9.1 Polar Coordinates (page 350)

CHAPTER 9 POLAR COORDINATES AND
COMPLEX NUMBERS

9.1 Polar Coordinates (page 350)

Circles around the origin are so important that they have their own coordinate system — polar coordinates.
The center at the origin is sometimes called the “pole.” A circle has an equation like r = 3. Each point on that
circle has two coordinates, say r = 3 and § = . This angle locates the point 90° around from the z axis, so it
is on the y axis at distance 3.

The connection to z and y is by the equations z = rcosf and y = rsinf. Substituting r = 3 and § = 7 as
in our example, the point has z = 3cos = 0 and y = 3sin § = 3. The polar coordinates are (r,6) = (3, 7) and
the rectangular coordinates are (z,y) = (0, 3).

1. Find polar coordinates for these points — first with r > 0 and 0 < § < 2, then three other pairs (r, ) that
give the same point:

(@) (=y)=(31) () (@y)=(-11) () (zy)=(-3,-4)

¢ (a) P=2+y* =4yieldsr=2and ¥ = ﬁ = tanf leads to § = £. The polar coordinates are
(2, §). Other representations of the same point are (2, 5 + 27) and (2, § — 2x). Allowing r < 0 we
have (—2,—3%) and (—2, ZF). There are an infinite number of possibilities.

e (b) r? =22 +y? yields r = v/2 and £ = L. = tan§. Normally the arctan function gives tan~*(—1) =
—Z. But that is a fourth quadrant angle, while the point (—1,1) is in the second quadrant. The
choice § = 34—" gives the “standard” polar coordinates (\/5, %”) Other representations are (\/f, 1—:1)
and (v/2,—2%). Allowing negative r we have (—\/-,—%) and (—v/2, Ix).

e (c) The point (—3,—4) is in the third quadrant with r = /0 + 16 = 5. Choose § = 7 + tan™1(=3) ~
7+ 0.9 = 4 radians. Other representations of this point are (5, 2w +4) and (5,4n + 4), and (-5,0.9).

2. Convert (r,0) = (6, —X) to rectangular coordinates by z = rcosf and y = rsiné.
¢ The z coordinate is 6 cos(— %) = 0. The y coordinate is 6sin(—5) = —6.

3. The Law of Cosines in trigonometry states that ¢ = a? + b2 — 2abcos C. Here a, b and ¢ are the side lengths
of the triangle and C is the angle opposite side c. Use the Law of Cosines to find the distance between the
points with polar coordinates {r,6) and (R, ).

Does it ever happen that c? is larger than a? + b27

o In the figure, the desired distance is labeled d. The other sides of the triangle have lengths R and r.
The angle opposite d is (¢ — 8). The Law of Cosines gives d = \/R2 + r2 — 2Rr cos(p — 6).

Yes, c? is larger than a2 + b? when the angle C = ¢ — § is larger than 90°. Its cosine is negative. The next
problem is an example. When the angle C is acute (smaller than 90°) then the term —2abcos C reduces
¢? below a® + b2.

S
(R ¢) d (r, 6) (3, >z 5t +Is In
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9.1 Polar Coordinates (page 350)

3'. Use the formula in Problem 3 to find the distance between the polar points (3, 2*) and (2, E).

3
e d=1/32+22 23 2cos(3F — (%)) = /13~ 12cos 1 = V13 + 6V/3 ~ 4.8,

4. Sketch the regions that are described in polar coordinates by

(@ r>0and T << 2 (b) 1<r<2 (c) 0<f6<Zand0<r<3.

e The three regions are drawn. For (a), the dotted lines mean that § = £ and 6 = 23—" are not included.

If r < 0 were also allowed, there would be a symmetric region below the axis — a shaded X instead of

a shaded V.
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5. Write the polar equation for the circle centered at (z,y) = (1,1) with radius v/2.

e The rectangular equation is (z — 1)? + (y — 1)2 = 2 or z® — 2z + y* — 2y = 0. Replace z with rcos
and y with rsinf. Always replace z? + y? with r2. The equation becomes r? = 2rcos§ + 2rsiné.
Divide by r to get r =2 (cos f + sin 6).

Note that r = 0 when § = —¥. The circle goes through the origin.
6. Write the polar equations for these lines: (a) z=3 (b) y=-1 (¢} z+2y=35.

e (a) z =3 becomes rcosf =3 or r = 3secf. Remember: r = 3cos ¥ is a circle.
e (b) y= —1becomes rsinf = —1 or r = —cscf. But r = —sind is a circle.

® (c) z+ 2y ="5 becomes rcosf + 2rsinf = 5. Again r = cosf + 2siné is a circle.

