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2 r  s i n  8 (r  cos  8)  1. 	 U s e  p o l a r  c o o r d i n a t e s  t o  o b t a i n  w = --
2 r 

2 s i n  8 cos  8 i f  r # 0. The re fo re ,  w = s i n  28 (r # 0)  and 

t h e r e f o r e ,  l i m  w =  1i m  w = s i n  28 and t h i s  depends 
(x,y)+(O, O )  ( r , e ) + ( o , e o )  0 

3 .  h "  (r)  + 1 h l  ( r ) .  
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3.1.1(L) 

While it was more n a t u r a l ,  i n  t e r m s  of an ex tens ion  of lower 

dimensional cases ,  t o  i n v e n t  t h e  Euclidean m e t r i c ,  t h e  p o i n t  i s  

t h a t  a metric i s  de f ined  s o l e l y  by t h e  p r o p e r t i e s  mentioned i n  

t h i s  e x e r c i s e .  Since,  from a l o g i c a l  p o i n t  of  view, w e  use  nothing 

b u t  inescapable  consequences of  t h e s e  p r o p e r t i e s ,  it fol lows 

t h a t  any m e t r i c  t h a t  has  t h e s e  same p r o p e r t i e s  may be used i n  our  

s tudy.  I n  p a r t i c u l a r ,  w e  want t o  show i n  t h i s  e x e r c i s e  t h a t  t h e  

Minkowski metric has t h e s e  p r o p e r t i e s .  Thus, 

a .  	 Since llxll- = max{lxll , . . . , lxnI} t h e  f a c t  t h a t  each l x i l , ( i = l  ,..., n ) ,  

is  a t  l e a s t  a s  g r e a t  a s  ze ro  guarantees  t h a t  t h e  maximum of t h e  

xi 's  i s  a l s o  a t  l e a s t  a s  g r e a t  a s  zero. This  proves t h a t  

NOW, i f  it happens t h a t  IkII a c t u a l l y  equa l s  0, then by d e f i n i t i o n ,  

t h e  maximum / x i ]  i s  a l s o  zero.  But no 1x.I can be less than zero;  
1 


t h u s ,  t h e  maximum lxil being zero  guarantees  t h a t  a l l  / x i /  equal  

zero  o r  t h a t  a l l  xi = 0,  and t h i s  means t h a t  

A s  f o r  checking t h a t  Ik+YII\< ] l X l l  + Ikll, we  see from t h e  d e f i n i t i o n  

of  t h e  Minkowski m e t r i c  t h a t  t h i s  is  equ iva len t  t o  proving t h a t  

Unless w e  a r e  bothered  by the  f a i r l y  a b s t r a c t  n o t a t i o n ,  (1) i s  

almost  t r i v i a l  t o  prove. Namely, l e t  Ixk+Ykl denote t h e  maximum 

of I xl+yl I ,..., and I xn+yn I . W e  then  have 
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3.1.1 (L) continued 

and, s i n c e  xk and yk a r e  r e a l  numbers, w e  a l r eady  know from p a r t  1 

of our  course  t h a t  ixk+YkI s lxkl + I Y k l .  Hence. 

F ina l ly .  s i n c e  lxk14 max{lxll ,....lxnl}  and lyk l s  maxtlyll ,.., l y n l } ,  

we  have from (2)  t h a t  

I n  f a c t ,  i f  t h e  x ' s  and y ' s  a l l  have t h e  same s i g n ,  e q u a l i t y  can 

hold i f  and only  i f  

which means t h a t  t h e  maximum components of -x and y "match" ( i . e . ,  

have t h e  same s u b s c r i p t ) .  

For example, i f  -x = (2 ,4 ,1)  and y = ( 3 , 2 , 5 ) ,  t h e  maximum components 

do n o t  match ( i n  q it is  t h e  second component, 4 ,  and i n  y it i s  

t h e  t h i r d  component, 5 )  . I n  t h i s  case  x+y = (5 ,6 ,6)  , whence 

Ilx+yll = 6 ;  whi le  Ik(1+ [yll = 4+5 = 9. Thus - l l ~ l l + 11y11.nx+yll < 

On t h e  o t h e r  hand i f  -x = (2 ,5 ,1)  and -Y = (3,7,2)  [where t h e  maximum 

components match],  Ik+YII = max{5,12,3} = 12 whi le  llscll + Ikll = 5+7 = 12 ,  

s o  t h a t  Ik+yII = 1x11 + Ikll. 
F i n a l l y ,  w e  must show t h a t  

A t  any rate, 
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3.1.1 (L) continued 

b. 	 From a mechanical p o i n t  of  view, t h i s  i s  ha rd ly  a l ea rn ing  e x e r c i s e .  

I n  f a c t ,  it i s  more l i k e  a t r i v i a l  d r i l l  e x e r c i s e .  We a r e  given 

t h a t  -x = (2 ,4 ,1)  whi le  y = ( 4 , 4 , 5 ) .  ( W e  picked n = 3 s o  t h a t  you 

could use your geometric  i n t u i t i o n  i f  you s o  des i red ;  t h a t  i s ,  wi th  
-f t -+ n = 3 we  may th ink  of  -x a s  be ing 2 1  + 41 + k ,  e t c ) .  


Then, 


-x * ~= (2) ( 4 )  + ( 4 )  (4)  + (1)(5) = 29 

On t h e  o t h e r  hand, o u r  d e f i n i t i o n  of t h e  Minkowski metric y i e l d s  

t h a t  

llxll- = max{2,4,11 = 4 


and 


l l y l l  = max{4,4,51 = 5 


From (2)  and (3)  we have t h a t  1k11 1k11 = 20, and comparing t h i s  

result wi th  (11, w e  have t h a t  

* 
N o t i c e  t h a t  i f  c>O i s  any c o n s t a n t ,  then 

max{cx l , . . . c x  n I = c max{xl, ...,xnl 


s i n c e  c " m a g n i f i e s "  each x i n  t h e  same r a t i o . 
i 




- - 
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3.1.1 (L)  continued 

Equation ( 4 )  v i o l a t e s  a key property of a do t  product, e spec i a l l y  

a s  we  know it i n  the  2- and 3-dimensional cases. In  o ther  words, the  

Minkowski metr ic  does not obey the  s t r u c t u r a l  property t h a t  i s  so  

of ten  used i n  d o t  products (namely, Ix*yl 6 1 1 ~ 1 1  IkII) while the  

Euclidean metr ic  does have t h i s  s t r u c t u r a l  property (as  w e  have 

proven i n  our supplementary no t e s ) .  

