 4 . 1  (L) continued 

Among oti ler  t h i n g s  w e  now s e e  how convenient  it i s  when we d e a l  

wi th  b ina ry  o p e r a t i o n s ,  f o r  a s  soon a s  we combine " l i k e  t h i n g s "  t o  

form "unl ike  t h i n g s "  it o f t e n  becomes impossible t o  combine more 

than two l i k e  t h i n g s .  For example, i n  t h e  p r e s e n t  i l l u s t r a t i o n  

we could no t  t a l k  meaningfully about  t h e  d o t  product  of t h r e e  ( o r  

more) v e c t o r s  even though t h e  concept  was unambiguously de f ined  

f o r  two v e c t o r s .  

I n  any even t ,  t hen ,  t h e  key thought  i s  t h a t  t h e  " c a n c e l l a t i o n  law" 

f o r  d o t  products  does n o t  c o n t r a d i c t  t h e  " c a n c e l l a t i o n  law" f o r  

"ordinary" products  s i n c e  t h e  two types  of products  have d i f f e r e n t  

p r o p e r t i e s  - and hence possess  d i f f e r e n t  inescapable  conclusions 

based on t h e s e  p r o p e r t i e s . *  Another way of saying t h i s  i s  t h a t  w e  

do no t  c a l l  d i f f e r e n t  conclus ions  c o n t r a d i c t o r y  u n l e s s  t h e y  both 

fo l low inescapably  from t h e  same set of assumptions ( p r o p e r t i e s ) .  

*A Note on F r a c t i o n s  Involving Dot Products  

I n  o rd ina ry  a r i t h m e t i c  i f  a f 0 then  ab--- - This  r e s u l t  was a c  c '  
dependent on s e v e r a l  p r o p e r t i e s  of numerical a r i t h m e t i c .  For 

example, l e t  

Then, 


ab  = ( a c ) x  


But,  by t h e  a s s o c i a t i v e  p roper ty  ( a c ) x  = a ( c x ) .  Therefore,  


a b  = a (cx), 


and s i n c e  a f 0 it fol lows t h a t  




Solutions 
Block 1: Vector Arithmetic 
Unit 4: The Dot Product 

Note continued 

Comparing (1)and (2) w e  see  t h a t  = % i f  a # 0. Suppose now w e  

have 

-+ 
Cer ta in ly  w e  might f e e l  tempted t o  cancel on A from both t he  

numerator and denominator i n  ( 3 ) .  I f  we d id  t h i s  w e  would obtain  

Well, t o  begin with,  i n  terms of t he  proper t ies  of vector  arithme-

t i c ,  it i s  not v a l i d  t o  cancel s ince  we have seen i n  t h e  present  

exerc i se  t h a t  t he  cance l la t ion  law, i n  i t s  usual form, does not 

B
Secondly, w e  would l i k e  t o  observe t h a t  t h e  expression ,--is not 
C 


defined! 

gor  example, within t h e  ,proper context of our remarks how should 
B,--be i n t e rp re t ed?  To capture t h e  f l avo r  of d iv i s ion  being the  
n
L 

inverse  of mul t ip l ica t ion  and t h a t  here mul t ip l ica t iog  r e f e r s  t o  a 
B


dot  product, w e  would requi re  t h a t  t he  d e f i n i t i o n  of ,--be 
C 


i f  t he  meaning of d iv i s ion  here i s  t o  be analogous with i t s  meaning 

i n  numerical ar i thmet ic .  

But (5) hardly makes sense s ince  t he  l e f t  s i de  of the  equa l i t y  is  

a number and t h e  r i g h t  s i d e  i s  a vector .  

Notice,that t h i s  problem d id  not  occur with s ca l a r  mul t ip l ica t ion  

s ince  A- could be defined by m 
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and equat ion  (6)  i s  meaningful s i n c e  a s c a l a r  m u l t i p l i e d  by a 

v e c t o r  i s  a v e c t o r .  Indeed ( 6 )  s ays  t h a t  $ i s  t h a t  vec to r  which 
-+ 

when sca led  t o  m t i m e s  i t s  l eng th  (if* > 0) y i e l d s  t h e  vec to r  A. 

