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Solutions
Block 4: Matrix Algebra

Unit 4: Matrices as Linear Functions

v=Xx+y

our matrix of coefficients A is given by [

Therefore,

det A =6 - 5

1#0
therefore,
a1l exists
therefore,
g'l exists.

b. If we compute at

directly, we have:

6 5,1 0 L LB & r 1! 1] b1 s
| u 4" [ Wy |
1 R | | 0 1 6 5 : 1 0 A =1 : =6 : =i 6
q
6 5 “ 1 -5
Therefore, if A = |, |, then A ™ = | , 6]
Translated into the language of systems of equations, this tells
us that if
u = 6x + 5y
(1)
v=x+y
S.4.4.1
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4.4.1 continued

then
X =u - 5v
y = -u + 6v

[Notice, of course, that we could have obtained (2) from (1) with-
out a knowledge of matrices, but the matrix coding technique is

very desirable for higher dimensional linear systems.]

From (2), we see that
-1

£ “(u,v) = (x,y)
where

X =1u - 5v

Y -u + 6v

c. In particular,
£1(16,3) = 116 - 5(3), -16 + 6(3)] = (1,2).
As a check, by (1),
£(1,2) = [6(1) + 5(2), 1 + 2] = (16,3).

d. The line in gquestion has as its equation
y = 2X.
With this substitution, equation (2) becomes
-u + 6v = 2u - 10v

or

3u = 16v.

(2)

(3)

S.4.4.2
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4.4.1 continued

This checks with (c) since (1,2) is on y = 2x and (16,3) is on
3u = 1lé6v.

Note

Had we let y = 2x in equation (1), we would have obtained

6x + 10x = 1l6x

=1
]

(4)

N 2N = 3K

<G
I

Equation (4) not only tells us that f maps y = 2x onto 3u = 1l6v,
but it tells us the point-by-point images. For example, if we
pick a general point {x0,2x0),on y = 2x, then by (4), letting

X = xo, we have

u = 16x0

v = 3x0

so that

£(x,,2x (16x,,3x

0} 0)-

In other words, equation (3) yields the range of f without refer-
ence to individual images of elements in the xy-plane, while
equation (4) allows us not only to find the range of f, but the
individual images as well.

4.4.2

a. We have

| Em Pm BE Bl P Pl Em Pl BE Pa AE PR B PG BE Bm em e

u=x + 4y
(1)
v = 3x + 12y
1 4

so our matrix of coefficients, A, is 3 12l whereupon det A =
12 - 12 = 0. Hence, A_l fails to exist. Therefore, §f1 doesn't
exist.

S5.4.4.3
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4.4.2 continued
Dividing the second equation in (1) by the first, we obtain

v _3x + 12y _ 3(x + 4y)
u x + 4y (x + 4y)

Therefore, v = 3u, except possibly when x + 4y = 0.

However, when x + 4y = 0, equation (1) tells us that u = 0 and
v = 0, and this also satisfies v = 3u.

Therefore, the range of f is given by {(u,v):v = 3u} and pictori-
ally, this is the straight line of slope 3 passing through the
origin in the uv-plane.

Note #1

Had we so desired, we could have concluded that v = 3u by our
matrix coding technique. Namely,

1 4:10 14:10
L")
3 12 ,0 1 0 0 ;-3 1

which tells us that the constraint is 0 = -3u + v, or v = 3u. It
also tells us that once the constraint is met, x + 4y = u. 1In
summary, this information tells us that

(1) £ maps no element (x,y) into (u,v) unless v = 3u.

(2) 1f v = 3u, then f(x,y) = (u,v) + x + 4y = u.

Note #2

Our discussion in Note #1 does not require a geometric interpreta-

tion, but such an interpretation does exist. Namely,

S.4.4.4
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Block 4: Matrix Algebra
Unit 4: Matrices as Linear Functions

4.4.2 continued

Y
A

<

v=3u; image of f

This line is

mapped onto (u, ,3u.)
this point — 7/ 0'7°0
mﬁ\ﬂ%ﬁm&&ﬁﬁhﬂigiﬁgihhﬂh
> X > u
X+4y=u
0
domain of f range* of f

This occurs when u = 8, so that the set we seek is x + 4y = 8, or
y = —%x + 2, which is a line of slope —% and y-intercept equal to 2.
We simply find where this line is intersected by the line

y = -%x + 2 since in (c), we showed that every point on y = -%x + 2
is mapped onto (8,24).

[As an algebraic check, we solve

]
[o0]

x + 4y

2x + 9y = 17

to obtain x = 4 and vy = 1, and we then observe that f(4,1) =
[4 + 4(1), 3(4) + 12(1)] = (8,24).]

No other point (x,y) of 2x + 9y = 17 lies on x + 4y = 8. Given any

such point, however, it does lie on some line of the parallel

family x + 4y = Uy where U # B. Since all points on x + 4y = u,

map into (u0,3u0}, this point also maps into (uO,BuO}, and since

u, # 8, (u0,3u0} # (8,24). Therefore,

f(x,y) # (8,24).