This explains  why most t e x t s  stress the  Euclidean-metric over the  

Minkowski metr ic ,  even though a s  we s h a l l  see  i n  the  next few 

exerc i ses ,  t he  Minkowski metr ic  i s  most he lpfu l  i n  our discussion 

of l i m i t s  i n  the  case of r e a l  functions of n-tuples, expec ia l ly  

with n>3. 

In our l a t e r  work (espec ia l ly  Block 7) we w i l l  do a g r e a t  dea l  of 

work with t he  generalized notion of a do t  product and i n  t h i s  

context the  Euclidean metr ic  has desi red proper t ies  not  shared 

by the  Minkowski metric.  

From the po in t  of view of our "game," however, t he  Minkowski 

metr ic  i s  on a par  with the  Euclidean metr ic  i n  the  type of 

inves t iga t ion  we a r e  cur ren t ly  undertaking where the  dot  product 

of two n-tuples i s  no t  an i s sue .  

lim lim
W e  have x+a f (x) = L1 and g (5)= L2.x+a 


Given E>O, w e  must f i nd  6>0 such t h a t  


0 < Ik-all- < 6 I [ f ( x ) + g ( ~ ) l- [ L ~ + L ~ I< E -+ I 

J u s t  a s  i n  t he  s c a l a r  case, we observe t h a t  

I [ f (x)+g($ l  - [L +L ] I =  I [£(XI-L1l + [9(g-L21 t-.1 2 

6 I f ( x ) - ~ ~ l  l g ( x ) - ~ ~ I+ 

BY d e f i n i t i o n  of L1 and L2 ,  we can f ind  and d 2  such t h a t  
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3.1.2 continued 

J 
Thus i f  6 6 min{61,62) it fol lows from (2)  t h a t  

Combining ( 3 )  with  (1) y i e l d s  t h e  d e s i r e d  r e s u l t ,  namely 

+ E0 < 1lz-zll < 6 1 [f  ( z ) + g ( z )  1 - [L1+L21 I < 

Note : 

I n  t h i s  e x e r c i s e ,  w e  d i d  n o t  have t o  s p e c i f y  whether i t  was t h e  


Euclidean m e t r i c  o r  t h e  Minkowski m e t r i c  t h a t  was being used. The 


p o i n t  i s  t h a t  our  proof used only those  p r o p e r t i e s  t h a t  were t r u e  


f o r  e i t h e r  me t r i c .  To be s u r e ,  t h e  a c t u a l  va lue  of 6 f o r  a given 


va lue  of E might depend on which m e t r i c  was used, b u t  t h e  e x i s t e n c e  


of 6 d i d  not .  


On t h e  o t h e r  hand, t h e r e  may be a tendency t o  t h i n k  i n  terms of  t h e  

Minkowski m e t r i c  when w e  say  " l e t  6 = min{61,62)." The p o i n t  i s  

t h a t  whi le  t h i s  p a r t  of our  l o g i c a l  s t r a t e g y  i s  t h e  same whether 

i t  i s  t h e  Euclidean m e t r i c  o r  t h e  Minkowski m e t r i c  which i s  being 

used, what i s  t r u e  i s  t h a t  t h e  mot ivat ion  behind t h e  s t r a t e g y  i s  

t h e  same a s  t h a t  which i n s p i r e d  t h e  " invent ion"  of  t h e  Minkowski 

me t r i c .  Namely, i n  both  i n s t a n c e s ,  t h e  i d e a  i s  t h a t  t o  make s u r e  

t h a t  something i s  s u f f i c i e n t l y  smal l ,  w e  make s u r e  t h a t  i t s  maximum 

dimension i s  s u f f i c i e n t l y  smal l ,  r e g a r d l e s s  of how we d e f i n e  " d i m e n s i ~ n . ~  

One f i n a l  word t h a t  may be  of i n t e r e s t  i s  t h a t  i n  our  1-dimensional 

s tudy of  c a l c u l u s ,  t h a t  is ,  when w e  were s tudying l i m i t s  of func t ions  

of  a s i n g l e  r e a l  v a r i a b l e ,  t h e r e  was no d i s t i n c t i o n  between t h e  

Euclidean and t h e  Minkowski me t r i c .  The i n t e r e s t i n g  p o i n t  i s  t h a t  



Solu t ions  
Block 3: P a r t i a l  Der iva t ives  
Uni t  1: Functions o f  More Than One Var iable  

i n  t h e  s p e c i a l  case  of n = l ,  t h e  two m e t r i c s  a r e  i d e n t i c a l .  Namely, 

f o r  a r e a l  number, x ,  I x (  a n d 0  a r e  the  same (and, obviously,  f o r  

t h e  case  of only one component, 1x1 = max{lxl}) .  That is ,  e i t h e r  

t h e  Minkowski o r  t h e  Euclidean m e t r i c  would have l e d  t o  t h e  same-
d e f i n i t i o n  of magnitude i n  t h e  case  of  a 1-dimensional space.  

3.1.3(L) 

a .  W e  must f i n d  6 such t h a t  

AS seen i n  our  supplementary no tes ,  Ix +y -311 < € i f  

and 


2
TO make lx  -41 < 5 w e  t ake  i n t o  cons ide ra t ion  t h a t  x i s  nea r  

2 (i.e.,  E i s  smal l ) . That i s ,  w e  may assume t h a t  

2-5 < x < 2 + 5 where 1 5 1 < 1  

I n  p a r t i c u l a r ,  t hen ,  

1 < x < 3  

and t h e r e f o r e  

3 < x+2 < 5 

Thus, near x=2, 

o r ,  from (1) 

From (2)  it is e a s i l y  seen t h a t  Ix-21 < -10 impl ies  t h a t  
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3.1.3 (L) cont inued 

Thus, t h e  r e f e r r e d  t o  i n  o u r  no tes  may be taken t o  be 6.In 

o t h e r  words, 

A s  f o r  making ly3-271< 5 , w e  observe t h a t  

2y3-27 = (y-3) (y +3y+9) 

Hence 


2
1 y3-27 1 = 1 y-31 1 y +3y+9 1 
2

Since  w e  know t h a t  y is  nea r  3 ,  it fol lows t h a t  y +3y+9 is  nea r  27 
2(because we a l ready  Know t h a t  y +3y+9 i s  a continuous func t ion  of y ) .  

I n  p a r t i c u l a r ,  w e  s h a l l  assume y i s  c l o s e  enough t o  3 s o  t h a t  
2y2+3y+9 (= 1 y +3y+9 1 )  < 28. 

