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In the given diagram both assumptions are obeyed but not the co

clusion.  This means that  the conclusion does not fo l low inesca

ably from the assumptions. By de f in i t i on ,  then, the  argument i
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a .  	 To show t h a t  an argument i s  i n v a l i d ,  a l l  w e  need do i s  g ive  one 

s e t  of cond i t ions  i n  which t h e  assumptions a r e  obeyed b u t  t h e  con-

c l u s i o n  is f a l s e .  This  i s  t h e  "beauty" of proving t h a t  something 

i s  f a l s e  r a t h e r  than t r y i n g  t o  prove t h a t  something i s  t r u e .  To 

show t h a t  something i s  t r u e  w e  must show t h a t  it happens every  

t ime,  and t h i s  can be q u i t e  d i f f i c u l t .  To show t h a t  a s ta tement  

i s  f a l s e ,  however, r e q u i r e s  on ly  t h a t  w e  show one ins tance  i n  which 

it i s  n o t  t r u e .  Albe r t  E i n s t e i n  s a i d  t h i s  r a t h e r  c r y p t i c a l l y  i n  

h i s  quo ta t ion :  ' A l l  t h e  experiments i n  t h e  world can never prove 

m e  r i g h t ,  b u t  a s i n g l e  one may prove m e  wrong." 

Returning t o  our  e x e r c i s e ,  t h e  s t a t e d  conclus ion i s  "No A ' s  a r e  

C f s . "  The negat ion  ( c o n t r a d i c t i o n )  of t h i s  s t a t ement  i s  "It i s  

f a l s e  t h a t  no A ' s  a r e  C ' s . "  This ,  i n  t u r n ,  may be paraphrased a s  

" A t  l e a s t  one A i s  a l s o  a  C , "  and t h i s  is  o f t e n  r e w r i t t e n  a s  "Some 

A ' s  a r e  C ' s . "  ( I n  l o g i c ,  t h e  phrase  " a t  l e a s t  onett i s  u s u a l l y  

w r i t t e n  a s  "some.") Thus, a s  soon a s  w e  can d e p i c t  a s i t u a t i o n  in 

which it i s  t r u e  t h a t  no A ' s  a r e  B ' s ,  no B's a r e  C 4 s ,  and some A 'S  

a r e  C ' s ,  w e  w i l l  have shown t h a t  both  hypotheses i n  our  argument 

a r e  t r u e  whi le  t h e  conclus ion i s  f a l s e ;  hence, t h a t  t h e  argument 

is i n v a l i d .  

One .such s i t u a t i o n  is d e p i c t e d  below. 

N o  A ' s  are 3's 

Some A ' s  a r e  C ' s  

The main p o i n t  i s  t h i s .  I f  w e  look a t  t h e  l a s t  diagram, e x a c t l y  

a s  drawn, then  w e  see t h a t  "No A ' s  a r e  B ' s "  i s  a  t r u e  s ta tement  

( s i n c e  t h e  c i r c l e s  denoted by A and B do no t  i n t e r s e c t )  and w e  see  

t h a t  "No B ' S  a r e  C ' s "  i s  a l s o  t r u e .  Yet t h e  conclus ion t h a t  
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"No A ' s  a r e  C ' s t '  i s  c l e a r l y  f a l s e  i n  o u r  diagram s i n c e  t h e  c i r c l e s  

denoted by A and C do i n t e r s e c t .  -
Thus, our  diagram g i v e s  us  a s i t u a t i o n  i n  which t h e  assumptions 

a r e  t r u e  b u t  t h e  conclus ion i s  f a l s e .  This  i s  enough t o  guarantee  

t h a t  t h e  argument i s  i n v a l i d  s i n c e  i n  a v a l i d  argument t h e  t r u t h  

of t h e  assumptions guarantees  t h e  t r u t h  of  t h e  conclusion.  

The key lies i n  t h e  i d e a  of inescapable .  A s  soon a s  t h e  conclus ion 

can be f a l s e  i n  even one case  whi le  t h e  assumptions are t r u e  i s  

enough t o  guarantee  t h a t  t h e  conclus ion i s  n o t  an  inescapable  con-

sequence of t h e  assumptions. I n  t h i s  v e i n ,  n o t i c e  t h a t  w e  could 

have drawn o u r  t h r e e  circles a s  

i n  which case  t h e  assumptions and t h e  conclus ion would have been 

t r u e ,  b u t  t h i s  i s  n o t  enough t o  make t h e  argument v a l i d ,  s i n c e  

v a l i d i t y  means t h a t  t h e  conclus ion can never be f a l s e  i f  t h e  

assumptions are t r u e .  

To see t h i s  i n  more concre te  d e t a i l .  cons ide r  t h e  argument 

No l i o n s  a r e  t i g e r s  

NO t i g e r s  a r e  e l ephan t s  

Therefore,  no l i o n s  a r e  e l e p h a n t s  

C e r t a i n l y ,  our  conclus ion is  a s  t r u e  a s  each of our  assumptions, 

b u t  t h e  t r u t h  of t h e  conclus ion i s  independent of  t h e  t r u t h  of t h e  

assumptions, a t  l e a s t  i n  t h e  sense  t h a t  we can g i v e  an argument 

of t h e  same format i n  which t h e  conclus ion i s  f a l s e  even though 

t h e  assumptions are t r u e .  For example, 
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NO men a r e  women 

No women are males 

Therefore,  no men a r e  males 

and w e  now s e e  t h a t ,  whi le  both  arguments have t h e  same form of 

"No A ' s  a r e  B ' s  and no B ' s  a r e  C ' s ,  t h e r e f o r e ,  no A ' s  a r e  C ' s , "  i n  

one case  t h e  assumptions a r e  t r u e  and t h e  conclusion is f a l s e  while 

i n  t h e  o t h e r  case  t h e  assumptions a r e  t r u e  and t h e  conclusion is 

t r u e .  This  i s  enough t o  prove t h a t  t h e  t r u t h  of t h e  conclusion 

rests on more than t h e  t r u t h  of t h e  assumptions - s o  t h e  argument 

i s  i n v a l i d .  

I n  terms of our  course ,  w e  only  want t o  accep t  those  t h i n g s  a s  

theorems which fo l low inescapably  from our  assumptions. W e  do n o t  

want our  personal  b i a s  t o  a l low u s  t o  accep t  i n v a l i d  conclus ions  

simply because w e  want t o  b e l i e v e  t h e  conclusion.  Rather ,  we want 

only  inescapable  consequences of our  r u l e s  t o  bea r  t h e  stamp of 

" fac t s .  I' 

I n  o t h e r  words, it o f t e n  happens, i f  w e  a r e  n o t  on our  guard,  t h a t  

i f , w e  l i k e  t h e  conclus ion of an  argument w e  w i l l  a ccep t  the  argu- 

ment on which t h e  conclus ion was based,  even i f  t h e  argument is 

i n v a l i d .  T h i s ,  among o t h e r  r easons ,  is why, when w e  make p roofs  i n  

mathematics, we o f t e n  use  letters such a s  a ,  b, and c t o  denote 

numbers r a t h e r  than  use  p a r t i c u l a r  examples. The a b s t r a c t  letters 

do no t  sugges t  s p e c i a l  p r o p e r t i e s  t h a t  p a r t i c u l a r l y  chosen numbers 

( b u t  n o t  o t h e r s )  might possess .  The same i s  t r u e  i n  geometry. 