+ + 
Mechanically, t h e  key p o i n t  i s  t o  view A - B  a s  a s i n g l e  number and 

-h 
-+ 

thus t h a t  t h e  A and B a r e  inseparab le  i n  t h e  expresgign.  I n  t h i s  
A *  B way w e  w i l l  n o t  (hopefu l ly )  be tempted t o  "reduce" +--7(Perhaps 
A*C 

t h i s  i s  more analogous t o  t h e  f a c t  t h a t  i n  o rd ina ry  f r a c t i o n s  we 

a+b t o  $ even though a i s  i n  both numerator andcannot reduce -a+c -
denominator.) 

+ 
a. W e  a r e  given t h a t  Po (2 ,3 ,4)  i s  i n  our  p lane  M and t h a t  V = (5 ,8 ,6)

+ 
i s  perpendicular  t o  our  p lane .  W e  p l ace  V so  t h a t  it o r i g i n a t e s  

a t  Po. Thus, 

+ -4 

Now t h e  p o i n t  P ( x , y , z )  i s  i n  t h e  p lane  i f  and on ly  i f  V IPOP, and 
+ -* 

t h i s  i n  t u r n  r e q u i r e s  t h a t  V-POP = 0. That i s  

(5 ,8 ,6)  (x-2, y-3, 2 -4 )  = 0 

o r  

5 (x-2) + 8 (y-3) + 6 (2-4)  = 0 
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Therefore, 


5x + 8y + 62 = 58 

b. When x = y = 1 ,  equation (1 )  y i e l d s  

Therefore, 

is  i n  M. Since 72I < 8 ,  it fol lows that  (1 ,1 ,8)  i s  above the  

plane. 
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Now 

A% = (3-1, 3-2, 5-3) = (2,1,2) 
. ,. ' .  

Therefore, 

and 

+ 
AC = (4-1, 4-2, 9-31 = (3,2,61 

Therefore, 

Putting this into (1) yields 

(2,1,2) (3,2,6) = (3)(7) cos 8 

6 + 2 + 12 = 21 cos 8 

20 = 21 cos 0 

20 cos 0 = 

Therefore, 

2021 - cos0 = arc cos -- -1 20 
21 

20
(the angle whose cosine is 21). 

We may look this up in the tables if we wish to conclude 

cos 0 q 0.952 

Therefore, 
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S t r i c t l y  speaking,  it i s  our  b e l i e f  t h a t  from a computat ional  

p o i n t  of view t h e r e  i s  no need f o r  t h i s  t o  be l abe led  a l e a r n i n g  

e x e r c i s e .  Y e t ,  w e  would l i k e  t o  c r e a t e  an oppor tun i ty  t o  empha- 

s i z e  once again  how v e c t o r  methods can be used t o  s o l v e  a non-

v e c t o r  problem. I n  t h i s  c a s e ,  we a r e  given a l i n e  i n  t h e  xy-plane 

and a p o i n t  n o t  i n  t h e  xy-plane ( i n  p a r t i c u l a r ,  t hen ,  t h e  p o i n t  i s  

n o t  on t h e  g iven l i n e ) .  From our  knowledge of Euclidean geometry 

w e  know t h a t  t h e r e  i's one and only  one l i n e  t h a t  can be drawn from 

t h e  given p o i n t  perpendicular  t o  t h e  given l i n e .  Th i s  e x e r c i s e  

a sks  us  t o  f i n d  t h e  coord ina tes  of t h e  po in t  a t  which t h e  perpen- 

d i c u l a r  from t h e  p o i n t  i n t e r s e c t s  t h e  given l i n e .  P i c t o r i a l l y ,  