With t h i s  i n  mind, ( 4 )  becomes 

From (51, it fol lows immediately t h a t  i f  ly-31 < then 


3 E 

ly -271 < p. I n  o t h e r  words 

and - i s  t h e  6 2  of our  notes .56 
E ESince E i s  p o s i t i v e ,  it i s  c l e a r  t h a t  -56 < - . Hence, i f  

6 = min{b1'62 w e  have 
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3.1.3 (L) continued 

In  summary, using t he  Minkowski metr ic ,  given E > O  choose 6 = E 

Ex 
Then 

[and by our remarks i n  the  supplementary notes,  the  value of 6 a l s o  

s u f f i c e s  i f  we a r e  using the  Euclidean m e t r i c ,  a s  we s h a l l  review 

i n  p a r t  ( b ) l .  

b. P i c t o r i a l l y ,  w e  have 

2 3Since Ix t y  -311 i s  t r u e  f o r  a l l  (x,y) i n  rectangle  ABCD, it i s , i n  

p a r t i c u l a r ,  . t r u e  f o r  a l l  (x,y) i n  the  c i r c l e  centered a t  (2,3) 

with radius  &-. The equation of t h i s  c i r c l e  i s  

In any event  
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3.1.3 (L) continued 

Hence, 

o < \ I  < 
€ 1 ~ ~ + ~ ~ - 3 1 1s+~ ~ ( x , ~ ) - ( 2 ~ 3 )  < 

i s  t r u e  even i f  l l (xfy)- (2 ,3)  11 now denotes t h e  Euclidean metr ic .  

3 2 
W e  have -x = (x1.x2 ,x3 ,x4) , = (1,1,1,1) and f (x)=x12+2x2+x3 +x4- . 
W e  must prove t h a t  

S ince  -1 = (1,1,1,1), t h e  d e f i n i t i o n  of f t e l l s  us  t h a t  

f ( 1 )- = f ( l , l , l , l )  = 12+2(1)  + l3+ l2= 5. Thus, w e  s e e  t h a t  

f  (x)  - e x i s t s  a t  -1 and i t s  value  is  5. Next w e  must show t h a t  

Equation ( 2 ) ,  by d e f i n i t i o n ,  now impl ies  t h a t  f o r  a  given E > O  w e  

must f i n d  6>0 such t h a t  

Up t o  now w e  have n o t  s p e c i f i e d  what m e t r i c  w e  a r e  using.  If we 

s p e c i f y  t h e  Minkowski m e t r i c  (no t ing  t h a t  t h e  same 6 w i l l  a l s o  

work f o r  t h e  Euclidean m e t r i c )  , (3)  becomes 

Find 6>0 such t h a t  
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3.1.4 (L) continued 

We rewrite 1x12+2x2+x33+x42-51 i n  the  more suggestive form 

(s ince  t h i s  i s  how we go t  5 i n  t he  f i r s t  p l a c e ) ,  where upon we 

may conclude t h a t  

3From ( 5 ) ,  lx12+2x2+x3 +xp2-51 w i l l  be l e s s  than E as  soon a s  

This,  i n  tu rn ,  w i l l  happen a s  soon a s  each of our four  summands 

is  l e s s  than i.That i s ,  w e  need only make each of the  numbers 
2 3 EI x1 -1I , 2 1 x2-1 1 , I x3 -1I , and 1 x12-1 1 less than 5. In  o the r  words 

w e  must have: 

The key now is that each of t h e  four  i n e q u a l i t i e s  i n  (6 )  involves 

only s ca l a r s .  In  p a r t i c u l a r ,  s ince  we know t h a t  

l i m  
x2+l X2 = 

l i m  3 = 
x3+l X3 

l i m  2 
x4+l 4 = 
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3.1.4(L) continued 

it fol lows t h a t  w e  can f i n d  61, 6 2 r  cT3 , and 6 4  such t h a t  

I 

Hence, i f  w e  l e t  6 = min~61162163164}Iw e  may conclude from ( 7 )  t h a t  

i f  lxi=ll <6 ( i=1,2 ,3 ,4)  then 

and from (5)  t h i s  guarantees  t h a t  

I n  o t h e r  words, from t h e  d e f i n i t i o n  of  t h e  Minkowski metric, 

which was p r e c i s e l y  what had t o  be shown. 

A major aim of t h i s  e x e r c i s e  i s  t o  have you become convinced t h a t  

t h e  i d e a  of a m e t r i c  a p p l i e s  t o  h igher  dimensional cases  ( i n  our  

example, we used it i n  t h e  4-dimensional c a s e ) ,  and t h a t  t h e  

Minkowski m e t r i c  al lows us t o  f i n d  an n-dimensional d i s t a n c e  i n  

terms of n 1-dimensional d i s t a n c e s .  
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Given E > O  w e  wish t o  determine 6 ,  i n  terms of E such t h a t  

We may take equation (6) of the  previous exerc i se  a s  our s t a r t i n g  

point .  

Namely, near  xl = 1, xl + 1 is  near 2. In  p a r t i c u l a r ,  w e  may 
assume I xl+l 1 = xl+l < 3. Then 

Hence, i f  w e  make sure  t h a t  Ixl-11 < E , w e  obtain  

EIn  summary, with 61 = E! , we have 

2 E 
0 < lxl-11 < 61 lxl -11 <-+ 

and (1)of Equation (6) i n  the  previous exerc i se  i s  obeyed. 

ENext, with respec t  t o  (2) of Equation ( 6 ) .  w e  want ix2-11 < 3, 
but  now it is  t r i v i a l  t o  see  t h a t  ti2 = i,-

allows us t o  say 

A s  f o r  (3) of Equation (6 ) ,  we f i r s t  wr i t e  

when x3 i s  near  1, x3'+x3+l is  near 3. Again, we pick our i n t e r v a l  

small  enough so  that 1 xg2+x3+l1 = x3 '+x3+1 < 4.  Once t h i s  i s  done 

w e  have 
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3.1.5 continued 

and i f  w e  now make s u r e  t h a t  Ix3-11 < E , we have 
3Ix3 -11 E E 
 3 is  obeyed.4 
 and< 
 ) =
 ,, 


I n  summary, i f  w e  l e t  = E then  

F i n a l l y ,  w e  t r e a t  (4)  of Equation (6)  by observing t h a t  nea r  1, 

x4+l  i s  n e a r  2, hence, f o r  a s u f f i c i e n t l y  smal l  neighborhood of 

1, w e  may conclude t h a t  1x4+11 = x4+l  < 3 .  Then. 

s o  t h a t  i f  1 x4-1 1 < E , then  1 x42-11 < aE . That is, i n  t h i s  

E case  w e  may let  g 4  = 12 . 
E E E E
L e t t i n g  6 = min{61,62,63.64), w e  have 6 = En, gr and 

s i n c e  c>O, t h e  f r a c t i o n  wi th  t h e  g r e a t e s t  denominator w i l l  be 

t h e  minimum. 