When w e  want to prove t h i n g s  about  t r i a n g l e s  i n  genera l ,  we t r y  

n o t- t o  draw an i s o s c e l e s  t r i a n g l e ,  s i n c e  t h e  p i c t u r e  might then 

l e a d  us  t o  c o n j e c t u r e s  which are t r u e  f o r  t h e s e  s p e c i a l  t r i a n g l e s  

b u t  n o t  f o r  o t h e r s .  This i s  a l s o  why w e  have w r i t t e n  such t h i n g s  

a s  " A l l  A ' s  are B ' S "  r a t h e r  than ,  say ,  " A l l  mathematicians a r e  

b r i l l i a n t . "  Namely, t h e  l a t t e r  s ta tement  l ends  i t s e l f  t o  a more 

emotional  a n a l y s i s  than  t h e  former. I n  f a c t ,  it i s  f o r  t h i s  reason 

t h a t  t h e  type of l o g i c  we a r e  t a l k i n g  about  i n  t h i s  e x e r c i s e  is  

known a s  formal l o g i c  t o  i n d i c a t e  t h a t  v a l i d i t y  depends on t h e  

form of t h e  argument r a t h e r  than  t h e  t r u t h  of the  s ta tements  which 
L

comprise t h e  argument. 
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b. 	 Here a l l  w e  wish t o  do i s  review our  language of sets. Notice t h a t  

(b)  i s  p r e c i s e l y  t h e  same a s  ( a ) ,  on ly  r e w r i t t e n  i n  t h e  language 

of s e t s .  For example, t o  say  t h a t  no A ' s  a r e  B ' s  i s  t h e  same a s  

saying t h a t  no element of t h e  set  A i s  an element of t h e  set  B. 

Th i s ,  i n  t u r n ,  says  t h e  same t h i n g  a s  t h e  i n t e r s e c t i o n  of A and B 

i s  t h e  empty set  o r ,  more symbol ica l ly ,  A n B = 0 .  I n  a s i m i l a r  

way, A n B # 0 says  t h a t  t h e  i n t e r s e c t i o n  of A and B i s  no t  empty 

which, i n  t u r n ,  means t h a t  t h e r e  i s  a t  l e a s t  one element t h a t  

belongs t o  both  A and B, o r  a t  l e a s t  one element i s  both  an A and a 

B. 	 That is ,  some A ' s  a r e  B ' s .  

a .  	 "Some A ' s  a r e  n o t  C ' s "  i s  negated by is  f a l s e  t h a t  some A ' s  

a r e  n o t  C ' s . "  That i s ,  "It i s  f a l s e  t h a t  even one A i s  not  a C . "  

This ,  i n  t u r n ,  may be paraphrased a s  " A l l  A ' s  a r e  C ' s . "  

Thus, t o  show t h a t  t h e  argument i s  i n v a l i d  w e  need only  c o n s t r u c t  

a circIe diagram of t h e  form 

i n  which t h e  assumptions a r e  obeyed. Since "Some A ' s  a r e  no t  B ' s "  

i s  f u l f i l l e d  a s  soon a s  a t  l e a s t  p a r t s  of  t h e  A and B c i r c l e s  do 

n o t  over l ap  etc. , w e  have, f o r  example, 

This  diagram i s  s u f f i c i e n t  t o  e s t a b l i s h  t h e  i n v a l i d i t y  of t h e  

argument, s i n c e  i n  t e r m s  of t h i s  diagram t h e  assumptions of t h e  

given argument a r e  obeyed b u t  t h e  conclus ion i s n ' t .  
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b. "Some A ' s  a r e  n o t  B u s "  means t h e  same a s  *Some A ' S  a r e  non-B's." 

I n  t h e  language of sets, w e  denote t h e  set non-B'S by B ' ,  t h e  

complement of B. That i s ,  "Some A ' s  a r e  non-Bts" means t h a t  a t  

l e a s t  one element belongs t o  both A and B ' .  I n  o t h e r  words, i n  

t h e  language of sets "Some A ' s  a r e  n o t  B ' s t '  i s  w r i t t e n  a s  

A n B I  # g*. 

~ h u s ,  t h e  argument "A n 8' # $ and B n C' # $ impl ies  t h a t  

A nc1 # $ i s  i n v a l i d  a s  it i s  merely a paraphrase of p a r t  ( a ) .  

c .  The assumptions and t h e  conclus ion a r e  t r u e  b u t  t h e  argument is 

n o t  v a l i d .  The reason t h a t  t h e  argument i s  n o t  v a l i d  i s  t h a t  i t  

has the  form 

Some A ' s  a r e  n o t  B ' s  

Some B ' s  are n o t  C ' s  

Therefore,  some A ' s  are n o t  C ' S  

(where i n  t h i s  case  A = s e t  of  a l l  numbers which a r e  d i v i s i b l e  by 

2 ,  B t h e  s e t  of  a l l  numbers d i v i s i b l e  by 7 ,  and C t h e  set of a l l  

numbers d i v i s i b l e  by  3 ) .  

The c i r c l e  diagram, -i n  t h i s  p a r t i c u l a r  r e a l  c a s e ,  i s  given by 

i n  which case  t h e  assumptions and t h e  conclusion are obeyed, b u t  

based on the form of t h e  argument a lone ,  t h e  c i r c l e s  d i d  n o t  have 

t o  be drawn t h i s  way. 

*The more  a s t u t e  s t u d e n t  may n o t i c e  t h a t  B '  i s  a m b i g u o u s  i n  t h e  
s e n s e  t h a t  i t  d e p e n d s  on t h e  u n i v e r s e  o f  d i s c o u r s e  I .  T h a t  i s ,  
B '  = { x : x ~ Ib u t  XI$.B). T h i s  p r o b l e m ,  h o w e v e r ,  i s  i r r e l e v a n t  h e r e  
s i n c e  A n B '  d e n o t e s  t h o s e  members  o f  A w h i c h  a r e  n o n - B ' s ,  I n  
o t h e r  w o r d s ,  t h e  f a c t  t h a t  a l l  e l e m e n t s  u n d e r  c o n s i d e r a t i o n  m u s t  
b e l o n g  t o  A r e m o v e s  t h e  n e e d  f o r  o u r  h a v i n g  t o  know t h e  e n t i r e  
u n i v e r s e  of d i s c o u r s e  ( u n i v e r s a l  s e t ) ,  I .  
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I n  s t i l l  o t h e r  words, while it i s  t r u e  t h a t  some numbers which a r e  

d i v i s i b l e  by 2 are n o t  d i v i s i b l e  by 3,  t h i s  t r u t h  r e q u i r e s  more 

t h a n  t h e  f a c t s  t h a t  

(1) some numbers which a r e  d i v i s i b l e  by 2 a r e  n o t  d i v i s i b l e  by 7 

( 2 )  some numbers which a r e  d i v i s i b l e  by 7 a r e  n o t  d i v i s i b l e  by 3. 