One p lan  of a t t a c k  i s  a s  fo l lows.  From t h e  equa t ion  y = -3x + 2 

we can f i n d  any number of p o i n t s  which l i e  on t h e  given l i n e .  I n  

f a c t ,  w e  may pick  x a t  random and t h e n  l e t  y = -3x + 2 .  One such 

p o i n t  (and you may, i f  you wish, p ick  any o t h e r  po in t  and see what 

happens) i s  given by l e t t i n g  x = 0 i n  which case  y = 2 .  Therefore ,  

we.may choose P = (0,2)  t o  l i e  on o u r  l i n e .  To i n d i c a t e  t h a t  w e  
0 

a r e  involved i n  three-space w e  w i l l  w r i t e  t h i s  a s  (0 ,2 ,0)  r a t h e r  

than  a s  ( 0 , 2 ) .  C l e a r l y  t h i s  invo lves  no l o s s  of g e n e r a l i t y .  The 
+ 

p o i n t  P w e  seek i s  c h a r a c t e r i z e d  by t h e  f a c t  t h a t  PA must be per-  
+ 

pendicular  t o  PPo. I f  w e  now e l e c t  t o  in t roduce  t h e  language of 
-+ + 

v e c t o r s ,  we a r e  saying t h a t  PA-PP = 0. The computation now 
0 
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1 . 4 . 4  (L) continued 

becomes q u i t e  simple. We f i r s t  recognize t h a t  t h e  genera l  po in t  P  

on our  l i n e  i s  given by (x ,  -3x + 2, O ) ,  whence 

whi le  

Hence, 

Hence, from (1), PA-h0= 0 i f  and on ly  i f  x = 0 o r  lox  + 1 = 0. 

I f  .x = 0 then  y  = - 3 x + 2  = 2, and w e  o b t a i n  P  = (0',2) which i s  t h e  

same a s p  and i n  t h i s  c a s e  we do no t  have t h r e e  d i s t i n c t  p o i n t s ,  
0- -+ + 

A ,  P, and Po. ( I n  o t h e r  words t h e  f a c t  t h a t  PA*PPo = 0 does no t  
-L 

preclude  t h a t  fro = 0. TO be c o n s i s t e n t  wi th  t h e  f a c t  t h a t  
+ + -+ -b + 
A * B  = 0 means A and B a r e  or thogonal ,  one o f t e n  d e f i n e s  t h e  0-vector 

t o  be orthogonal  t o  every  v e c t o r . )  

I f  l o x  + 1 = 0 then x  = -1/10, whereupon y = -3x + 2 y i e l d s  t h a t  

y  = 23/10. I n  o t h e r  words, t h e  l i n e  from A perpendicular  t o  t h e  

giveh l i n e  meets' t h a t  l i n e  a t  t h e  p o i n t  (-1/10, 23/10). 

( A s  a f i n a l  no te  on t h i s  technique ,  observe t h a t  w e  might have 

been lucky and picked our  po in t  Po i n  such a  way t h a t  it turned 

o u t  t o  be t h e  p o i n t  a t  which t h e  perpendicular  from A m e t  our  l i n e .  

Had t h i s  happened, a l g e b r a i c a l l y ,  t h e  q u a d r a t i c  equat ion  r e s u l t i n g  
+ + 

from PA-PPo = 0 would have had t h e  q u a d r a t i c  term vanish  and t h e r e  

would have been only  t h e  one s o l u t i o n  t o  equat ion  (1). Anyone who 

i s  i n t e r e s t e d  can work t h i s  e x e r c i s e  choosing Po t o  be 

(-1/10, 23/10) and see t h a t  t h i s  does indeed happen.) 
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1.4.4 (L) continued 

Pictorial Summary 

Our immediate aim in this exercise is to show structurally that 

carrying out the operation 

is the same as in "ordinarynnumerical multiplication. That is, 

using our rules for vector arithmetic, we can show that 

+ + + 2  + -P 

(where we are using to abbreviate vl vl and v2 = v2 v2). 