Hence, w e  may l e t  

6 = =E . 

That i s  

The key p o i n t  i s  t h a t  6 was found by looking a t  four  1-dimensional 

l i m i t s ,  and it i s  i n  t h i s  sense  t h a t  h igher  dimensional problems 

a r e  a s  r e a l  a s  t h e  lower dimensional  ones. Moreover, f o r  every  

x such t h a t  IIx-lll < -E ' ( f ( x ) - 5 1  <- - - 16 
- E. 

(Note:- I f  you have no q u a n t i t a t i v e  f e e l i n g  f o r  6 = 
E i n  t h i s  

e x e r c i s e ,  it might be worthwhile t o  c a r r y  t h e  computational d e t a i l s  
E 
a b i t  f u r t h e r .  Namely, 6 = -16 d e s c r i b e s  t h e  domain 



Solu t ions  
Block 3: P a r t i a l  Der iva t ives  
Uni t  1: Functions of More Than One Var iable  

3.1.5 continued 

i .e . ,  a "4-dimensional cube" 

Assuming t h a t  E > O  i s  s u f f i c i e n t l y  smal l  t o  i n s u r e  t h a t  a l l  numbers 

i n  t h e  above i n e q u a l i t i e s  a r e  p o s i t i v e ,  w e  have 

Theref o r e  

i s  a lower bound f o r  

i n  t h i s  case ,  whi le  

i s  an upper bound. 
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3.1.5 continued 

Simpl i fy ing w e  f i n d  t h a t  x12+2x2+x33+x42 i s  between 

and 

Our c la im now i s  t h a t  f o r  E s u f f i c i e n t l y  smal l  t h e  numbers named 

by (1)and (2)  be between 5-E and 5 + ~ .  For example, assuming t h a t  

~ < 1 ,we have E < E~ < c3, whereupon 

Theref o r e ,  

[Actual ly ,  by choosing 6 t o  be t h e  minimum of 61, ti2, 6 3 ,  and 6 4  

w e  narrowed t h e  i n t e r v a l  and t h i s  i s  why 2481 
E occurred r a t h e r  


than something c l o s e r  i n  va lue  t o  E ]  . 

I n  any even t ,  (3)  shows t h a t  

3.1.6 (L)  

a .  	 Many of  t h e  same ques t ions  t h a t  could have been asked about  l i m i t s  

i n  our  s tudy  of c a l c u l u s  of a s i n g l e  v a r i a b l e  can a l s o  be asked now. 

Among o t h e r  t h i n g s ,  t h e  form 0/0 e n t e r s  i n t o  t h i n g s  he re  j u s t  a s  

before .  P a r t  ( a )  of t h i s  e x e r c i s e  i s  meant t o  emphasize t h a t  

f ( x , y )  cannot  be continuous a t  (0,O) s i n c e  it i s  n o t  even de f ined  t h e r e .  
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3.1.6 (L) continued 

In  s t i l l  o ther  words, i f  f were continuous a t  (0 ,0 ) ,  it would 

mean t h a t  

l i m  

(x,yHO,O) f (x,y) 


bu t  t h i s  i s  impossible s ince  f  (0,O) i s  not  defined (0/0).  

b. 	 Even though f  i s  no t  defined a t  ( 0 ,0 ) ,  it does no t  prevent our 

wr i t ing  1i m  f ( x , y )  s ince  then w e  a r e  i n t e r e s t ed  i n  what (x,yXO,O) 
happens t o  f  a s  (x,y) g e t s  a r b i t r a r i l y  c lose  t o  (0,O) without 

equaling (0,O). The problem is  t h a t  the  l i m i t  might (and i n  

t h i s  case,  it does) depend on j u s t  how (x,y) approaches (0,O) . 
For example, suppose both x and y a r e  not  equal t o  0 and we l e t  

(x, y) approach (0,O) along the  indicated path : 

(Figure 1) 

In t e r m s  of t he  ind ica ted  path,  w e  f i r s t  hold y constant and l e t  

x approach 0. As soon a s  our path reaches t he  y-axis we hold x 

constant  (x=O) and l e t  y approach 0. Computing the  l i m i t  t h i s  

way means 
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3.1.6 (L) continued 

Notice t h a t  (1) i s  a s p e c i a l  way i n  which w e  may w r i t e  

That  i s ,  (1) i n d i c a t e s  b u t  one of t h e  i n f i n i t e l y  many pa ths  by 

which (x ,y)  may approach (0,O). Evaluat ing  (1) y i e l d s  

2 2l i m  [ l i m  x2-y2 ] -- l i m  (-1)= -1 
y+o x+O Y+O x +Y 

On t h e  o t h e r  hand, t h e  pa th  

sugges t s  

2 2 2l i m  x -y - l i m  x - 1 

x+olim[ Y + O  x2+y2 ] - x+O x2 


A comparison of (2)  and (3)  shows t h a t  t h e  va lue  o i  

i n  t h i s  example depends on t h e  pa th  by which w e  approach ( 0 , O ) ;  

s i n c e  even f o r  t h e  two s p e c i a l  pa ths  w e  considered,  w e  g o t  two 

d i f f e r e n t  answers. 

The p o i n t  i s  t h a t  when we say  
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3.1.6 (L) continued 

w e  mean the  l i m i t  e x i s t s  and i s  L f o r  every possible  path by which 

-x+a.- ( In  higher dimensions it means t h a t  when w e  make )xl-all ,..., 
and Ixn-an 1 small ,  our numerical answer must be independent of 

t h i s  order  i n  which we make these  q u a n t i t i e s  small ,  and t h i s ,  i n  

tu rn ,  says t h a t  our answer i s  uniquely determined once xk is  

s u f f i c i e n t l y  c lose  t o  ak f o r  k = 1,...,n ) .  

From a more pos i t i ve  po in t  of view, i f  w e  a r e  t o l d  t h a t  

l i m  
(x ,y )+(a ,b)f (x,y) 

e x i s t s ,  then we can be sure  t h a t  i t s  value,  among o ther  ways, i s  

given by e i t h e r  

The main caution i s  t h a t  unless  we know the  l i m i t  e x i s t s ,  these  

two d i f f e r e n t  l i m i t s  may y i e l d  d i f f e r e n t  answers, a s  i n  t he  case 

of the  presen t  exercise .  

c.  	 Here we t r y  t o  show what goes wrong near  t he  o r ig in  by u t i l i z i n g  

po la r  coordinates.  (Among o ther  th ings ,  t h i s  shows us t h a t  

po la r  coordinates have a purpose q u i t e  a p a r t  from c e n t r a l  force  

f i e l d s :  ) 

Let t ing  x = r cos 8 and y = r s i n  8 we see  t h a t  

2 2 2 
= r 	(cos +s in  8) *~ 

2 
x +Y r 

2 2 = cos 8 - s i n  8 provided r f 0 

= cos 28 	 provided r f 0 
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3.1.6 (L) continued 

I n  o t h e r  words, computing 

is e q u i v a l e n t  t o  computing r+olimcos 20. 