1.1.3 

a .  I n  t h e  diagram 

it i s  t r u e  t h a t  some A ' s  a r e  n o t  B ' s ,  b u t  it i s  f a l s e  t h a t  some 

B t s  a r e  no t  A ' s .  Hence, 'Some A ' s  a r e  no t  B ' s '  and "Some B ' s  a r e  

n o t  A ' s n  do n o t  have t h e  same meaning. 

b. In  t h e  language of sets 

and 

do n o t  mean t h e  same t h i n g ,  P i c t o r i a l l y ,  

It makes a d i f f e r e n c e  a s  t o  
whether it i s  A n B '  o r  
A '  fl B which is  non-empty. 
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a. 	 I f  aRb means t h a t  -a l i v e s  nex t  door  t o  b,  then  s i n c e  a  person 

d o e s n ' t  n e c e s s a r i l y  l i v e  next  door t o  h imse l f ,  it fol lows t h a t  aRa 

need no t  be t r u e .  Hence, R i s  n o t  r e f l e x i v e .  On t h e  o t h e r  hand, 

i f  a- does l i v e  nex t  door t o  b  then  b a l s o  l i v e s  n e x t  door t o  a_. 
Hence, i n  t h i s  case  i f  aRb is  t r u e  s o  a l s o  i s  bRa. Thus, R i s  

symmetric. F i n a l l y ,  i f  5 l i v e s  nex t  door t o  b and b  l i v e s  nex t  

door t o  c, i n  g e n e r a l  c w i l l  n o t  be nex t  door t o  a b u t  r a t h e r  two 

doors  removed from a .  - An excep t ion  i s  t h a t  i f  t h e  t h r e e  houses 

form a  Hcirclen;t h a t  is 

I n  o t h e r  words, t h e  t r u t h  of  bo th  aRb and bRc i s  n o t e n o u g h  t o  
guarantee  t h e  t r u t h  of aRc. Thus, R i s  n o t  t r a n s i t i v e .  

b. 	 I f  aRb means t h a t  2a + b = 15 ( i n  t h e  language of a n a l y t i c  geo- 

metry,  t h i s  problem says  t h a t  aRb means t h a t  ( a r b )  i s  on t h e  l i n e  

2x + y = 15)  then  7R1 i s  t r u e  ( s i n c e  2 ( 7 )  + 1 = 15  is  a t r u e  

s t a t ement )  and 1R13 i s  t r u e  ( s i n c e  2  (1) + 13  = 15 is  a t r u e  

s t a t ement ) .  On t h e  o t h e r  hand, 7R13 i s  f a l s e  because 2(71 + 13  # 15. 

Since it i s  t r u e  t h a t  7R1 and LR13 b u t  t h a t  7P13 ( j u s t  as  # 
deno tes  t h e  negat ion  of  =, deno tes  t h e  negat ion  of R ;  t h a t  is, 

a m  means t h a t  a R b  i s  f a l s e ) ,  this shows t h a t  R i s  n o t  t r a n s i t i v e  

s i n c e  i f  it w e r e  i t  would have t o  fo l low t h a t  7R13 was t r u e  s i n c e  

both 7R1 and 1R13 a r e  t r u e  ( i n  t h e  language of our d e f i n i t i o n  h e r e  

a = 7,  b  = 1, and c  = 1 3 ) .  

c. 	 1R7 says  t h a t  2 ( 1 )  + 7 = 15,  and t h i s  i s  f a l s e .  Hence, 1R7 is 

f a l s e .  But from (b)  w e  saw t h a t  7R1 was t r u e .  I f  R w e r e  symmetric 

t h e  t r u t h  of 7R1 would i n s u r e  t h e  t r u t h  of 1R7. Since t h i s  i s  no t  

t h e  	c a s e ,  R i s  n o t  symmetric. 

d.  	 I f  aRb, then  w e  know t h a t  a + b = 15. On t h e  o t h e r  hand, w e  a l s o  

know t h a t  a + b = b + a .  Hence, i f  a + b = 15 ,  then b  + a = 15. 

I n  t e r m s  of our d e f i n i t i o n  of R i n  t h i s  example, it fol lows t h a t  
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aRb impl ies  a l s o  t h a t  bRa. Hence, R i s  symmetric. I n  t h e  l an -  

guage of a n a l y t i c  geometry, w e  a r e  saying t h a t  t h e  l i n e  x + y = 15 

has  t h e  p roper ty  t h a t  ( a ,b )  is on t h i s  l i n e  i f  and only i f  (b , a )  

is .  NOTE: W e  a r e  n o t  say ing  he re  t h a t  aRb i s  t r u e .  A l l  w e  a r e  

say ing  i s  t h a t  i f  - aRb i s  tr;e then s o  a l s o  is  bRa. For example, 

s i n c e  ( 3 , 4 )  i s  n o t  on t h e  l i n e  x + y = 15,  3R4 i s  f a l s e  i n  t h i s  

example. 

1.1.5 (L) 

I f  w e  assume t h a t  p a r t s  ( a )  and (b) of t h e  sane problem should be 

r e l a t e d  (otherwise they  should have been two d i f f e r e n t  problems),  

it might s e e m  s t r a n g e  t h a t  w e  have chosen ( a )  and (b)  a s  w e  have 

here .  The p o i n t  is  t h a t  both problems s a y  t h e  same t h i n g ,  b u t  i n  

one case  t h e  s i t u a t i o n  t r anscends  mathematics while i n  t h e  o t h e r  

w e  g i v e  a s p e c i f i c  i l l u s t r a t i o n  i n  mathematics. 

a .  	 Hopefully,  a t  t h i s  s t a g e  it i s  no t  a l e a r n i n g  e x e r c i s e  t o  d iscover  

t h e  argument i s  v a l i d .  I n  t e r m s  of a c i r c l e  diagram w e  have 

A c t s  which are -
good f o r  	 A c t s  which h e l p  
s o c i e t y  	 t h e  poor 

(The a c t  o f )  

Giving handouts 

t o  beggars 


While t h e  argument is  v a l i d ,  w e  do n o t  have t o  a c c e p t  t h e  t r u t h  of 

t h e  conclus ion.  I n  p a r t i c u l a r ,  f a l s e  assumptions p l u s  v a l i d  r ea -

soning may w e l l  l e a d  t o  f a l s e  conclus ions .  I n  t h i s  e x e r c i s e ,  i f  

w e  reject t h e  t r u t h  of e i t h e r  

(1) Giving handouts t o  beggars h e l p s  t h e  poor 

( 2 )  	Helping t h e  poor i s  good f o r  s o c i e t y  
Yf 


t hen  t h e  v a l i d  conclus ion needsno longer  be accepted  a s  t r u e  by us 