Read-throughs and selected even-numbered solutions :

- Polar coordinates r and 6 correspond to z = r cos § and y = r sin 4. The points with r > 0 and § = & are
located on the negative x axis. The points with r = 1 and 0 < § < r are located on a semicircle. Reversing
the sign of § moves the point (z,y) to (x, —y).

Given z and y, the polar distance is r = 1/x2 +y2. The tangent of  is y/x. The point (6,8) has r = 10

and 4 = tan"]‘%. Another point with the same 4 is (3,4). Another point with the same r is (10,0). Another
point with the same r and tan§ is (—6, —8).

The polar equation r = cos f produces a shifted circle. The top point is at § = 7 /4, which gives r = v/2/2.
When 6 goes from 0 to 27, we go two times around the graph. Rewriting as 72 = r cos § leads to the zy equation

x2 + y2 = X. Substituting r = cosf into z = rcosf yields z = c0s26 and similarly y = cos 4 8in 6. In this form
z and y are functions of the parameter 4.

10 r = 37, 0 = 37 has rectangular coordinates x = —3m,y =0
16 (a) (-1, Z) is the same point as (1, %’—’) or (—1,%F) or --- (b) (—1, 2%) is the same point as (1, 771'1) or
(=1,=%) or -~ (c) {1, ~%) is the same point as (-1, F) or (1, §21'—) or --- (d) r =0,6 = 0 is the same
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9.2 Polar Equations and Graphs (page 355)

point as r = 0, f/ = any angle.

18 (a) False (r = 1,0 = % is a different point from r = —1,6 = —Z) (b) False (for fixed r we can add any
multiple of 27 to §) (c) True (rsind = 1 is the horizontal line y = 1).

22 Take the line from (0,0) to (ry, ;) as the base (its length is ry). The height of the third point (r3,82),
measured perpendicular to this base, is rp times sin(f; — 6,).

26 From z = cos? § and y = sin§ cos, square and add to find x2 + y2 = cos? f(cos? § + sin? f) = cos? § = x.

28 Multiply r = acos 6 + bsin 6 by r to find 22 + y? = az + by. Complete squares in z° — az = (z — 2)2 —(2)?
and similarly in y? — by to find (z — £)% + (y — 2)? = (2)? + (2)?. This is a circle centered at (£, £) with

radius r = 1/(3)% + (3)2 = %\/az +b2.

9.2 Polar Equations and Graphs (page 355)

The polar equation r = F(6) is like y = f(z). For each angle § the equation tells us the distance r (which is
now allowed to be negative). By connecting those points we get a polar curve. Examples are r = 1 and r cos = §
(circles) and r = 1 + cosd (cardioid) and r = 1/(1 + ecos6) (parabola, hyperbola, or ellipse, depending on e).
These have nice-looking polar equations — because the origin is a special point for those curves.

Note y = sin z would be a disaster in polar coordinates. Literally it becomes rsin f = sin(r cos ). This mixes
r and 6 together. It is comparable to z° + zy? = 1, which mixes z and y. (For mixed equations we need implicit
differentiation.) Equations in this section are not mixed, they are r = F() and sometimes r? = F(6).

Part of drawing the picture is recognizing the symmetry. One symmetry is “through the pole.” If r changes
to —r, the equation r2 = F(6) stays the same - this curve has polar symmetry. But r = tané also has polar
symmetry, because tan ¢ = tan(f + x). If we go around by 180°, or « radians, we get the same result as changing
r to —r.

The three basic symmetries are across the z axis, across the y axis, and through the pole. Each symmetry
has two main tests. (This is not clear in some texts I consulted.) Since one test could be passed without the
other, I think you need to try both tests:

e z axis symmetry: 0 to —0 (test 1) or 6 to = — 6 and r to —r (test 2)

e y axis symmetry: 6 to x — 6 (test 1) or § to —f and r to —r (test 2)
e polar symmetry: 6 to = + 0 (test 1) or r to —r (test 2).
1. Sketch the polar curve r? = 4sind after a check for symmetry.

e When r is replaced by —r, the equation (—r)? = 4sinf is the same. This means polar symmetry
(through the origin). If 6 is replaced by (r — 6), the equation r> = 4sin(r — ) = 4sin4 is still the
same. There is symmetry about the y axis. Any two symmetries (out of three) imply the third. This
graph must be symmetric across the z axis. (# to —f doesn’t show it, because sinf changes. But r
to —r and 4 to m — 0 leaves r> = 4sind the same.) We can plot the curve in the first quadrant and
reflect it to get the complete graph. Here is a table of values for the first quadrant and a sketch of
the curve. The two closed parts (not circles) meet at r = 0.