The p o i n t  i s  t h a t  t h e  va lue  of cos 20 depands only  on 8 - n o t  r. 
IT

For example, i f  we  choose t h e  r ay  8 = gr  then cos 28 = -2 ' Therefore,  
IT

i f  (x,y)+(O, O )  a long t h e  r a y  9 = then  

'TT 
A s  a check, n o t i c e  t h a t  i n  Car tes i an  coord ina tes  t h e  r ay  8 = -i; 

IT

becomes t h e  h a l f - l i n e  $ = t a n  i; i n  t h e  f i r s t  quadrant .  Since 

t a n  -1T = -1 w e  have y = -X on t h i s  ray.  Thus, 
43 J?j 

Therefore ,  

l i m  
2 2 1 , a s  p red ic ted .  

P i c t o r i a l l y ,  
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I f  (x,y)#(O,O), f (x,y) i s  constant 

on each ray 0=80' but  the  value of 


the  constant  depends on O O .  Namely, 


the  constant  is cos 200; i.e., f o r  each 


po in t  (x,y) on t he  l i n e  0=00,  


f  (x,y) = cos 200. 


[ (0 ,0 )  i s  excluded from consideration 

on 8=001 s ince  


.'. .'. 

x ~ - ~ ~ 
f (x,y) = - only i f  (x,y)#(O , O )  I .  


x +Y 


(Figure 2) 

In  summary, here, we have a r a t h e r  exceptional example i n  which 

w e  can make f ( x , y )  take on any value i n  [-1,lI merely by choosing 

the  appropria te  path  by which w e  allow (x,y)+(O,O). 

3.1.7 

a. We have 

Le t t ing  x = r cos 0 and y = r s i n  0 ,  we have t h a t  

2 r  cos 8 (r s i n  8) f (x,Y) = f (r cos 8, r s i n  0 )  = 2 

r 


= 2 s i n  8 cos 8, provided r # 0 

theref  o re  

f ( x , y )  = s i n  2 0 ,  provided r # 0 
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t h e r e f o r e  

1i m  	 lim s i n  28 = s i n  200 
(x,y)-+(O,O)f (x ,y)  = 	 r+O 


8'8 


Since t h e  pa th  i s  determined by e O ,  (2)  shows t h a t  d i f f e r e n t  pa ths  

l e a d  t o  d i f f e r e n t  va lues  f o r  t h e  l i m i t .  This  w i l l  be explored  

i n  more d e t a i l  i n  t h e  remaining p a r t s  of  t h i s  e x e r c i s e  and a l s o  

i n  t h e  nex t  e x e r c i s e .  

b. I f  e0 = a'A , (2)  y i e l d s  

1i m  f ( x , y )  = s i n  2 ( $ ) = s i n  -T = 1 .
(x,y)+(O,O) 	 2 

A s  a check O0 = aIT corresponds t o  t h e  r a y  y=x, ~ 2 0 .  I n  t h i s  e v e n t ,  

w e  have 

2 
f ( x , ~ )  = 2x -- 1 ( i f  x#Ol 


X +X 


Therefore,  on y=x, x30, w e  have 


l i m  

(x,y)+lO,O) f ( x , y )  = 1 


which checks wi th  ( 3 ) .  

c. Along t h e  r a y  8=0, (2)  y i e l d s  

l i m  f ( x , y )  = s i n  2 (0)  = 0
(x,y)+(O,O) 


A s  a check t h i s  is  t h e  ray  y=O, xbO. I n  t h i s  even t  




- - -  
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theref  o r e  

When 8 = 71 , 28=r and s i n  28 = 0. Therefore, on the  ray x=O, 

theref  o re ,  

l i m  .%- = o i n  this case a lso.  
(x,y)+(O,O) +y 

Comparing (b) and (c) we see t h a t  while l i m  
f (x,y) = 0(x,y)+(O, O )  

i f  (x,y)+(O,O) e i t h e r  along the  x-axis o r  t he  y-axis, 

1i m  ITf (x ,y )  = 1 along the  l i n e  of approach 8 = T.  This shows 
(x,y)+tO,O) 


l i m 

t h a t  (1) (x ,y )+ (O,O)f (x,y) does no t  e x i s t  s ince  i t s  value depends 

on the  path by which (x,y)+(O,O) , and a s  an as ide,  ( 2 )  merely 

knowing t h a t  f ( x , ~ )  approaches the  same l i m i t  a s  (x,y) approaches 

(0,O) along e i t h e r  the  x- o r  the  y-axis is  no t  enough t o  say t h a t  

this common value is l i m  f (x ,y ) .  
(x,y)+(O,O) 

3.1.8(L) 


In  a way, this exerc i se  is a coro l la ry  t o  t h e  previous one, bu t  


it i s  of enough s ign i f icance  i n  terms of what comes next  i n  our 


course t h a t  w e  wanted t o  present  the idea  here. 
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In  our  l a t e r  work, e x p e c i a l l y  wi th  2-tuples,  w e  s h a l l  s e l e c t  two 

p a t h s  ( four ,  count ing  sense)  by which (x ,y)  w i l l  approach ( a , b ) ,  

and w e  s h a l l  t r y  t o  do almost  eve ry th ing  e l s e  i n  terms of what 

happens along t h e s e  two pa ths .  The pa ths  w i l l  b e  (1)w e  hold 

y cons tan t  and l e t  x approach a ,  then w e  hold  x cons tan t  and l e t  

y approach b; (2)  w e  hold  x cons tan t  and l e t  y approach b ,  then 

w e  hold  y c o n s t a n t  and l e t  x approach a .  These two pa ths  a r e  

i n d i c a t e d  below. 

h Y  

( a ,b) 
9 X 

Now, a s  w e  s a i d  i n E x e r c i s e s  3.1.6 and 3.1.7, t h e  l i m i t  o f  f ( x , y )  

a s  (x ,y)  approaches ( a , b )  may be d i f f e r e n t  along these  two paths .  