(though it should  b e  noted  t h a t  even i f  w e  reject t h e  t r u t h  of t h e  

assumptions,  w e  can st i l l  b e l i e v e  t h e  conclus ions ,  s i n c e  t h e r e  
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might be another  v a l i d  argument which l e a d s  t o  t h e  same conclus ion 

I 
b u t  one i n  which w e  feel  w e  can a c c e p t  t h e  assumptions a s  being 

t r u e ) .  I n  summary, we have t o  accep t  t h e  conclusion of a v a l i d  

I 
argument a s  being t r u e  only i f  w e  ag ree  t h a t  t h e  assumptions upon 

which t h e  conclus ion is based a r e  t r u e .  

b. The d i s c u s s i o n  i n  ( a )  a p p l i e s  ve ry  n i c e l y  t o  ( b ) .  Notice t h a t  t h e  

1 
usua l  r u l e  f o r  n! whereby w e  cons ider  t h e  product  of a l l  i n t e g e r s  

from 1 t o  n i n c l u s i v e  presupposes t h a t  n i s  a n a t u r a l  number (i.e,,  

a p o s i t i v e  whole number). S ince  0 i s  n o t  a p o s i t i v e  whole number, 

it h a s  n o t  been de f ined  by t h e  above d e f i n i t i o n  of f a c t o r i a l .  In 

o t h e r  words, a t  t h i s  moment 6! is undefined.  

Now a s  w e  mention i n  t h e  e x e r c i s e ,  t h e  s t r u c t u r a l  proper ty  of t h e  

f a c t o r i a l  t h a t  w e  want to use  is t h a t  

-I f  w e  now want (1) a l s o  t o  be t r u e  when n = 0,  w e  see t h a t  with 

n = 0 ,  (1) becomes 

S ince  w e  know " t h a t  l! = 1 and t h a t  0 + 1 = 1, w e  may t ransform . 
(21 i n t o  

Since  l ( 0 1 )  = 1, ( 3 )  then  becames 

Equation ( 4 )  e s t a b l i s h e s  t h e  d e s i r e d  r e s u l t ,  b u t  t h e  major l e a r n -  

i n g  exper ience  here  i s  t o  note  t h a t  i t  i s  f o o l i s h ,  a t  l e a s t  i n  one 

manner of speaking,  t o  ask whether ( 4 )  i s  t r u e .  W e  could have 

def ined 01 any way w e  wished. What i s  t r u e  i s  t h a t  ( 4 )  i s  an 

inescapable  conclus ion only  i f  w e  agree  t h a t  we want t o  accept  (1) 

a s  ----s t i l l  being t r u e .  
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In other words, to the student who didn't particularly care whether 


(1) was preserved or not, he would have no logical reason to 

define O! as 1 (uniesswe believe that the fact that he was told 

is reason enough). What happens in most mathematical situations 

is that the alternative of not having the structure obeyed is far 

worse than accepting the structurally-imposed definition. In 

still other words, armed with the choice that he can let O! = 0 

(which seems to be what most students intuitively want to believe) 

but that he must then agree to forego the use of equation (1) when 

there is the possibility that n = 0, the intelligent student would 

sooner give up the option of believing that O! = 0 .  In more 

general form, many difficult mathematical choices as to how to 

define things are decided by how well these choices allow us to 

maintain the previously-defined structure. 

1.1.6 (L) 


a. 	The aim of this part of the exercise is to establish a structural 


similarity between the properties of additions and those of multi- 


plication. Clearly, the product of two numbers is again a number, 


the product does not depend on the order of the factors, nor does 


the product depend on "voice inflection." Stated more formally, 


it is clear that for multiplication, we have 


M-1: If a and b are numbers so also is their product, ab. 


M-2: ab = ba 


M-3: If a, b, and c are numbers then a (bc) = (ab) c. 


Next, we observe that the number 1 does for multiplication what 0 


does for addition. That is, 


M-4: There exists a number, denoted by 1, such that a1 = a for 

all numbers, a. 


Notice that M-1 through M-4 are obtained £ram A-1 through A-4 


simply by interchanging 0 with 1 and the addition notation with 


the multiplication notation. 
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1.1.6 1L) continued 

I n  a  s i m i l a r  way, one might suspec t  t h a t  l/a, o r ,  e q u i v a l e n t l y ,  

a - l  	would p lay  t h e  r o l e  i n  m u l t i p l i c a t i o n  t h a t  -a p lays  i n  addi -  

t i o n .  Th i s  i s  almost  c o r r e c t .  Only w e  must be c a r e f u l  t o  n o t i c e  

t h a t  any number t i m e s  0 i s  s t i l l  0 { t h i s  w i l l  be d i scussed  again  

i n  p a r t  ( b ) ) ;  hence, t h e r e  i s  no number by which w e  can mul t ip ly  0  

t o  o b t a i n  1. Once t h i s  i s  taken i n t o  account ,  however, -we see 

t h a t  

M-5: Given any number a # 0  t h e r e  e x i s t s  a  number denoted by a-I 
(or l / a )  such t h a t  aa" = 1. 

" .  

These f i v e  r u l e s  a r e  t h e  m k t i p l i c a t i v e  c o u n t e r p a r t s  f o r  our  r u l e s  

f o r  addi t ion ,  Notice t h a t  M-5 i n d i c a t e s  t h e  u s u a l  wariness about  

d i v i d i n g  ( s i n c e  d i v i s i o n  is t h e  i n v e r s e  of  m u l t i p l i c a t i o n )  by 0 .  

As y e t ,  however, w e  do not have a s i n g l e  r u l e  which combines addi-  
t i o n  and m u l t i p l i c a t i o n  w i t h i n  t h e  same "rec ipe ."  This is a s c y s s e d  

i n  p a r t  ib). 
b. 	 The d i s t r i b u t i v e  r u l e  which tel ls  us  t h a t  f o r  any t h r e e  numbers a ,  

b,. and e 

i s  a link between a d d i t i o n  and m u l t i p l i c a t i o n .  I n  p a r t i c u l a r ,  if 

w e  take t h e  s p e c i a l  case i n  which b = c = 0, t h e  r u l e  tel ls  u s  

t h a t  

We a l s o  know t h a t  m + 0 = rn f o r  any number m. With m = 0 this 

s a y s  t h a t  0 + 0 = Q, Replacing 0 + 0 by 0 i n  (1) w e  o b t a i n  

S t r ipped  of embellishment, w e  may now s u b t r a c t  a0 from both  s i d e s  

of ( 2 )  t o  o b t a i n  t h e  d e s i r e d  r e s u l t .  To do t h i s  more formal ly  
. , 

w i t h i n  t h e  framework of our  game and a t  the  same t i m e  emphasize 

t h e  use of p rev ious ly  proven theorems, n o t i c e  t h a t  w e  a r e  s u r e ,  



s m 
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from M-1,  t h a t ,  whatever e l s e  is  t r u e ,  a0 i s  a t  l e a s t  a number. 