6 0 3 p 3 2
4sinf 0 2 2v/2 2v/3 4
2

2
.

r=+/4sind 0 V2m14 V2vV2m1.7
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9.2 Polar Equations and Graphs (page 355)

A

%)
r=cos 36

t > <€

(-1, %) or (1, 4%‘-)

r=2cos 20

2. (This is Problem 9.2.9) Check r = cos 3§ for symmetry and sketch its graph.

o The cosine is even, cos(—36) = cos 36, so this curve is symmetric across the z axis (where 6 goes to
—0). The other symmetry tests fail. For § up to 5 we get a loop and a half in the figure. Reflection
across the z axis yields the rest. The curve has three petals.

6 0 & = .4 .4 x =
12 6 4 3 12 2
rcos 30 1 52@ 0 —3? -1 —3? 0

3. Find the eight points where the four petals of r = 2 cos 26 cross the circle r = 1.

e Setting 2cos 20 = 1 leads to four crossing points (1, ¥), (1, Z%), (1,—%), and (1,—%F). The sketch
shows four other crossing points: (1, %), (1,2F), (1,4F) and (1, 3%). These coordinates do not satisfy
r = 2cos 2. But r < 0 yields other names (-1, %), (-1, ), (-1, %) and (-1, 2x) for these points,

that do satisfy the equation.
In general, you need a sketch to find all intersections.
4. Identify these five curves:
(a) r=5cscd (b) r=6sin6+4cosf (c) r=i3d (@) r=35725 (&) r=35m0-

5
sin @

o (a) r= is rsin 0 = 5. This is the horizontal line y = 5.

e Multiply equation (b) by r to get r? = 6rsinf + 4rcosf, or z2 + y? = 6y + 4z. Complete squares to
(z—2)% + (y — 3)% = 22 + 3% = 13. This is a circle centered at (2,3) with radius /13.

® (c) The pattern for conic sections (ellipse, parabola, and hyperbola) is r= 1—_'_;‘%;—5. Our equation
has A = 9 and ¢ = 6. The graph is a hyperbola with one focus at (0,0). The directrix is the line
9_3

r=2=2

6= 2
e (d) r = 57i.5 doesn’t exactly fit 725 because of the 2 in the denominator. Factor it out:

2 . . . 1
T+Tcosp 18 20 ellipse with e = 3.

8 (e) r= Wlsin—ﬂ is actually a parabola. To recognize the standard form, remember that —sinf =
1
cos(Z+6). Sor = m)—. Since § is replaced by (5 +0), the standard parabola has been rotated.
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9.3 Slope, Length, and Area for Polar Curves (page 359)

5. Find the length of the major axis (the distance between vertices) of the hyperbola r = -I—-E%:ﬁ'

e Figure 9.5¢ in the text shows the vertices on the z axis: § = 0 gives r = -1% and § = w gives r = lfe.
(The hyperbola has A > 0 and e > 1.) Notice that (;£-,#) is on the right of the origin because
r = ;A is negative. The distance between the vertices is 47 — ﬁ—l— =34

Compare with exercise 9.2.35 for the ellipse. The distance between its vertices is 2a = 1—"3_%5. The distance
between vertices of a parabola (e = 1) is % = infinty! One vertex of the parabla is out at infinity.

Read-throughs and selected even-numbered solutions :

The circle of radius 3 around the origin has polar equation r = 8. The 45° line has polar equation 8 = x /4.
Those graphs meet at an angle of 90°. Multiplying r = 4cosf by r yields the zy equation x2 +y2 = 4x. Its
graph is a circle with center at (2,0). The graph of r = 4/cosf is the line z = 4. The equation r?> = cos 26
is not changed when § — —f (symmetric across the x axis) and when § — = + 6 (or r — —r). The graph of
r =1+ cosé is a cardioid.

The graph of r = A/(1+ ecosf) is a conic section with one focus at (0,0). It is an ellipse if e < 1 and a
hyperbola if e > 1. The equation r = 1/(1+cos ) leads to r+ z = 1 which gives a parabola. Then r = distance
from origin equals 1~z = distance from directrix y = 1. The equations r = 3(1—z) and r = (1 — z) represent
a hyperbola and an ellipse. Including a shift and rotation, conics are determined by five numbers.

6r= m is the hyperbola of Example 7 and Figure 9.5¢: r+2rcosf = lisr = 1—2z or z2+y? = 1—4z+422.
The figure should show r = —1 and 6 = 7 on the right branch.

14 r = 1 — 2sin 30 has y axis symmetry: change 6 to = — 6, then sin 3(r — ) = sin(x — 36) = sin 34.