The p o i n t  i s  t h a t  it should n o t  be s u r p r i s i n g  t h a t  t h e  l i m i t  

depends on t h e  pa th  a s  w e l l  a s  t h e  p o i n t  of eva lua t ion  of t h e  

l i m i t ;  y e t ,  a s  w e  g e t  f u r t h e r  i n t o  t h e  course ,  we s h a l l  become 

more and more preoccupied wi th  t h e  two s p e c i a l  pa ths  d iscussed 

above. What w i l l  happen i s  t h a t  w e  s h a l l  have, i n  g e n e r a l ,  

s u f f i c i e n t l y  smooth func t ions  s o  t h a t  what happens along t h e s e  

two s p e c i a l  pa ths  w i l l  govern what happens along any o t h e r  p a t h ,  

b u t  b a r r i n g  t h i s  " s u f f i c i e n t  smoothness," there i s  no guarantee 

t h a t  what happens along t h e s e  two s p e c i a l  p a t h s  i s  enough t o  t e l l  

us  what happens along every  path .  

This  e x e r c i s e  i s  meant a s  a forewarner; it i s  designed t o  make 

s u r e  t h a t  w e  understand t h a t  when w e  say "independent of t h e  

pa th"  w e  mean more than j u s t  e i t h e r  t h e  h o r i z o n t a l  o r  v e r t i c a l  

d i r e c t i o n s .  
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Based on the  f a c t  t h a t  f a s  defined i n  the  previous exerc i se  was 

no t  defined a t  ( 0 ,0 ) ,  coupled with t he  f a c t  t h a t  the  l i m i t  of f 
IT 
a s  (x,y) approached (0,O) along the  rays  8=0 and 8 = was 0, 

we  a r e  motivated t o  def ine  a new function g by: 
r 

In  o ther  words, the  g of t h i s  exerc i se  and the  f of the  previous 

exerc i se  a r e  i d e n t i c a l  provided t h a t  (x,y) # (0 ,0 ) ,  but  a t  (0,O) 

f i s  no t  defined while g i s  defined,  and, i n  p a r t i c u l a r ,  g(O,O)=O. -
a.  	 We already know from the previous exerc i se  t h a t  g is  no t- con-

tinuous a t  ( 0 ,0 ) ,  s ince  among o the r  th ings  we showed t h a t  i f  
IT


(x,y) approached (0,O) along the  ray 8 = -4 , then 

l i m .* = 1 
(x.~) ' (o .o)  +Y 

Notice t h a t  the  meaning of " l im i t "  i n  (2) tel ls  us t h a t  

(x,y)# ( O , O ) ,  and under t h i s  condit ion,  (1) tells us t h a t  

Hence, (2) may be replaced by 

l i m  g(x,y)  = 1 # g(0,O) , s ince  g(O,O) = 0.(x,y)+(O,O) 
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Thus, a t  l e a s t  along t h e  pa th  de f ined  by 8 = aIT 

Equation ( 4 )  t e l l s  us  t h a t  g i s  n o t  continuous a t  (0,O) s i n c e  i f  

it were 

l i m  g ( x , y )  = g(0,O)
(x,y)-t(Q,O) 

along every  pa th  connecting t o  (0,O) . 
b. What w e  want t o  show h e r e  i s  t h a t  

i f  t h e  approach i s  along e i t h e r  a x i s .  

I f  w e  approach (0,O) along t h e  x-axis ,  y=O f o r  t h e  e n t i r e  pa th .  

Thus we o b t a i n ,  along t h i s  pa th ,  

l i m  l i m  
(x,y)+(O,O) 

-- l i m  
x-to 4% 


x +Yy=o 

* 
-- l i m  0 

x-to 7 

* R e c a l l  t h a t  x+O i n c l u d e s  both  X+O+ and X+O-. In terms o f  p o l a r  
c o o r d i n a t e s ,  we must check t h a t  the  l i m i t s  e x i s t  and are  equal  f o r  
the  two r a y s  8=0 and @=IT. In t h i s  c a s e ,  s i n c e  g ( x , y )  i s  s i n  2 8  
f o r  ( x , y ) #  ( 0 , 0 ) ,  but  8=0 and IT make g ( x , y )  = 0 a s  (5 )  i n d i c a t e s .  



Solu t ions  
Block 3: P a r t i a l  Der iva t ives  
Unit 1: Functions of More Than One Var iable  

3.1.8 (L)  continued 

S imi la r ly ,  approaching (0,O) along t h e  y-axis y i e l d s  

l i m  --
(x,y)+(OI01 x-I-" 0 * 

x +Y
Y+O 

-- l i m  -0 

Y+O y2 


This example shows once and f o r  a l l  t h a t  i f  

l i m  
(x,y)+(O,O) g ( x , y )  = g(0,O) 

a s  ( x , y ) +(0 , O )  along e i t h e r  a x i s ,  w e  cannot guarantee t h a t  g i s  

continuous a t  (0,O). ( T r i v i a l l y ,  Of course ,  i f  we  know t h a t  g i s  

continuous a t  (0,O) then i n  p a r t i c u l a r  (6)  must be t r u e .  That  i s ,  

once w e  know t h a t  1i m  
+ ( O , O ) g ( ~ I y )g(0,O) f o r  every pa th ,= 

( ~ I Y )  

then w e  know t h a t  i t ' s  t r u e  f o r  a p a r t i c u l a r  path;  i f ,  however, 

we  know what t h e  l i m i t  is  f o r  some p a r t i c u l a r  pa th ,  w e  cannot 

n e c e s s a r i l y  conclude what it i s  f o r  every  path . )  

Our main aim here  is  t o  show how much more complicated func t ions  

of s e v e r a l  v a r i a b l e s  a r e  than func t ions  of a s i n g l e  v a r i a b l e .  

W e  have d e l i b e r a t e l y  chosen t h e  case  n=2 here  s o  t h a t  (1) w e  can 

again c a p i t a l i z e  on any geometric i n t e r p r e t a t i o n s  and (2)  w e  can 

show t h a t  t h e  complicat ions do n o t  r e q u i r e  t h a t  we have more than 

t h e  "usual"  3-dimensional space. 

The proof i s  n o t  r e a l l y  t o o  d i f f i c u l t  once w e  g e t  t h e  hang of 

th ings .  ( I f  you have d i f f i c u l t y  v i s u a l i z i n g  our  approach, perhaps 

i f ,  a s  w e  proceed, you r e f e r  t o  Figures 1 and 2 , t h i n g s  w i l l  s e e m  

c l e a r e r . )  To begin wi th ,  i f  f happens t o  be a  cons tan t  func t ion  
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( i .e. ,  f  (xl,yl) = f ( x 2 , y 2 )  f o r  every  p a i r  of p o i n t s  (xl,yl) 

and (x2 ,y2)  i n  t h e  domain of f )  , t h e  a s s e r t i o n  of  t h e  theorem 

fol lows t r i v i a l l y ,  f o r  i n  t h i s  case  t h e r e  i s  a number c such t h a t  

f ( x , y )  = c f o r  a l l  (x,y)  i n  t h e  domain of f .  