~ e t ' sc a l l  it b . 7 h e n  ( 2 )  becomes 

We now want t o  show t h a t  b = 0. To t h i s  end we observe t h a t  since 

the  cance l la t ion  law f o r  addi t ion  has already been es tab l i shed  a s  

va l id  i n  the  "gameH of a r i thmet ic ,  it would follow t h a t  b = 0 i f  

we knew, f o r  example, t h a t  b + 0 = b + b,  f o r  we could then simply 

"cancel" b from both s ides  of the  equation ( t h a t  i s  Y + 0 = Y + b ) .  

Now what we do know from A-4 i s  t h a t  b = b + 0.- Thus i f  we replace 

b on the l e f t  s ide  of (3) by b + 0,  we obtain  

and our r e s u l t  follows from ( 4 )  . 
Notice t h a t  we a r e  no t  saying t h a t  our proof i s  unique. Often 

t i m e s  there  i s  more than one va l id  way t o  e s t a b l i s h  a conclusion. 

For example, i n  ( 3 )  once we observe t h a t  -b e x i s t s  (from A-5) , we 
# 

have t h a t  

b +	 (-b) = (b + b)  + f-b) 

and from ( 4 ' )  we can derive our r e s u l t  j u s t  a s  we d id  i n  t h e  o r i -  

gYnal proof of the cance l l a t i on  law f o r  addi t ion.  

The important point  t h a t  transcends t h e  r e s u l t  of t h i s  p a r t  of t he  

exerc i se  is no t  s o  much t h a t  a0 = 0 is t r u e  f o r  numbers, but r a the r  
t h a t  t he  t r u t h  follows inescapably from s ix t een  r a t h e r  obvious 

p rope r t i e s  of a r i thmst ia  [namely, r u l e s  E-1 thr0ugh.E-5, R-1 

through A-5, #-1 thvough M-5, and the  d i s t r i b u t i v e  r u l e ) .  I n  o the r  

words, once a system had a s t r u c t u r e  t h a t  obeyea these s ix teen  

proper t ies  t he  resuz t  of p a r t  (b) follows inescapably. W e  s h a l l  

explore t h i s  idea  i n  more d e t a i l  i n  Exercises 1.1.8 and 1.1.9. 

c. 	 We have al ready proven i n  our supplementary notes  that the  can- 

c e l l a t i o n  law is t ~ @f o r  aCaaZition fi.e., i f  a + b = a + c then 

b = c). The poin t  is that the same r u b s  which were t r u e  for 
add i t i on  t h a t  wdre used i n  t h i s  proaf a r e  a l s o  t rue  f o r  multigfi-

catiora, once we smke sure that a # 0 .  lh f a c t ,  owe a f 0 ,  w e  
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need only  t a k e  t h e  proof i n  t h e  a d d i t i o n  c a s e ,  and everywhere re-

p lace  0 by 1, + by x, and -a by a-'. Without bo the r ing  t o  recopy 

t h e  proof of t h e  c a n c e l l a t i o n *  law f o r  a d d i t i o n ,  t h i s  p rocess  would 

y i e ld 

and a # 0 impl ie s  that 

a n d  t h i s  impl ie s  t h a t  

1a- la)b  = (a-'a)=, 


which i n  turn impl ies  


l x b = l x c ,  


and by M-4 we have 

A quick check should show t h a t  t h e  above proof was obta ined 

"mechanicallyt' from t h e  corresponding proof f o r  a d d i t i o n .  On the 

o t h e r  hand, i f  w e  f o r g e t  about  t h i s  and simply look a t  the  above 

proof a s  it appears ,  wi thout  r e f e r e n c e  t o  any o t h e r  p roof ,  t h e  

proof i s  se l f - con ta ined  i n  t e r m s  of t h e  appropr ia t e  r u l e s  of t h e  

game. It i s  i n  t h i s  sense  t h a t  w e  mean t h a t  two d i f f e r e n t  models 

"behave a l i k e 4 '  provided t h a t  t h e y  sha re  t h e  same " r u l e s  of t h e  

game. " 
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Paraphrased, t h i s  e x e r c i s e  a sks  u s  t o  prove t h a t  i f  t h e  product  of 

two numbers i s  zero  then  a t  l e a s t  one of t h e  two numbers i s  zero .  

S tep  1 

W e  know t h a t  a0 = 0 f f rom (b)1 . Hence, 

a b  = 0 impl ie s  ab = aO. 

S tep  2 

Since a # 0 w e  may cance l  [by ( c ) ]  a from bo th  s i d e s  i n  t h e  equa- 

t i o n  ab = aO. 

Therefore ,  b = 0. 

Note t h a t  w e  could have s t a r t e d  from s c r a t c h  a s  i f  (b) and ( c )  

h a d n ' t  e x i s t e d  t o  o b t a i n  t h e  same r e s u l t .  Namely, a # 0 + a -1 

e x i s t s .  Therefore ,  ab  = 0 + a-'(ab) = a-'0 + a-'(ab) = 0. But, 
-1 -1 a (ab) = ( a  a ) b  = l b  = b;  t h e r e f o r e ,  b = 0. 

However, w e  chose again  t o  emphasize t h e  s t r u c t u r e  of our  game and 

t o  show how prev ious ly  proven theorems a r e  l a t e r  used a s  " f a c t s . "  

1 .1 .8(L)  

The main aim of t h i s  e x e r c i s e  i s  t o  r e i n f o r c e  t h e  concept  of t h e  

game of mathematics from s e v e r a l  p o i n t s  of view. I n  p a r t  ( a )  w e  

want t o  emphasize t h e  use  of a s  an equivalence  r e l a t i o n  even* I = "  

though it does n o t  have t h e  p r o p e r t i e s  of  what w e  u s u a l l y  t h i n k  of 

a s  be ing equal .  

a .  	 Here, f o r  any i n t e g e r s  a and b w e  a r e  d e f i n i n g  a = b t o  mean t h a t  

a and b leave  t h e  same remainder when div ided by 7. ( I f  t h e  equa l  

s i g n  seems t o  cause a mental b lock,  r e p l a c e  a = b by aRb.) While 

t h i s  may seem t o  be a s t r a n g e  form of "equa l i ty ,* '  t h e r e  a r e  o f t e n  

cases  i n  which t h e  remainder i s  more impor tant  than  t h e  quo t i en t .  

For example, t h e  a n c i e n t  Greek o f t e n  came t o  g r i p s  wi th  so-ca l led  

Diophantine equa t ions  i n  which one equa t ion  had two o r  more 

unknowns s u b j e c t  t o  t h e  cond i t ion  t h a t  t h e  va lues  of t h e  unknowns 
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had t o  be in tegers .  A s  an i l l u s t r a t i o n  suppose we want t o  f i nd  

pos i t i ve  i n t ege r s  x and y such that 

In  such an example, w e  a r e  more concerned with values of x f o r  
which 100 and 19x leave t he  same remainder when divided by 5. 