Without the details of a formal mathematical proof, we proceed as 

follows: 
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1.4.5 (L) continued 

The point is that (1) always holds, The more convenient result that 

we're used to, namely 

+ -b 't - t.t -
was valid because i-j = 0 and i-1- J 3 - 1. 

f 

More generally, a glance at equation (1) shows that this "short 
-+ + - + 2  

cit* will prevail whenever vl . v2 = 0 and vl = ;22 = 1, for 

clearly, in this case, equation (1) becomes 

What we want to "hammer home" in this exercise is that while equa-

tion (1) always holds, equation (2) is a special case, in particu-
-+ -+ 

lar, equation (2) will yield an incorrect answer if vl v2 # 0 or 
-+ -+ 2 
v12 # 1 or v2 + 1. 
In our present exercise 

-+2 -+ -f(1) v1 = v1 2v1 = (3.2.5) (3.2,5) = 3 + 22 + 52 = 38 

+ 2 - - +  -+ 2 2
(2) V2 = V 2  v2 = (2,7,3) (2.7.3) = 2 + 7 + 32 = 62 

-+ 
(3) G1 v2 = (3.2.5) (2,7.3) = 3(2) + 2(7) + 5(3) = 35 



+ +
(The answer (3G1 + 4G2) (4vl - 3v2) = 0 would have been t r u e  had 

-+ -+ + 2
vl v2 = 0 and vl = :22 = 1, b u t  t h i s  was n o t  t h e  case  he re . )  

An a l t e r n a t i v e  method would have been t o  w r i t e  a l l  v e c t o r s  i n  terms 
+ + 

of i ,  j, and k. Then 

+ -+ + + + 
B = 4vl - 3G2 = 4(3 ,2 ,5)  - 3(2 ,7 ,3 )  = ( 6 , - 1 3 , l l )  = 6 i  - 1 3 j  + I l k  

+ +  + +  + +  
I n  t h i s  form ( s i n c e  l2= j2 = g2 = 1 and i * j  = i - k  = k = j  = 0)  w e  

have 

and t h i s  ag rees  wi th  our answer ob ta ined  by t h e  former method. 

One o f t e n  chooses v e c t o r s  which have t h i s  so-ca l led  orthonormal 

p roper ty  where t h e  magnitude of each v e c t o r  i s  1 and t h e  d o t  pro-

d u c t  of a l l  p a i r s  of d i f f e r e n t  v e c t o r s  i s  0. Such a choice  a l lows 

u s  t o  compute us ing  equat ion  (2)  r a t h e r  than  equat ion  (1). 
+ + 

A s  a f i n a l  no te ,  n o t i c e  t h a t  whether (1) o r  (2) ho lds ,  A - B  = 0 
+ + 

means t h a t  A and B a r e  or thogonal  r e g a r d l e s s  of how w e  e l e c t  t o  

*See note  a t  the end of t h i s  e x e r c i s e .  
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1.4.5 (L) continued 

-+ -+ 
r e p r e s e n t  A and B. The r e p r e s e n t a t i o n  only a f f e c t s  how w e  compute 
-+ -+ 
A - B ,  f o r  example, whether equa t ion  (1)must be used o r  whether w e  

can use ( 2 )  . 

A Note on Exerc ise  1.4.5(LI : ' I P - - ,< 

I n  high school  a lgebra  w e  l ea rned  t h e  so-ca l led  " r u l e  of f o i l "  

( f i r s t ,  - knner, -l a s t )  which a s s e r t e d  - o u t e r ,  

One r a t h e r  n e a t  way of demonstrat ing (1)was by t h e  geometric ob- 

s e r v a t i o n  t h a t  (a  + b ) ( c  + d )  was t h e  a r e a  of a r e c t a n g l e  whose 

dimensions were ( a  + b )  by (c + d )  . That i s ,  

On t h e  one hand, t h e  r e c t a n g l e  has  

a r e a  (a  + b )  (c  + d ) ;  on t h e  o t h e r  

hand, i t  i s  a c  + ad + bc + bd. 