22 If cosf = 5} and cosd = 1— r then % =1-rand r_'2+4r—4=0. This gives r = —2 — /8 and
r = —2 + /8. The first r is negative and cannot equal 1 — cos . The second givescos§ =1—r=3—+/8
and ¢ =~ 80° or § ~ —80°. The curves also meet at the origin r = 0 and at the point r = —2,6 = 0 which
isalsor =42, = .

26 The other 101 petals in r = cos 1016 are duplicates of the first 101. For example 6 = r gives
r = cos 101r = —1 which is also § = 0,r = +1. (Note that cos 100m = +1 gives a new point.)

28 (a) Yes, z and y symmetry imply r symmetry. Reflections across the z axis and then the y axis take
(z,9) to (z,—y) to (—z, —y) which is reflection through the origin. (b) The point r = —1,0 = 3 satisfies
the equation r = cos 26 and it is the same point as r = 1,0 = 7.

1

82 (a) = § gives r = 1; this is z = 0,y = 1 (b) The graph crosses the z axis at # = 0 and 7 where z = e
—€

and z = 1"—_15 The center of the graph is halfway between at z = (=~ — ﬁ) = 1=%&. The second focus is

twice as far from the origin at 1_2':52 . (Check: e = 0 gives center of circle, e = 1 gives second focus of

parabola at infinity.)

9.3 Slope, Length, and Area for Polar Curves (page 359)

This section does calculus in polar coordinates. All the calculations for y = f(z) — its slope %‘Z and area
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9.3 Slope, Length, and Area for Polar Curves (page 359)

f y dz and arc length [1/1+ (:—ﬁﬁ)2 dz - can also be done for polar curves r = F(f). But the formulas are a
little more complicated! The slope is not ar <5 and the area is not J F(6)dd. These problems give practice with

the polar formulas for slope, area, arc length, and surface area of revolution.

1. (This is 9.3.5) Draw the 4-petaled flower r = cos 26 and find the area inside. The petals are along the axes.

e We compute the area of one petal and multiply by 4. The right-hand petal lies between the lines

# = —% and § = . Those are the limits of integration:

/4 1 w/4 p
Area = 4/ E(cos 260)%df = / (1 + cos46)dd = I

—n/4 -n/4
2. Find the area inside r = 2(1 + cos ) and outside r = 2(1 — cos ). Sketch those cardioids.

e In the figure, half the required area is shaded. Take advantage of symmetries! A typical line through
the -origin is also sketched. Imagine this line sweeping from § = 0 to § = 5 — the whole shaded area

is covered. The outer radius is 2(1 + cos §), the inner radius is 2(1 — cos§). The shaded area is

/2 /2
/ %[4(1 + cos 8)% — 4(1 — cos §)?]df = 8/ cosf df = 8. Total area 16.
0 0
A
r=2(1 - cosf) =2(1+cos ) Ar= :
61 1 +2cos8
0 = cos ! %
< 2
—4 4
/ I —cos 6
< >
\ 1\ 2
Y
3. Set up the area integral(s) between the parabola r = Tj_—cl—osjo- and the hyperbola r = m%m.

2
1—cosé

® The curves are shown in the sketch. We need to find where they cross. Solving 1+2coso =

yields 6(1 — cos#) = 2(1 + 2cos6) or cosf = 2 = .4. At that angle r = 1+26(1) =£.
5

Imagine a ray sweeping around the origin from § = 0to § = «. From § = 0 to § = cos™! .4, the ray crosses
the hyperbola. Then it crosses the parabola. That is why the area must be computed in two parts. Using
symmetry we find only the top half:

cos 4 1 6 Lid 1 2
Half-area = —(———)2%ds / —(———)?4d8.
/0 2(1+2cos€) + cos=1 4 2(1—cos0)

Simpson’s rule gives the total area (top half doubled) as approximately 12.1.
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9.3 Slope, Length, and Area for Polar Curves (page 359)

Problems 4 and 5 are about lengths of curves.
4. Find the distance around the cardioid r = 1 + cos .

e Length in polar coordinates is ds = 1/(4£)2 + r2 df. For the cardioid this square root is

V/(—5in8)2 + (1 + cos §)? = Vsin? 0 + cos? 6 + 1+ 2cosf = v/2 + Zcos .

Half the curve is traced as § goes from 0 to x. The total length is [ ds = 2 fo" V2+ 2cosf df. Evaluating
this integral uses the trick 1 + cos§ = 2 cos? %. Thus the cardioid length is

2j" 4coszgd0—4/"cosgd0—8' g]"—8
A vV 2 =14 5 46 =8sin_Jg =38.

5. Find the length of the spiral r = ¢%/2 as § goes from 0 to 2x.

e For this curve ds = /(%)2 + r2 df is equal to |/ 1e? +¢? df = V326l df = 52§ea/2d0:

V5 o 8/212x
Length = - ¢ df = V5 /22" = \/5(e™ — 1) = 49.5.
0

Problems 6 and 7 ask for the areas of surfaces of revolution.