Namely, s ince  the l e f t  s i de  of (1) is  d i v i s i b l e  by 5 ,  the r i g h t  

s i de  must a l s o  be d i v i s i b l e  by 5 i f  t he  equa l i t y  i s  t o  hold. But 

f o r  100 - 19x t o  be d i v i s i b l e  by 5 it i s  necessary (and s u f f i c i e n t )  

t h a t  100 and 19x leave the  same remainder when div'ided by 5 ,  *-

A s  f a r  as t h i s  exerc i se  is concerned, t h e  calendar gives  us an 

exce l l en t  physical  example i n  which remainders when we d iv ide  by 7 

a r e  important. Suppose w e  would l i k e  t o  know what day of t he  week 

it w i l l  be 100 days from now. Since there  a r e  seven days i n  a 

week, every seventh day w i l l  be t he  same day of t he  week as the  

presen t  day. Notice t h a t  100 leaves a remainder of 2 when divided 

b y 7 .  T f i a t i s ,  

I n  o ther  words, 100 days from now i s  p rec i s e ly  14 weeks plus 2 

days,  and a s  a r e s u l t  100 days from now w i l l  occur on t h e  same day 

of the week a s  w i l l  2 days from now. Notice t h a t  i f  a l l  we want 

i s  t h e  day, it is not  s o  important t h a t  t h e r e  a r e  14 weeks i n  100 

days a s  it i s  t h a t  when the  g r e a t e s t  number of weeks is de-m-qted 
from 100 there  a r e  2 days l e f t  over.  

H i s to r i ca l l y ,  the  study of numbers having the  same remainder when 

divided by a given number was known a s  t he  theory of congruences 

and more modernly a s  modular a r i thmet ic .  

I n  terms of t h e  language of congruences, one wrote 

a E b modulo 7 

o r  more compactly 

a Z b (mod 7 )  
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(read as "a is congruent to b modulo seven") to indicate chat a 


and b left the same remainder when divided by 7. 


BY way of a few illustrations, we would write that 


21 5 0 (mod 7), 21 5 7 (mod 7 ) ,  38 2 3 (mod 7). 

On the other hand, 38 f 4 (mod 7) since 38 does not leave a re- 

mainder of 4 when divided by 7. 

Of course, there is no need to emphasize 7. Quite in general, we 


write 


a E b (mod m) 

to indicate that a and b leave the same remainder when divided by 


m. Correspondingly, we write 


a 3 b (mod m) 

if a and b leave different remainders when divided by m. 


Obviously, congruence depends on what number we are dividing by as 

well as on the nunbers themselves. For example, 40 :5 (mod 7) 

since both 40 and 5 leave a remainder of 5 when divided by 7, 
40 3 5 (mod 4) since 40 leaves a remainder of 0 when divided by 4 

while 5 leaves a remainder of 1 when divided by 4 .  

An interesting pictorial way of visualizing "congruence modulo m" 


is to think of the integers arranged sequentially in m columns. 


For example, to study congruence modulo 7, we think of the integers 


arranged in seven columns:
. . . . 
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Then t w o  numbers a r e  congruent modulo 7 i f  and o n l y  i f  they  appear 

i n  t h e  same column i n  o u r  c h a r t .  For example, 5 and 40  appear i n  

t h e  same column. On t h e  o t h e r  hand, i f  we  wrote t h e  numbers 

s e q u e n t i a l l y  i n  f o u r  columns, 5 and 40 would appear i n  d i f f e r e n t  

columns. 

To i l l u s t r a t e  o u r ' c h a r t  w e  began wi th  0 ,  b u t  it should be pointed  

o u t  t h a t  our  c h a r t  i s  n o t  r e s t r i c t e d  t o  non-negative numbers. 

Indeed, w e  c o u l d  a l s o  w r i t e  

I n  t h i s  way, i t  i s  still t r u e  t h a t  numbers i n  t h e  same colwnn l eave  

t h e  same . reminder  when d i v i d e d  by 7.  For example, -12 appears i n  

t h e  same column a s  does 2. Notice t h a t  

and t h u s  -12 l eaves  a remainder of 2 when d iv ided  by 7.  ( W e  must 

keep i n  mind here t h a t  t h e  d e f i n i t i o n  of  remainder r e q u i r e s  that a 

remainder be non-negative,] 

I n  any even t ,  any number is i n  t h e  same column a s  i t s e l f  ( that  is  

when a i s  d i v i d e d  by m it leaves  t h e  same remainder a s  a when it i s  

d iv ided  by m) ; t h u s  f o r  congruence mod m w e  have t h a t  f o r  any 
number a ,  a = a; t h a t  is ,  a :a (modm9. 

Secondly, if t h e  f i r s t  number i s  i n  t h e  s a m e  column a s  t h e  second 

then t h e  second i s  i n  t h e  same column as t h e  f i r s t .  In  terms of 
t h e  a r i t h m e t i c  language, i f  a and b l eave  t h e  same remainder when 
d iv ided  by m s o  a l s o  do b and a .  That i s ,  i f  a :b (mod m) then  

b 5 a (mod m ) .  

F i n a l l y ,  i f  t h e  f i r s t  and t h e  second numbers a r e  i n  the  same column 

and t h e  second and t h e  t h i r d  numbers a r e  i n  t h e  same column then 

t h e  f i r s t  and t h e  t h i r d  numbers a r e  a l s o  i n  t h e  same column. That 

i s ,  i f  a and b l eave  t h e  same remainder when div ided by m and b 
and c l eave  t h e  same remainder when d iv ided  by m ,  then  a and c 

l eave  t h e  same remainder when d iv ided  by m.  
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These t h r e e  r e s u l t s  show t h a t  congruence modulo m i s  an equiva-  1 
l ence  r e l a t i o n .  

b .  The f a c t  t h a t  w e  have an equivalence  r e l a t i o n  mean; i n  terms of 1 
our c h a r t  t h a t  once w e  know one number i n  a column w e  know them 


a l l .  For  example, w i th  r e s p e c t  t o  modulo 7 ,  t h e  column which con-


t a i n s  0 c o n t a i n s  a l l  numbers which l eave  a remainder of 0 when 
 I' 
d iv ided  by 7 ( t h a t  i s ,  t h e  m u l t i p l e s  of 7 ) .  S i m i l a r l y ,  t h e  column 

which c o n t a i n s  1 c o n t a i n s  p r e c i s e l y  t h o s e  numbers which l eave  a I-remainder of 1 when d iv ided  by 7. I n  t h i s  way, w e  can use 