There i s ,  however, a way t o  demonstrate (1)s o  t h a t  w e  i l l u s t r a t e  

t h e  s t r u c t u r e  of our game. 

Namely, s i n c e  a + b i s  a number, say  e l  we have 

But, by t h e  d i s t r i b u t i v e  p roper ty  e ( c  + d )  = e c  + ed.  Hence, 

By t h e  commutative proper ty  ( a  + b ) c  = c ( a  + b )  and (a  + b)d.,= 

d ( a  + b ) .  
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Note continued 

Therefore, 

= ac  + ad + bc + bd (s ince bc + ad = ad + bc) 

The c r u c i a l  po in t  i s  t h a t  every property of numerical a r i thmet ic  

which was needed t o  prove t h i s  r e s u l t  a l s o  happens t o  be t rue  i n  
+ + + + + +  + +  

our vector  case.  Namely, A + B = B + A ,  A - B  = BaA, and 
+ +  -f + +  + +  
A 0 ( B  + C) = A W B+ A.C. Hence, t h e H r u l e  of f o i l "  app l i e s  equal ly  

wel l  t o  do t  products. Indeed, merely by recopying our e a r l i e r  

proof we have 

(where 

+ +  + +  
= c - a  + c - b  + 3.; + 3.G 

a .  We have 

+ + +
Since A - C  = 0, we may dot  both s ide s  of (1)with A t o  obtain  



- - 
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1.4.6 (L) cont inued 

i . 5  	= ii.( x i  + E )  

+ + 


= if*(d)+ A - C  

+2= x A  + O  

+2 = xA 

+ -+ +2
Since A - B ,  A , 	and x a r e  s c a l a r s ,  equa t ion  (2)  may be solved t o  

y i e l d  

+ -+ + 
Refe r r ing  t o  our  diagram t h e  v e c t o r  p r o j e c t i o n  of B on to  A i s  xA; 

hence, from , ( 3 ) ,  t h i s  i s  

F i n a l l y ,  from ( l) ,  
+ 
C = 

+ 
B - xA 

-+ 
( n o t i c e  how w e  cont inue  t o  use v e c t o r  

a lgebra  i n  a  r a t h e r  n a t u r a l  way), whereupon (3)  y i e l d s  

b. 	 I n  p a r t  ( a )  we emphasized a l g e b r a i c  v e c t o r  techniques  i n  o rde r  t o  

show again  t h e  s t r u c t u r e  of v e c t o r  a r i t h m e t i c .  I n  t h i s  p a r t i c u l a r  

e x e r c i s e ,  t h i s  was e q u i v a l e n t  t o  so lv ing  a geometric problem non- 

geometr ica l ly .  

The purpose of 	p a r t  (b)  i s  t o  emphasize t h e  geometric f a c t  t h a t  i f  
+ 	 + + 
u denotes t h e  u n i t  v e c t o r  i n  t h e  d i r e c t i o n  of A t hen  B-u denotes

A + + A 
t h e  l eng th  of t h e  p r o j e c t i o n  of 3 on to  d. ( I f  B-u i s  p o s i t i v e  

A -+
then  t h e  angle  between d and 8 i s  a c u t e ,  while i f  %-uA i s  riega-

t i v e ,  t h e  ang le  i s  obtuse  - a s  we s h a l l  s e e  below.) 

To s e e  t h i s  r e s u l t  wi thout  r e f e r e n c e  t o  d o t  p roduc t s ,  w e  have 
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+ 
I f  0 > 90° t hen  l ~ l c o s0 is  nega t ive  o r  t h e  p r o j e c t i o n  i s  measured 

-+
i n  t h e  oppos i t e  sense  of A. That i s  

NOW 0 i s  c l e a r l y  t h e  angle  between A and 8. Thus 

-+ + 
Equation ( 6 )  s t a r t s  t o  look l i k e  it-8 (= B*A) except  t h a t  t h e  f a c t o r  