6. Find the surface area when the spiral r = ¢?/2 between 6 = 0 and 6 = x is revolved about the horizontal
axis.

e From Section 8.3 we know that the area is [ 2wy ds. For this curve the previous problem found
ds = 3§¢9/2d0. The factor y in the area integral is rsinf = ¢?/2sin§. The area is

[J 27(e?/2sin0) 52@938/2(10

V5 [ ¢ sin 0df

= & e?(sind — cos §)5 = 3&(e +1) = 84.8.
7. Find the surface area when the curve r2 = 4sin 4 is revolved around the y axis.

e The curve is drawn in Section 9.2 of this guide (Problem 1).

o If we revolve the piece from 6 = 0 to § = x/2, and double that area, we get the total surface area.

In the integral f;_ 27z ds we replace z by rcosf = 2v/sinflcosf. Also ds = \/(%)2 +r2 df =

Vs 99 + 4sin 0 df. The integral for surface area is not too easy:

1r/2
41r] 2\/sm€cos€v : + 4sinf d0—81r/ cos 6V cos? 6 + 4 sin? 4 df
o 0

—81r/ cos V1 + 3sin? 4 d0—81r/ V1 + 3u? du (where u = sinf).
A table of integrals gives 87v/3(%4/L + u2 + LIn(u+ /3 +u2)]} = 81r\/§(—\1f§ + 1 In(2 + V3)) = 34.1.
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8. Find the slope of the three-petal flower r = cos 36 at the tips of the petals.

® The flower is drawn in Section 9.2. The tips are at (1,0), (—1, ), and (—1,—3). Clearly the tangent
line at (1,0) is vertical (infinite slope). For the other two slopes, find —9- J‘L From y = rsind we

~ dz/ds"
get %X 56 = rcosf+sin gar %6~ Similarly z = rcos § gives 35 = —r sm0+cos0 . Substitute ¢ %5 = —3sin 34
for this flower, and set r = —1, § = I:
dy  rcosf —3sin3fsind _ (-1)cos7/3 —3sinxsinx/3 -1/2 1

dz  —rsinf - 3sin30cosf sinw/3—3sinmcosm/3  \B/2 /3
9. If F(3) = 0, show that the graph of r = F(6) at r = 0, § = 3 has slope tan 3.

o As an example of this idea, look at the graph of r = cos 30 (Section 9.1 of this guide). At 6 = /6,
6 = x/2, and § = —n /6 we find r = 0. The rays out from the origin at those three angles are tangent
to the graph. In other words the slope of r = cos 34 at (0,7/6) is tan(x/6), the slope at (0,x/2) is
tan(n/2) and the slope at (0, —/6) is tan(—x/6).

e To prove the general statement, write % = %‘%—:%% as in Problem 8. With r = F(6) and
F(3) =0, substitute § = 3, r = 0, and dr/df = F'(3). The slope at § = 3is 3£ = %(%% = tan(3).

Read-throughs and selected even-numbered solutions :

A circular wedge with angle Af is a fraction Af/27 of a whole circle. If the radius is r, the wedge area

is %rzAH. Then the area inside r = F(4) is f—%rzdﬂ = %(F(o))zdﬂ. The area inside r = 62 from 0 to = is

0 /10. That spiral meets the circle r = 1 at § = 1. The area inside the circle and outside the spiral is % - 11—0
A chopped wedge of angle Af between r; and r; has area g A0 - r%AB.

The curve r = F(f) has z = rcosf = F(f)cos f and y = F(6)sin 4. The slope dy/dz is dy/df divided
by dx/df. For length (ds)? = (dz)? + (dy)? = (dr)2 + (rd6)2. The length of the spiral r = § to § = 7 is
J V1+62d4. The surface area when r = § is revolved around the z axis is [ 2wy ds = [ 2x8sin 6V 1 + 62d9.
The volume of that solid is [ ny2dz = [ 762 sin2¢ (cos 6 — 6 sin 6)dS.