*Recall that when f is onto, then the range of f and the image of

f are the same. Otherwise, as in this case, they are different.
S.4.4.5
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1 1 1 1 0 0 1 1 0 0
2 3 2 0 1 ofn -2 1 0
1 3 1 0 0 1 2 -1 0 1
~10:3-10

n | =2 1 0

0:3-21

From the rows of (1), we have:

X+ z=3u-v

y = =2u + v

and the constraint that

3u - 2v + w = 0.

From (3), we see that the range of f is the set

{(u,v,w):3u - 2v + w = 0}.

(1)

(3)

b. The geometric interpretation is that we may view f as mapping xyz-

space into uvw-space. (This is an extension of the 2-dimensional

case in which f mapped the xy-plane into the uv-plane.) Then f

maps the entire xyz-space into (actually, onto) the plane

3u - 2v + w = 0 (or more commonly, w = -3u + 2v) in uvw-space.

c. From (2), if u=v =0, then x + z = 0 and y = 0. Therefore,

f(x,y,z) = (0,0,0) ++ x + z =0 and y = 0

= 2 ==X; ¥=10
Therefore,

s = {(x,0,-x)} > £(8) = {(0,0,0)}.

S.4.4.6
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Block 4 : Matrix Algebra
Unit 4: Matrices as Linear Functions

4.4.3 continued

Using the equation of a line in 3-space, we see that L is given by

u=v=-w (=t)

=0 _ W= -
Putting this into (2) yields

x+2z=3t-t=2t
(4)

y = -2t +t=-t
whereupon
X+ z = -2y

i.e. £(x,y,2) € L +> (x,y,z) belongs to the plane x + z = -2y.

[As a check, we may replace z by -x - 2y in the equations

XxX+y+z=1u

2x + 3y + 2z = v
X+ 3y +z=w
to obtain -y =u =v; y =wW; or u =v = -w.]

4.4.4

Here we no longer have a graphical interpretation, but the arith-
metic ideas remain the same.

5.4.4.7
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4.4.4 continued

%y % Xy T By By by By
' 2 1 1 : i 0 0 0

2 5 3 4 0 i 0 0 “
3 5 2 1 ' o 0 1 0

3 4 1 -1, 0 o o 1]

B 2 1 1 0 0 0]

0 1 2 = 3 0 0 "
0 -1 -1 =2 -3 0 1 0

0o -2 -2 -4 -3 o o 1]

1 S 5 -2 0]

0 1 i 2 =2 1 0 0 @5
0 0 0 -5 0

0 0 0 0 3 0 -2 i

The last two rows of (1) give us the constraints

~

~5b) + b, + by = 0
and \ (2)
3b, - 2by + b, = 0

.J

or, in terms of bl and bz,

b3 = 5b; - b2
b4 = 2b3 - 3b1 = 2(5b1 ¥ b2} = 3bl > (3)
= Tbl = 2b2

-

Equations (3) tell us that the 3rd row (equation) must be five
times the first minus the second [check: 5(x; + 2x, + x5 + X,)
(2x1 + 5x2 + 3x3 + 4x4) = 3x1 + sz + 2x3 ke x4], while the 4th
equation is seven times the first minus two times the second.

S.4.4.8
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Solutions
Block 4: Matrix Algebra
Unit 4: Matrices as Linear Functions

4.4.4 continued

In any event, combining (3) [or (2)] with (1), we have that the
given system is equivalent to

5b, - 2b

X; " X3 7 3%y 1 2

1
(4)

x2 + x3 # 2x4 -2b1 i b2

I

subject to the constraints

b 5b, = b

3 1 2

b4 = 7b1 = 2b2
In other words, if either b3 # Sbl - b2 or b4 # 7b1 = 2b2, then
the given system has no solutions; while if b3 = 5bl - 2b2 and
b4 - 7bl = 2b2, then the given system has infinitely many solutions
as indicated by (4). [Namely, we may choose, for example,‘x3 and
Xy at random and then solve uniquely for Xq and x2.]

b. In particular, if the constraints are met, pick Xq and Xy at
random whereupon (4) yields
Xy = %3 + 3%, + 5b1 = 2b2

(5)

Xy, = ~X3 - 2x4 = 2b1 + b2
The absence of b3 and b4 in (5) merely reflects our constraints.
That is, for (5) to hold, we must have that b3 = 5bl - b2 and
b4 = ?bl - 2b2.

c. Here, again, we have the same problem, only reworded in terms of

4 _4
f:E+E .
(i) The fact that f£(x) = (1,1,1,1) means by the definition of £
that
5.4.4.9
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4.4.4 continued

xl + 2x2 + x3 + x4 =1
2xl + 5x2 4 3x3 + 4x4 = ] .
(6)
3x1 + 5x2 - 2x3 + X, = 1
3x1 + 4x2 + X3 = X, = 1 J
This, in turn, is the previous part of the exercise with bl = b2 B
b3 = b4 = 1. In this case, b3 # 5b1 - b2 (since 1 # 5 - 1).