Thus, t h e  i n t e r e s t i n g  case  i s  when f  i s  n o t  a cons tan t  funct ion .  

Assuming, t h e r e f o r e ,  t h a t  f  is  n o t  a cons tan t  func t ion ,  t h e r e  a r e  

a t  l e a s t  two p o i n t s  P (xl,  yl) and Q (x2 ,  y2)  f o r  which f  (PI # f ( Q )  . 
Now p ick  any number, s u b j e c t  only t o  t h e  cond i t ion  t h a t  it l i e  

between f ( P )  and f ( Q ) .  That  t h e r e  a r e  such numbers i s  guaranteed 

by t h e  f a c t  t h a t  f  (P) # f ( Q ) .  L e t  us  des igna te  one such number 

by m. Le t  C denote any curve t h a t  connects  P and Q. Since f  

i s  continuous,  t h e r e  must be some p o i n t  on C ,  say X ,  f o r  which 

f (X)  = m, s i n c e  a continuous func t ion  t akes  on a l l  i t s  in te rmedia te  

values.  

Of course ,  while you a r e  l i k e l y  t o  accep t  t h i s  l a s t  s ta tement  a s  

being t r u e  ( o r  a t  l e a s t ,  a s  being r e a s o n a b l e ) ,  t h e  f a c t  remains 

t h a t  w e  proved it  only  i n  t h e  case  of a s i n g l e  r e a l  v a r i a b l e .  

This  proof can be extended t o  t h e  case  of  func t ions  of s e v e r a l  

r e a l  v a r i a b l e s ,  b u t  it i s  beyond o u r  p r e s e n t  purposes t o  become 

s o  computat ionally involved a t  t h i s  t i m e .  While t h e  i n t e r e s t e d  

reader  should f e e l  f r e e  t o  prove t h i s  r e s u l t  on h i s  own i f  he s o  

d e s i r e s ,  w e  w i l l  use  a geometr ica l  i n t e r p r e t a t i o n .  Recal l  t h a t  

i n  t h i s  case  t h e  domain of f i s  t h e  e n t i r e  xy-place. Now suppose 

t h a t  f  i s  continuous.  This  means, p i c t o r i a l l y ,  t h a t  t h e  s u r f a c e  

z = f ( x , y )  i s  unbroken. Again, t o  add concre teness  t o  our  d i s -  

cuss ion,  l e t  us  r e p l a c e  such l i t e r a l  p o i n t s  a s  P and Q by t h e  more 

s p e c i f i c  p o i n t s ,  say ,  P ( 1 , 2 )  and Q ( 3 , 4 ) .  Suppose, without  l o s s  of 

g e n e r a l i t y ,  t h a t  f ( 1 , 2 )  = 6 whi le  £ ( 3 , 4 )  = 9. Now l e t  C be any 

continuous curve t h a t  jo ins  P t o  Q. The pa th  genera ted  by a l i n e  

p a r a l l e l  t o  t h e  z-axis  running along C g i v e s  us a cy l inder .  (Recal l  

t h a t  mathematical ly a c y l i n d e r  i s  obta ined by t r a c i n g  along any 

curve i n  t h e  p lane  wi th  a l i n e  perpendicular  t o  t h e  c u r v e ) ,  and 

t h i s  c y l i n d e r  i n t e r s e c t s  t h e  s u r f a c e  z = f ( x , y )  t o  form an un- 

broken (space)  curve.  A l l  we a r e  now saying i s  t h a t  s i n c e  
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t h i s  space curve i s  unbroken, and it passes  through t h e  h e i g h t s  


6 and 9,  it must pass  through every  h e i g h t  between 6 and 9. 


S t a t e d  i n  terms of p lanes ,  w e  a r e  saying t h a t  our  space curve 


o r i g i n a t e s  i n  t h e  p lane  z = 6 and t e rmina tes  i n  t h e  p lane  


z = 9. Since  t h e  curve i s  unbroken, it must i n t e r s e c t  every  


p lane  z = k where 6 < k < 9. 


Thus, s t i l l  us ing o u r  p a r t i c u l a r  example, s i n c e  6 s 8 < 9 ,  


t h e r e  i s  a p o i n t  P 1 on t h e  continuous curve C1 which connects  


(1 ,2 )  and (3 ,4)  f o r  which £(PI)  = 8. 


Notice t h a t  C1 was any curve t h a t  connected (1,2 and (3 ,4)  . 

The p o i n t  i s  t h a t  t h e r e  a r e  i n f i n i t e l y  many such continuous 


curves which have no p o i n t s  o t h e r  than (1 ,2)  and (3 ,4)  i n  common. 


For each of t h e  curves Cn,  t h e r e  i s  a p o i n t  Pn f o r  which f ( P n ) = 8 .  


S ince  t h e  curves i n t e r s e c t  only a t  (1 ,2)  and (3 ,4)  t h e  p o i n t  


Pi on Ci cannot  be t h e  same a s  t h e  p o i n t  P on C (no Pn can 

j j


be e i t h e r  (1 ,2)  o r  (3 ,4)  because f ( P n )  = 8 whi le  f ( 1 , 2 )  = 6 

and f ( 3 , 4 )  = 9 ) .  Thus, w e  have i n f i n i t e l y  many d i f f e r e n t  p o i n t s  

P1, P2, . . . ,  Pn, .... f o r  which f ( p l )  = f ( P 2 )  =. . .=f(Pn) = ... = 8. 

An a t tempt  t o  summarize t h e s e  r e s u l t s  p i c t o r i a l l y  i s  made below: 
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1. 	 Cn i s  a continuous curve 3. P'  i s  i n  t h e  p lane  
2=6 s i n c e  i t si n  t h e  xy-plane connecting 	 coord ina tes  a r e  (1 ,2 ,6)

P(1 ,2 )  and Q ( 3 , 4 ) .  	 Q '  i s  i n  2=9 s i n c e  i t s  
coordinates  a r e  ( 3 , 4 , 9 ) .

2. 	 The ( r i g h t )  c y l i n d e r  
along Cn i n t e r s e c t s  t h  4 .  The p lane  2=8 i n t e r -  
s u r f a c e  z = f ( x , y )  s e c t s  P ' Q '  a t ,  a t  l e a s t ,  
a long t h e  space one p o i n t  Qn s i n c e  
curve P 'Q ' .  P ' Q '  i s  a continuous 

curve. 