4 The inner loop is where r < 0 or cosf < —3% or 2% < § < 4. Its area is Is 2 df = J 3(1+4cos6+4cos? 0)df =
[2+2sm0+9+cos0 smﬁlgﬁ =2 \/_)+23" ;\/_-—-‘K—'i\/_.
16 The spiral r = e~ starts at r = 1 and returns to the z axis at r = ¢~2". Then it goes inside itself (no

new area). So area = f:" ze720df = [ 1202 = l(l —e~4m),
20 Simplify 1$?aﬁ;t:::9 _ —_%";a;’"‘;af:—;—tanﬂ i‘+tan8F —’tanﬂ( tau0F+F') _ (1+ta.nT81£’ —
1+:%%FW“‘“” tanF +F'+tan0(F+tan6F') — (1+tan?26)F F
22 r = 1 — cos f is the mirror image of Figure 9.4c across the y axis. By Problem 20, tan = FL = 1;3‘”00.
This is T::—“—:‘,_—ci—%- =tan$. So ¢ = £ (check at § = 7 where ¢ = 2)-
24 By Problem 18 g’l = cfsci:;a:'a‘;(;_s:i';? = cz‘f;(o";i‘l‘: g) = —Soe28 - —% at§ = Z. At that point z = r cos 6 =

cos? £ = (35)2 and y=r sinf =cos § sin % = (L) The tangent line is y — 3[ ﬁ(x - %)

26 r = secf has -—" = sec f tand and = Vsec? 0 + sec?§ tan? 6 = Vsectf = sec? §. Then arc length
= fO"/4sec 6 dG =tan§ = 1. Note. r = secf is the line r cosf =1l or z=1from y=0 up to y = 1.
827=1+cos 6 has & = \/(1+2 cos f + cos? 0) +sin®f = v/2+ 2 cosf. Also y = r sin § = (1 + cos 6) sind.
Surface area [ 27 y ds = 272 [ (1 + cos 6)%/?sin 8 df = [27v/2(—2)(1 + cos §)3/2]5 = 327,
40 The parameter § along the ellipse z = 4 cos 6,y = 3 sin 6 is not the angle from the origin. For example
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at § = ¥ the point (z, y) is not on the 45° line. So the area formula f %rza'ﬂ does not apply. The

correct area is 12x.

9.4 Complex Numbers (page 364)

There are two important forms for every complex number: the rectangular form z+ty and the polar form re®.
Converting from one to the other is like changing between rectangular and polar coordinates. In one direction
use r = /22 + y2 and tan6 = Y. In the other direction (definitely easier) use z = rcosf# and y = rsind.
Problem 1 goes to polar and Problem 2 goes to rectangular.

1. Convert these complex numbers to polar form: (a) 3+4 (b) -5-12¢ (¢) V3 -1

e (a) r=132+42=5and § =tan"' % ~ .93. Therefore 3 + 41 = 5¢-°%.
e (b) —5—12¢ lies in the third quadrant of the complex plane, so § = r+arctan™! —__—153 ~r+1.17 = 4.3,
The distance from the crigin is r = \/(—5)2 + (—=12)2 = 13. Thus —5 — 12 =~ 13¢*%.

e (c) i1v/3 — 1 is not exactly in standard form: rewrite as —1 +¢y/3. Then z = —1 and y = /3 and
r = v/1+ 3 = 2. This complex number is in the second quadrant of the complex plane, since z < 0
and y > 0. The angle is = 2&. Then —1 +1v/3 = 2¢?"/3.

We chose the standard polar form, with r > 0 and 0 < # < 2x. Other polar forms are allowed. The answer

for (c) could also be 2¢(27+27/3)i or 2¢=4mi/3,

2. Convert these complex numbers to rectangular form:  (a) 6¢*™/4 (b) e 7=/¢ (c) 3¢

e (a) The point z = 6¢"/* is 6 units out along the ray 6 = x/4. Since z = 6cos I = 3v/2 and
y=6sin{ = 3v/2, the rectangular form is 3v/2 + 31/2:.
e (b) We have r = 1. The number is cos(— %) + ¢sin(—1%) = —‘zé + 5.

/3

o (c) There is no1 in the exponent! 3e™ is just a plain real number (approximately 8.5). Its rectangular

form is 3¢™/3 4 01.
3. For each pair of numbers find 2, + 22 and 2z; — 23 and 2,22 and 2;/z3:
(a) 2y =4-—3iand z; =12+ 5¢ (b) 2z = 3¢/% and z, = 2¢'77/4,
e (a) Add z; + 2, =4 —3i+ 12+ 5¢ = 16 + 2:. Subtract (4 — 3¢) — (12 + 5¢) = —8 — 8:. Multiply:
(4 — 34)(12 + 51) = 48 — 364 + 20 — 15:% = 63 — 161

To divide by 12 + 57, multiply top and bottom by its complex conjugate 12 — 5z.
Then the bottom 1s real:
4—-31 12-51 33 — 562 33 56 .
. = = — - —1.
12452 12-52 122 + 52 169 169

e You could choose to multiply in polar form. First convert 4 — 3i to re*® with r = 5 and tanf = -3,
Also 12 + 5¢ has r = 13 and tanf = 15—2- Multiply the r’s to get 5- 13 = 65. Add the 6’s. This is
hard without a calculator that knows tan™'(—3) and tan™'(;3). Our answer is 6; + f; ~ —.249.
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So multiplication gives 65¢~-24%" which is close to the first answer 63 — 161. Probably a trig identity

would give tan_l(—%) + tan‘l(f_z) = tan’l(—é% .

