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Study Guide

Block 3: Partial Derivatives

Unit 5: The Chain Rule, Part 1

1. Lecture 3.040

The Chan Rule
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2. Read Thomas, Section 15.7.

Gl GaE e

3. E=xercises:

3.5.1(L)

Let f:E3+E be defined by f(x,y,z) = x2 + y2 + 22, and let P be the

plane whose equation is given by

y = 2r + 3s

4r + Ts

™
I

a. Letting the domain of f be restricted to P, express w as a function
of r and s where w = f(x,y,z).

b. Use the result of (a) to compute W

c. Compute W, directly from the chain rule [i.e., without using (a) or
(b)1].

3eb.2

Let f:E?>E be defined by

f(x) = f(xl,xz,x3,x4) = xlx4 A+ XXX + x2x3x4,

and let R denote the subset of E4 defined by Xy = hltt),
X, = hztt), Xy = h3(t}, and By = h4(t), where hl' hz, h3, and h4
are differentiable functions of t.

a. If we let w = g(xl,xz,x3,x4), where g denotes the restriction of £

to R, use the chain rule to compute g%.

b. Compute g% both by the chain rule and by direct substitution if
hk(t) = kt, where k = 1, 2, 3, or 4.

3.5.3(L)

Suppose w = f(u + v, u-v). Let x=u+vand y=mu-v.

a. Use the chain rule to show that

(continued on next page)
3.5.2
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3.5.3(L) continued

Use the result of part (a) to find a solution to the partial diff-

erential equation, fxz - fy2 = s

(Note: In general, it is a difficult task to solve partial differ-
ential equations. In this exercise, part (a) gives us a result

that we can use to solve part (b). It would be much more difficult
to invent part (a) had we been asked to solve part (b) without any
"hints." Yet, from the point of view of this section, the important
thing is the use of the chain rule, and any application to differ-

ential equations is more in the vein of an interesting aside.)

3.5.4(L)

Suppose that w = f(ax + by) where a and b are non-zero constants
and f is a differentiable function of a single variable. (Note
that ax + by is a single variable despite the fact that x and y

are two variables.)

Compute W and wy.

Show that with w as above, wa - awY = 0.

Use the result of part (b) to compute 4w, - 3wy + 2 if w = 83x+4y

tan~Ti3x + 4y)2 cosh (3x + 4y) sinh? (3% + 4y) .

Use (b) to solve the equation W + wy = 0.
Solve the equation W, + wy = 0 subject to the boundary value condi-
tion that w = e~ along the x-axis.

3.5.5(L)

(Note: This exercise defines a particular type of function called
a homogeneous function. No knowledge of calculus is necessary in
this exercise. What this problem does is set the stage for the

next two exercises, which are calculus problems.)

(continued on next page)
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3.5.5(L) continued

A function f{xl,...,xn} is defined to be homogeneous of degree k if
and only if

f(txl,...,txn) = tkf(xl,...,xn)

where t is an arbitrary non-zero variable.

Show that if f(x,y,z) = x3yz, then f is homogeneous of degree 5.

a.

b. If f(x,y) = sin (%}, show that f is homogeneous of degree 0.

c I Fxc yRipXayXu) = X 3x 4 2x 2 show that f is homogeneous of

2 y Kl ke T 1 %4 i B 9
degree 4.
356 (L)

a. Let f(xl,...,xn) be homogeneous of degree k (unless stated to the
contrary, all functions will be assumed to be continuously diff-
erentiable). Let w = f(txl,...,txn) where t is any variable which
is independent of Kyreonrs and X - Compute %% in two different
ways (one using the chain rule and the other using the definition
of homogeneous) to conclude that
x. f + pew 7k ozof = kf.

1 Xq nox,

b. Use the result of (a) to find a family of solutions for the
equation xw, + ywy o W, = W, and give at least one explicit
solution of this equation.

3057
Use the result of part (a) of the previous exercise to solve the
equation xw + ywy = 3w.

3:5.4
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