Y 

The p r o j e c t i o n  of Qn i n t o  t h e  xy-plane 

y e i l d s  Pn on Cn whereupon f (Pn) = 8. 
X 

(Figure  1) 

The impor tant  t h i n g  i n  Figure  1 is  t h a t  Cn was any continuous curve 

t h a t  j o i n s  P t o  Q. There a r e  i n f i n i t e l y  many such curves with 

no p o i n t s  of  i n t e r s e c t i o n  o t h e r  than P and Q. I n  Figure 2 four  

such curves C1, C 2 ,  C j ,  C4 a r e  drawn. By  t h e  cons t ruc t ion  i n  

Figure  1, we  may o b t a i n  P1 on C1, P2 on C 2 ,  P3 on C3,  P4 on C 4  

such t h a t  f (Pn) = 8 f o r  every  n = 1 ,2 ,3 ,4 .  
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(Figure 2) 

The po in t  w e  now wish t o  make ac tua l ly  begins with t he  so lu t ion  of 

t h i s  exercise .  We have now shown t h a t  i f  f:E2+E is any continuous 

funct ion,  then it i s  impossible f o r  f t o  be 1-1. In  f a c t ,  i n  the  

p a r t i c u l a r  i l l u s t r a t i o n  we used, t he re  were i n f i n i t e l y  many po in t s  

i n  the  domain of f a t  which f was 8. 

What t h i s  exerc i se  shows i s  t h a t  i f  t h e  mapping from n-dimensional 

space (with n > l )  i n t o  1-dimensional space is continuous, then f 

cannot be 1-1. Restated more formally: 

I f  n > l  and f : E ~ + E  i s  continuous then f i s  no t  1-1, and, i n  f a c t ,  

there  can be i n f i n i t e l y  many elements i n  En which have the  same 

image i n  E. 

(Notice t h a t  our argument holds i f  the  domain of f i s  any subset  

of En. That is, a l l  t h a t  our argument required was t h a t  

f ( P ) # f ( Q )  nomatter  how c lose  t o  each o the r  P and Q might be.) 

Thus, w e  should begin t o  f e e l  t h a t  while much of t he  theory f o r  

funct ions  of n-tuples i s  a genera l iza t ion  of the  r e s u l t s  f o r  t he  

1-dimensional case ,  t he re  a r e  enough new "wrinklesn when n > l  t o  
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remind u s  t o  be on guard. Among o t h e r  t h i n g s ,  t h e r e  a r e  i n f i n i t e l y  

many continuous func t ions  £:E'+E which a r e  1-1 (namely those  

whose graphs a r e  e i t h e r  monotonically r i s i n g  o r  monotonically 

f a l l i n g ). 

By now, we  hope t h a t  it is v i r t u a l l y  se l f - ev iden t  t o  you t h a t  n=4 

was chosen simply f o r  concre teness  and t h a t  our  approach extends  

verbatim t o  any value  of n. 

TO prove t h a t  "=" i s  an equivalence  r e l a t i o n  w e  must show t h a t  

(1) 5 = a f o r  each asE 4 

4(2)  a = b + b = a ,  a a n d b i n E  

(3) g = b a n d b = c + a =- -c 

AS f o r  ( I ) ,w e  have 5 = (al,a2 ,a3  , a4 )  where al,a2 ,a3  , a4  a r e  a l l  

r e a l  numbers. By t h e  p r o p e r t i e s  of  e q u a l i t y  f o r  r e a l  numbers, we 

know t h a t  

-al = al ,  a 2  - a2 ,  a3  = a3, and a4 = a4. 

Hence, by d e f i n i t i o n  of vec to r  (n- tuple)  e q u a l i t y ,  we  have 

which e s t a b l i s h e s  t h e  v a l i d i t y  of (1). 

(Notice how (1)was e s t a b l i s h e d  f o r  by v i r t u e  of t h e  corresponding 

p roper ty  o f  e q u a l i t y  f o r  r e a l  numbers). 
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AS for (21, let a - = (al,a2,a3,a ) and b - = (bl,b2,b3,b4). Then, 
by definition, a = b means 

al = bl, a2 = b2, a3 = b3, and a4 = b4 

But, for real numbers, equality is symmetric. Hence, we may 

conclude that 

bl = al, b2 -- a2, b3 = a3, and b4 = a4 

whence, by definition, 

or 


b = 5 

which establishes the validity of (2). 


Finally, to establish the validity of (3), we let 


-a = (al,a2,a3,a4), b = (bl,b2,b3,b4) and c - = (c1,c2,c3,c4). 

Then, from a = b we conclude that 


al = bl, a2 = b2, a3 = b3 and a4 = b4, 


while from b = -c we conclude that 


b1 = c  b2 = c2, b3 = c3, and b4 = C4 

Since for real numbers, a = b and b = c+a = c, we may conclude 

from (1) and (2) that 

al = cl, a2 = c2, a3 = c3 and a4 = c4 . 
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Hence 

Notice how t h i s  proof augments our  remark i n  t h e  supplementary 

n o t e s  t h a t  t h e  f a c t  t h a t  = i s  an equivalence r e l a t i o n  on E~ i s  

induced by t h e  f a c t  t h a t  v e c t o r s  may be viewed a s  n- tuples ,  

each of  whose components i s  r e a l ,  and e q u a l i t y  i s  an equivalence 

r e l a t i o n  on t h e  r e a l  numbers. 

3.1.11 

(Note: The technique used i n  t h i s  s p e c i f i c  e x e r c i s e  i s  t h e  one 

used whenever w e  decide  t o  view v e c t o r s  i n  terms of t h e i r  com-

ponents)  . 
4

We have, by d e f i n i t i o n  of t h e  a r i t h m e t i c  of E , t h a t  

Hence, by our  d e f i n i t i o n  of  d o t  product  

a (b+c) = (al,a2 ,a3 la4) (bl+clIb2+c2 ,b3+c3 ,b4+c4)-

Since t h e  a s ,  bk I s  and c k l s  (k=112,3,4) a r e  numbers, we know 

t h a t  (1)may be r e w r i t t e n  a s  
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which, i n  tu rn ,  is  

which proves t he  required r e s u l t .  

Again, no t ice  how we e f f ec t i ve ly  reduce t he  study of E~ t o  four  

separate  s tud i e s  of E1 ( i .e . ,  t he  four  components of any vector  

[n-tuple] i n  E
4

). That is ,  the  vector  r e s u l t  i s  induced by the  

corresponding s c a l a r  r e s u l t .  
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