0 ,  1, 2 ,  3 ,  4 ,  5 ,  and 6 t o  name t h e  seven columns. Notice t h a t  we 

then  have a " n a t u r a l "  way t o  add and t o  m u l t i p l y  columns. For 8 
example, suppose w e  t ake  any number i n  t h e  column which c o n t a i n s  3 


and add t o  it any number i n  t h e  column which c o n t a i n s  5. I t  
 Ifo l lows  t h a t  t h e  sum must be i n  t h e  column t h a t  c o n t a i n s  1. 
\ 

Namely, t o  be  i n  t h e  column which c o n t a i n s  3 means t h a t  t h e  number 

must have t h e  form 7k + 3 where k i s  a n  i n t e g e r  ( t h a t  i s ,  a l l  t 
numbers of t h i s  form leave  a remainder of 3 when d iv ided  by 7 ,  and 

t h e  va lue  of k merely p i c k s  o u t  t h e  p a r t i c u l a r  number under con-

s i d e r a t i o n ) .  For  example, i f  k t a k e s  on a l l  i n t e g r a l  v a l u e s  from 8 
-3 t o  3 i n c l u s i v e l y ,  7k + 3 t a k e s  on t h e  v a l u e s  -18, -11, -4,  3,  


10 ,  17, and 24. A l l  of t h e s e  numbers l e a v e  a remainder of 3 when 
 Id iv ided  by 7. 

I n  a s i m i l a r  way, a l l  numbers i n  t h e  column which c o n t a i n s  5 have 


t h e  form 7m + 5 where m i s  an  i n t e g e r .  Thus, t h e  sum of any 
 1 
number i n  t h e  column c o n t a i n i n g  3 and t h e  column c o n t a i n i n g  5 h a s  

t h e  form 1 
1 
8 
1 

where 

IIn = k + m + l .  

II 

I ,  




_CI.. 
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1.1.8(L) continued 

Since t h e  sum of i n t e g e r s  i s  again an i n t e g e r ,  n i s  an i n t e g e r ;  

hence', 7n + 1 leaves  a remainder of  1 when d iv ided  by 7 .  There-

f o r e ,  t h e  sum is i n  t h e  columri which con ta ins  1 a s  a s s e r t e d .  

A s  a second example, i f  w e  mul t ip ly  a number i n  t h e  column which 

con ta ins  4 by a number i n  t h e  column which con ta ins  3 t h e  product  

must be i n  t h e  column which c o n t a i n s  5. Namely, w e  have 

where 

I n  t h i s  way, it is l e f t  .to t h e  reader  t o  show that 

Notice t h a t  t h e  above t a b l e s  g i v e  us an a r i t h m e t i c  which c o n s i s t s  

of  seven elements (no t  t o  be confused wi th  the f a c t  t h a t ,  f o r  

example, i n  o r d i n a r y  a r i t h m e t i c  w e  have on ly  t e n  d i g i t s  0 ,  1, 2 ,  3,  

4 ,  5,  6 ,  7 ,  8 ,  and 9 b u t  t h e s e  may be  combined t o  form i n f i n i t e l y  

many d i f f e r e n t  numbers; i n  our  t a b l e s ,  n o t i c e  t h a t  w e  combine t h e  

numbers 0, 1, 2,  3 ,  4 ,  5 ,  and 6 s o  a s  always t o  o b t a i n  one of 

t h e s e  same numbers). This  i s  why t h i s  type  of a r i t h m e t i c  i s  o f t e n  

r e f e r r e d  t o  a s  f i n i t e  a r i t h m e t i c .  For example, i n  o rd ina ry  a r i t h -  

met ic ,  w e  can never t e s t  a l l  t r i p l e t s  of  numbers t o  s e e  whether i t  

i s  always t r u e  t h a t  a + (b + c )  = ( a  + b )  + c ,  s i n c e  t h e r e  a r e  
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i n f i n i t e l y  many tests to  be made, Havevex, i f  a ,  b ,  and c a r e  

r e s t r i c t e d  to elements l i s t e d  i n  our t ab l ee ,  there  are 343 tests 

t h a t  a l l -  ua t o  check whether addi t ion  is assoc ia t ive .  I n  o the r  

words, a ,  b, and c can each be chosen i n  7 ways; hence, t he re  a r e  

7 x 7 x 7 or .343  ways t o  choose a t r i p l e t  of numbers (a ,b ,c) .  We 

s h a l l  t a l k  more about t h i s  i n  p a r t  (c )  of this exercise .  

As a f i n a l  note ,  let us  observe t h a t  when w e  do t h e  a r i thmet ic  

implied by our two t ab l e s ,  w e  r e f e r  t o  this ar i thmet ic  as modular 

ar i thmet ic .  I n  o the r  words, when we dea l  with t he  columns denoted 

by 0 ,  1, 2, 3, 4 ,  5, and 6, w e  t a l k  about modular-7 a r i thmet ic .  

When w e  t a l k  about t h e  numbers i n  genera l  and wish t o  d i scuss  when 

two numbers belong t o  t h e  same column, then w e  r e f e r  t o  congruence 

modulo 7. For our purposes, w e  need not pursue this f i n e  point .  

c. W e  use t h e  addi t ion  and mu l t i p l i ca t i cn  t a b l e s  constructed i n  (b) .  

(1) I f  w e  w e r e  t r y ing  t o  prove t h a t  f o r  a l l  a ,  b, and c i n  

modular-7 a r i thmet ic  t h a t  a + (b + c) = (a  + b) .+ c, among the 343 
tests t o  be made would be the  comparison of 4 + (5 + 6) and 

(4 + 5) + 5 .  From our t a b l e ,  we have 

and 

( 4 + 5 )  + 6 = 2 + 6 = 1  

Thus, a t  l e a s t  when a = 4 ,  b = 5,  and c = 6, t he  r u l e  a + (b + c )  = 

(a  + b)  + c i s  obeyed. Before we can say t h a t  t h e  r u l e  holds ,  we  
must make s imi l a r  t e s t s  f o r  the  remaining 342 cases.  While t h i s  

may seem tedious ,  it involves a r e l a t i v e l y  small number of s t eps  -
a t  l e a s t  compared with t he  concept of i n f i n i t y .  

( 2 )  F r o m o u r t a b l e  3 + 4 = O a n d l x 5  = 5 .  Hence, 

On the  o ther  hand, 4 x 5 = 6 and 3 + 6 = 2 ,  Hence, 
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Since  2 # 0, it fol lows t h a t  ( 3  + 4 )  x 5 need n o t  equa l  

3 + ( 4  x 5 ) .  I n  o t h e r  words, it would n o t  be a r e a l i s t i c  r u l e  of 

t h e  game t o  r e q u i r e  t h a t  ( a  % b)  x c = a + (b x c )  f o r  a l l  a ,  b ,  

and c ,  s i n c e  we have seen a t  l e a s t  ohe c a s e  i n  which it i s n ' t  t r u e .  

To be  s u r e ,  t h e r e  may be s p e c i a l  c a s e s  when t h e  two r e s u l t s  may be 

t h e  same, such as :  (a + b) x 1 = a + (b x 1) = a + b, b u t  t h i s  i s  

not w h a t ' s  important .  