Hence, the constraints are not obeyed and this means that the
system (6) has no solutions.

In other words, there exists no (xl,xz,xB,x4)£E4 such that
f(xl,xz,x3,x4) = (1,1,1,1).

More generally, in terms of g:E4+E4, we have shown that the exist-
ence of an X in E? such that f(x) = b, where b = (by,bysbq,by),
requires that b3 = 5b1 - b2 and b4 = 7b1 - 2b2. This, in turn,
says that unless b has the form (bl,b2,5bl—b2,7bl—2b2), there is

no X in E4 such that f(x) = b. 1In particular, £ is not an onto

map, since its image contains only those elements of E:4 which are
of the form (bl,bz,Sbl-b2,7bl—2b2).

(ii) In this part of the exercise, we see that bl = I, b2 =1,
b3 = 4, and b4 = 5.

Therefore, b3 = Sbl - b2 is obeyed since 4 = 5(1) - (1) and

b, = Tbl - 2b2, since 5 = 7(1) - 2(1).

Consequently, our constraints are obeyed and as a result there
exist elements x in E4 such that f(x) = (1,1,4,5).

In fact, if we return to the system (5), we have with bl = b2 = 1.

+ 3x- + 3

"
I

X

3 4

(7)

X, = -X3 - 2x4 -1

In turn, (7) tells us that we may pick Xq and X, at random, where-

upon

I TN U9 UE A a =m

L2 L2

5.4.4.10
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4.4.4 continued

filx, + 3x‘1 + 35 “X3 = 2x4 -1, X34 x4) = (1,1,4,5). (8)

3

For example, letting X3 =X, = 0, we have
£(3,-l,0,0) = (11134:5)
while letting Xy = X, = 1, we have

£(7r"4 (l,1) = (1,1,4,5).

In other words, f is not 1-1 since infinitely many 5554 have the
property that f(x) = (1,1,4,5).

As a check of equation (8), we have

{(xB + 3x4 + 3, ~X3 = 2x4 -1, X3 x4] = [{x3 + 3x, + 3) +

B

- 1) + x, + %

= 2(—x3 - 2x 3 4’

2(x3 + 3x, + 3) + 5(—x3 - 23 =

4 4 4

- 1) + 3x, + 4x

3 gv 3

- 3x4 + 3y #* S5[=x,; = 2%, =3q) #

3 3 4

+ 2x3 + x

3(x, + 3x, + 3) + 4(-x, - 2x, - 1) + %x_. - x

4 3 4 3 4 3 = ¥l

= (1,1,4,5).

(There is nothing sacred about solving for Xy and X, in terms of
X4 and Xy The point is that we may solve the original system for
any two of the unknowns in terms of the other two, but we shall

not pursue this point further here.)

4.4.5

The augmented matrix technique yields:
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4.4.5 continued

o
I

3bl L 2b2 = 2b3

(4)

o
]

4b. + 3b2 - 4b

5 i 3

and equations (4) are the constraints.

Again, referring to (1), we see that once the constraints, given by
(4) , are obeyed our system of equations is equivalent to

X: + 4x, + x_. =6b. - b, = b

1 4 5 Il 2 3
Xy = Xy + X = —2b1 + b2 (5)
x3 - x4 = xs = -3b1 + b3

In summary, our system has no solutions if the constraints defined
by (4) are not obeyed, but if the constraints are obeyed, the system
(5) shows us that there are infinitely many solutions. In particu-
lar, we may pick X, and Xg at random, whereupon

X, = -4x4 - Xg < 6b1 - b2 = b3
x2 = Xg = Xg - 2bl + b2 (6)
Xy = X, + Xg = 3b1 + b3

Hence, the function Q:E5+ES is neither 1-1 nor onto. It is not

onto since the only images of f must have the special form

{bl, b b 3bl + 2b = 2B 4b

2 37 + 3b, - 4b3)

7 LR 1 1 2

since these are the constraints.

Moreover, once b has the form

2 = 4b3)

2

there are infinitely many EEEB for which f£(x) = b. Namely, from
(6) , we see that X, and Xg may be chosen at random, whereupon

S.4.4.13
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4.4.5 continued

X = (-4x4 - %+t 6b1 = b2 = b3, Xy = Xg Zbl + b2' X, + x_ -

5 5

= 3bl + b3, Xy xs).

In particular, if b1 = b2 = b3 =0

x = (-4x, - Xer Xy = Xgo Xy F Xg, Xy, x5). (7)

Equation (7) shows us that the image of every element of the form
(-4x4 T Xgy Xy T Xg, X, + Xer Xy xs) is 0 where X, and Xy may be
chosen at random.

S.4.4.14
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