For division in polar form, divide r’s and subtract angles: 15_361'(91—93) = %e_i. This is i’l; =
33 _ 56 ;

15_3 cos(—1) + -l%isin(—l) ~ .2 — .31R 755 — 150t

@ (b) Numbers in polar form are not easy to add. Convert to rectangular form:

) 3v3 3 ; 7 LT .
3¢'"/® equals 3 cos % + 3zsin % = T\/_ + EZ Also 2¢'7"/* equals 2 cos —f + 21 sin Tﬂ' =Vv2-1iV2.

The sum is (11‘2é +v2) + (2 — V2)i. The difference is (l‘zé -V2)+ (£ + V2)i.
Multiply and divide in polar form whenever possible. Multiply r’s and add §’s:

3. Find (2 — 2/3¢)!° in polar and rectangular form.

@ DeMoivre’s Theorem is based on the polar form: 2—2+/37 = 4¢~%"/3, The tenth power is (4e_i"/3)10 =

410,=107/3 In rectangular form this is

—107 ~10m

4'%(cos +1sin

2 L. 2 1 V3 .
) = 4!°(cos —31 +14sin _31_r) =2%0 (5 +z——2\/—_) = —219 4 21%/3.

4. (This is 9.4.3) Plot z = 2¢'™/¢ and its reciprocal 1 = Le=*"/6 and their squares.

® The squares are (2¢'"/%)2 = 4¢"/3 and (%tz""'/ﬁ)2 = ie_i"/s. The points z, 1, 22, % are plotted.

.A z2=4ei% 1
12
t=0
1 >» X
in (U=i)t = pl p—il t=1
z2=2¢"% elri=ele
=1
2
> —
T 1=2.5 =2
1_1 g
z 2

5. (This is 9.4.25) For ¢ = 1 — 1, sketch the path of y = ¢ as t increases from 0.

e The moving point e is el! ™)t = efe™% = ¢*(cos(—t) + isin(—t)). The table gives z and y:

t 0 .5 1.0 w/2 2.0 2.5 3.0 m
z=¢e" cos(—t) 1 1.4 1.5 60 -31 -98 -199 23.1
y=¢e sin(-t) 0 -8 -23 -48 -67 -73 -28 0

The sketch shows how et spirals rapidly outwards from ¢® = 1.
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6. For the differential equation y" + 4y’ + 3y = 0, find all solutions of the form y = e°t.

e The derivatives of y = e°*

are y' = ce®® and y" = c%e*. The equation asks for c2e®t + 4ce + 3¢t = 0.
This means that e°*(c? + 4c +3) = 0. Factor ¢ +4c+ 3 into (c + 3)(c +1). This is zero for ¢ = —3 and
¢ = —1. The pure exponential solutions are y = ¢~ and y = ¢~*. Any combination like 2¢~3t + 7¢*

also solves the differential equation.
7. Construct two real solutions of ¥’ + 2y + 5y = 0. Start with solutions of the form y = e°t.

e Substitute y" = cZe° and y' = ce® and y = e®*. This leads to ¢> 4+ 2c+5 =0 or ¢ = —1 + 2i.
The pure (but complex) exponential solutions are y = e(~1+2)t and y = ¢(~1-20t  The first one
is y = e"*(cos2t + ¢sin2t). The real part is z = ¢ *cos2t; the imaginary part is y = e *sin 2t.
(Note: The imaginary part is without the 1.) Each of these is a real solution, as may be checked by
substitution into ¥y + 2y’ + 5y = 0.

The other exponential is y = e(=1~%)t = ¢~*(cos(—2t) + 1 sin(—2t)). Its real and imaginary parts are the
same real solutions — except for the minus sign in sin(—2¢) = — sin 2¢.

Read-throughs and selected even-numbered solutions :

The complex number 3 + 41 has real part 3 and imaginary part 4. Its absolute value is r = 5 and its complex
conjugate is 3 — 4i. Its position in the complex plane is at (3,4). Its polar form is r cos §+irsinf = rel® (or 5ei9).
Its square is —7 — 14i. Its nth power is r¢'"?.

The sum of 1 +% and 1 — 1 is 2. The product of 1 +¢ and 1 — 3 is 2. In polar form this is v/2¢*™/* times
V/2e~17/4 The quotient (1+1%)/(1 1) equals the imaginary number i. The number (1+1)® equals 16. An eighth
root of 1is w = (1 +i)/v/2. The other eighth roots are wZwd . w? w8=1

To solve d®y/dt® = y, look for a solution of the form y = ect. Substituting and canceling e®* leads to the
equation ¢8 = 1. There are eight choices for ¢, one of which is (=1 +1)/+/2. With that choice | e |= e‘t/\/z_.