I -+A ~ i s  missing. W e  then  n o t i c e  t h a t  i f  121 = 1 t h e  missing f a c f o r  

causes  no change. But 121 = 1 i s  t h e  same a s  saying t h a t  A 
+ 

i s  a 
-+

u n i t  v e c t o r  and t h i s  c e r t a i n l y  a p p l i e s  t o  u,. Moreover, t h e  f a c t  
-b 

n -+
t h a t  u, i s+def ined  t o  have t h e  same sense  a s  A ( t h a t  i s ,  s i n c e  

. A 
7i s  a p o s i t i v e  s c a l a r  m u l t i p l e  of A) means t h a t  t h e  
1AI + 

angle  between A and 5 is  t h e  same angle  a s  between and 5 .A 
P i c t o r i a l l y ,  
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1.4.6 (L)  continued 

I n  o t h e r  words, 

But, by d e f i n i t i o n  of t h e  d o t  product ,  

Comparing (7)  and ( 8 )  y i e l d s  t h e  r e s u l t  t h a t  t h e  ( d i r e c t e d )  l eng th
+ + 

of . t h e  p r o j e c t i o n  of 5 o n t o  2 i s  B*uA 

Thus, t h e  v e c t o r  p r o j e c t i o n  of 5 on to  i s  simply t h e  d i r e c t e d  

l eng th  of t h e  p r o j e c t i o n  of 5 on to  % m u l t i p l i e d  by t h e  u n i t  vec to r  

i n  t h e  d i r e c t i o n  of A. That is ,  

+
Since  uA = -, (9) becomes 

I ti I 
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Notice that  (10) and (4)  are i d e n t i c a l ,  a s  they should be.  

1 . 4 . 7  


P i c t o r i a l l y ,  we  have 


But 

Therefore, 
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a a cThe s l o p e  of R i s  - - s i n c e  a x  + by + c = 0 ,  b f 0 -+ y = 
b -Ex - 5. 

Hence, t h e  l i n e  perpendicular  t o  R has  s lope  b a. Therefore,  t h e  
-+ -b -+ 

v e c t o r  V = a i  + bj i s  perpendicular  t o  R. 

The d i s t a n c e  we seek is e q u a l  t o  t h e  l eng th  of t h e  p r o j e c t i o n  of 

P:A o n t o  $, and t h i s  i s  merely t h e  d o t  product  of P:A with  t h e  
-+ 

u n i t  v e c t o r  i n  t h e  d i r e c t i o n  of N. 

-+ 
ue = u n i t  v e c t o r  i n  d i r e c t i o n  of 8 = 

a i  + bj 

m 
while 

P:A = (yo - 0. yo - - 1 )  = (xo. yo + C 

Therefore,  

* T h i s  p o i n t  was o b t a i n e d  by  l e t t i n g  x = 0 i n  a x  + by + c = 0 ( o t h e r  
p o i n t s  would do a s  w e l l ) .  The o n l y  t i m e  we a r e  i n  t r o u b l e  i s  when 
b = 0, b u t  i n  t h i s  c a s e  a x  + by + c = 0 r e d u c e s  t o  a x  + c = 0 

w h i c h  i s  t h e  l i n e  x = --C p a r a l l e l  t o  t h e  y - a x i s .  I n  t h i s  c a s e ,  i t  
a 


i s  t r i v i a l  t o  f i n d  t h e  r e q u i r e d  d i s t a n c e .  So,  w i t h o u t  l o s s  of 

g e n e r a l i t y ,  we may a s  w e l l  a s sume  t h a t  b # 0. 
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1.4.8 (L) continued 


Finally, since distance is defined to be non-negative and a 

axo + byo + c might be negative, we put our final answer in the 
form 

(An interesting aside occurs if = 1, for in this case (1) 

becomes 

which means that we find the distance from (xo,yo) to ax + by + c = 0 

simply by replacing x and y by xo and yo in the left side of the 

equation for the line.) 



Solutions 

Block 1: Vector Arithmetic 

Unit 4: The Dot Product 


1.4.9 continued 


Hence, by the Pythagorean Theorem, 
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