The f a c t  t h a t  36 = 1 now g i v e s  u s  a ve ry  quick way of determining 

3" f o r  any i n t e g r a l  v a l u e  of n. For example, i f  n = 105,  w e  may 

w r i t e  t h a t  105 = 6 (17)  + 3 .  Hence, 

(By the,way,  i f  w e  remember t h e  connection between modular a r i t h -  

me t i c  and congruences, t h e  f a c t  t h a t  3lo5= 6 i n  modular-7 a r i t h -

met ic  means t h a t  3 lQ5Z 6 (mod 7) . This ,  i n  t u r n ,  means t h a t  3 10 5 

and 6 leave  t h e  same remainder when div ided by 7. I n  p a r t i c u l a r ,  

s i n c e  6 l e a v e s  a remainder of 6 when div ided by 7 ,  it fol lows then 

t h a t  31°5 a l s o  l eaves  a remainder of 6 when d iv ided  by 7. We have 

t h e r e f o r e  found a ve ry  convenient  way of so lv ing  t h e  problem: 

"Find t h e  remainder when 31°5 i s  d iv ided  by 7." To be s u r e  we 

could have a c t u a l l y  computed t h e  number 31°5 and then d iv ided by 7 

t o  compute t h e  remainder. Notice,  however, t h a t  s i n c e  the  log  
105 is(base t e n )  of 31°5 i s  105 ( l o g  3 )  = 105 (0.477) % 5 0 ,  then  3 

. &#&&.1.21', 



approximately s o  t h a t  i n  p lace  va lue  n o t a t i o n  31°5 has  about  

51 d i g i t s ,  and t h i s  is  f a r  from a p l e a s a n t  computation. W e  make 

t h i s  p o i n t  only  t o  i l l u s t r a t e  t h a t  i f  t h e r e  were any s i t u a t i o n  i n  

which w e  wanted to  know t h e  remainder when 31°5 is d iv ided  by 7 ,  

then  modular-7 a r i t h m e t i c  would c e r t a i n l y  be a p r a c t i c a l  invent ion .  

I n  f a c t ,  f o r  t h i s  p a r t i c u l a r  problem, modular-7 a r i t h m e t i c  is  more 

p r a c t i c a l  t h a n  "ordinary" a r i t h m e t i c .  

d.  	 By 3-I w e  mean t h a t  number with t h e  p roper ty  t h a t  3 x 3-I = 1. I f  

w e  look a t  our  m u l t i p l i c a t i o n  t a b l e  w e  see t h a t  3 x 5 = 1. Hence, 

3-1 i s  ano the r  name f o r  5. I n  o t h e r  words, whether it seems un- 

n a t u r a l  o r  n o t ,  i n  modular-7 a r i t h m e t i c ,  3-I = 5. 

e. 	 In  a  s i m i l a r  way, looking a t  t h e  t a b l e  r e v e a l s  t h a t  

From t h i s  w e  w y  conclude t h a t  

-11-I 	= 1; 2-I = 4 ;  3-1 = 5; 4-1= 2; 5 = 3; and 6-1 = 6. 

f .  	 This  i s  t h e  f i n a l  p o i n t  w e  wish t o  make i n  t h i s  e x e r c i s e  about  

s t r u c t u r e .  The proof t h a t  ab  = 0 impl ies  t h a t  a  = 0 o r  b = 0 re-

q u i r e d  on ly  those  p r o p e r t i e s  of o rd ina ry  a r i t h m e t i c  t h a t  a r e  a l s o  

t r u e  i n  modular-7 a r i t h m e t i c .  (Although we  d i d  n o t  v e r i f y  a l l  343 

cases  of  t h e  a s s o c i a t i v e  r u l e  etc. ,  w e  d i d  check t h a t  M-5 was t r u e  

f o r  modular-7 a r i t h m e t i c  s i n c e  t h i s  was e x a c t l y  t h e  r o l e  of p a r t  

(e) of t h i s  e x e r c i s e . )  I n  o t h e r  words, s t r u c t u r a l l y ,  w e  may mimic 

our  proof i n  t h e  case  of o rd ina ry  a r i t h m e t i c ,  n o t i c i n g  t h a t  s t ep -  

by-step,  each s ta tement  i s  a l s o  v a l i d  i n  modular-7 a r i t h m e t i c .  

I t  i s  n o t  our  main purpose t o  t e a c h  modular a r i t h m e t i c  i n  t h i s  

e x e r c i s e ,  b u t  r a t h e r  t o  emphasize f u r t h e r  t h e  s t r u c t u r e  of mathe- 

matics. The i n t e r e s t e d  reader  should f e e l  f r e e ,  of course ,  t o  

pursue t h e  s tudy  of modular a r i t h m e t i c  on h i s  own. This  t o p i c  i s  

inc luded i n  most number theory  t e x t s  a s  w e l l  as i n  textbooks  on 

modern ( a b s t r a c t )  a lgebra .  
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(1) ( 3 x 5) x 2  = 3 x 2 = a  
Therefore, 13 x 51 x 2 = 3 x (5 x 2 )  

3 x  (5x2) = 3 x 4 = 0  I 

( 2 )  	 ( 3 x 5 )  + 4 = 3 + a = 1  

Therefore, 43 x 5) + 4 # 3 x (5 + 4 )  

3 x ( 5 + 4 ) = 3 x 3 = 3I 

( 3 )  5l = 5, s2 = 5 x 5 = 1, s3 = 5

2 
x 5 = I. x 5 = 5, etc. In 

other words, 

r5, if n is odd 


5n = 


if n is even 


Therefore, 51Q00 = 1 which, in terms of divisibility, says that 

51°00 :1 (mod 6 ) , or 5100o leaves a remainder of 1 when divided 
by 6. 

c. 	 (1) 5-I = 5, since 5 x 5-I = 1 and 5 x 5 = 1. 

( 2 )  3-I  doesn't exist since 3x = 1 has no solutions in modular-6 

arithmetic (just look at the multiplication table) . 
d. 	Notice that 3  x  2 = 0 even though neither 2 nor 3 is equal to 0. 

This is not a contradiction to our previous result that if ab = 0 

and a f 0 then b = 0 .  Namely, in the proof of this result we used 
m 1 



Solu t ions  
Block 1: Vector Ar i thmet ic  
Uni t  1: An I n t r o d u c t i o n  t o  Mathematical S t r u c t u r e  

1.1.9 continued 

t h e  * f a c t n  t h a t  i f  a # 0 t h e r e  e x i s t s  a number a - I  such t h a t  

a x a - I  = 1. A s  we  saw i n  p a r t  (c), ( 2 1 ,  t h i s  need n o t  happen i n  

modular-6 arithmeti 'c ( i n  p a r t i c u l a r ,  when a = 3 ) .  Since t h e  r u l e  

does n o t  apply here ,  n e i t h e r  need any inescapable  consequence of 

t h e  r u l e  apply.  
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