The real solutions are Re et = e"t/ﬁcos% and Im et = et/ 2sin——t§.

10 ¢® =1 yields x = 5 (note that T becomes Int);e'® = ¢~ ! yields x = i, second solutions are I + 27 and
t 4+ 27.

14 The roots of ¢c? — 4c + 5 = 0 must multiply to give 5. Check: The roots are iiﬂf:j = 2 +1. Their product
is (2+4)(2—1) =4—14%=5.

18 The fourth roots of rei® are r/4 times ¢®/4, ¢il0+27)/4 ¢i(0+4m)/4 (i(0+6m)/4 Multiply (r'/4)* to get r.
Add angles to get (46 + 127) /4 =  + 37. The product of the 4 roots is re*(?+37) = —yei

28 ‘(i—i% = 1y leads to y = €'* = cos t+1sin t. Matching real and imaginary parts of :‘i%(cos t+isint) = t(cost+zsint)
yields ﬁ cost = —sint and % sint = cost.

34 Problem 30 yields cosiz = L(e'(*=) + ¢=#i=)) = L(e== 4 ¢%) = cosh z; similarly siniz = %(e"("’) —eliz)) =
2-(e7® — e”) =4 sinhz. With z = 1 the cosine of 1 equals 5(¢™' + ¢')= 8.086. The cosine of ¢ is larger
than 1!
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Review Problems

R1

R2

RS

R4

R5

Re6

R7

RS

R9

R10

Express the point (r, §) in rectangular coordinates. Express the point (a, b) in polar coordinates. Express
the point (r,f) with three other pairs of polar coordinates.

As 0 goes from 0 to 2w, how often do you cover the graph of r = cos§? r =cos20? r = cos36?
Give an example of a polar equation for each of the conic sections, including circles.

How do you find the area between two polar curves r = F(f) and r = G(0) if 0 < F < G?

Write the polar form for ds. How is this used for surface areas of revolution?

What is the polar formula for slope? Is it dr/df or dy/dz?

Multiply (a + ¢b)(c + ¢d) and divide (a + 2b)/(c + 2d).

Sketch the eighth roots of 1 in the complex plane. How about the roots of —17

Starting with y = e, find two real solutions to y" + 25y = 0.

How do you test the symmetry of a polar graph? Find the symmetries of
(a) r=2cosf+1 (b)=8sinf (c)r=:27 (d)r=sin20 () r=1+2sind

Drill Problems

D1

D2

D3

D4

D5

Dé

D7

Show that the area inside r? = sin 26 and outside r = ﬁéi is lg -5

Find the area inside both curves r = 2 — cosf and r = 3 cos¥.

Show that the area enclosed by r = 2 cos 36 is .

Show that the length of r = 4sin® % between § =0 and 6 = 7 is 27 — %\/§
Confirm that the length of the spiral r = 362 from 6 =0to § = 5 is Z.

Find the slope of r = sin 36 at § = %.

Find the slope of the tangent line to r = tan# at (1, 3).
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D8

D9

D10

D11

D12

D18

D14

D15

Die

D17

Di1s

D19

Show that the slope of r = 1+sinf at § = % is 72.5

The curve r2 = cos 20 from (1,—%) to (1, §) is revolved around the y axis. Show that the surface area

is 2v/27.

Sketch the parabola r = 4/(1 + cos 6) to see its focus and vertex.

Find the center of the ellipse whose polar equation is r = 2—_%. What is the eccentricity e?

The asymptotes of the hyperbola r = I—_H,GCW are the rays where 1+ 3cosf = 0. Find their slopes.
Find all the sixth roots (two real, four complex) of 64.

Find four roots of the equation 2% — 222 + 4 = 0.

Add, subtract, multiply, and divide 1+ /3¢ and 1 — V3.
ir/4 —im/4

Add, subtract, multiply, and divide e and e

Find all solutions of the form y = e for y'" — y' — 2y = 0 and y'"’ — 2y’ — 3y = 0.

Construct real solutions of y" — 4y’ + 13y = 0 from the real and imaginary parts of y = e°t.

Use a calculator or an integral to estimate the length of r = 1+ sinf (near 2.57).

Graph Problems (intended to be drawn by hand)

G1

G3

G5

G7

r? = gin 26 G2 r =6sinf
r = sin 44 G4 r=5secl
r = ¢9/2 Gé r=2—3cosl
"=1+T6cos'§ GS8 = {5
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