7.1 Integration by Parts (page 287)

CHAPTER 7 TECHNIQUES OF INTEGRATION

7.1 Integration by Parts (page 287)

Integration by parts aims to exchange a difficult problem for a possibly longer but probably easier one. It is
up to you to make the problem easier! The key lies in choosing “u” and “dv” in the formula [ u dv = uv— [ v du.
Try to pick u so that du is simple (or at least no worse than u). For u = z or z? the derivative 1 or 2z is simpler.
For u = sin z or cos z or ¢” it is no worse. On the other hand, choose “dv” to have a nice integral. Good choices
are dv = sin z dz or cos z dz or €* dz.

Of course the selection of u also decides dv (since u dv is the given integration problem). Notice that u =Inz
is a good choice because du = idz is simpler. On the other hand, In z dz is usually a poor choice for dv, because
its integral z1n z — z is more complicated. Here are more suggestions:

Good choices for u: In z, inverse trig functions, z",cos z,sin z, e* or ¢°*.
These are just suggestions. It’s a free country. Integrate 1 — 6 by parts:

1. f ze *dz.

e Pick u = z because 3—5 = 1 is simpler. Then dv = ¢ *dz gives v = —e™*. Watch all the minus signs:

Judv= z (—e®)—[ (-e%) dz=-ze®—e2+C
u v v du

2. f:z;sec"1 z dz.

o If we choose u = z, we are faced with dv = sec™!z dz. Its integral is difficult. Better to try

= -1 = —_dz i ? = = 1,2
u = sec” " z, so that du eI Is that simpler? It leaves dv z dz, so that v = ;z°. Our

integral is now uv — fv du:

- 1 1 d _ 1 - 1 d
(sectz)(52°%) — §z2~|1| = = sxisecTlz k1 [ o e

= %zzsec_lz:l: %\/1:2-— 1+ C.

The + sign comes from |z}; plus if z > 0 and minus if z < 0.

3. fez sinz dz. (Problem 7.1.9) This example requires two integrations by parts. First choose u = ¢® and
dv = sinz dz. This makes du = e¢* dz and v = —cosz. The first integration by parts is fem sinz dz =
—e®cosz + [ e®cos z dz. The new integral on the right is no simpler than the old one on the left. For the
new one, dv = cos z dz brings back v = sin z:

/ezcosz dzr =€ sinz —/e”sinx dz.
Are we back where we started? Not quite. Put the second into the first:
/ezsinx dz = —e®cosz + e sinz — /e” sinz dz.
The integrals are now the same. Move the one on the right side to the left side, and divide by 2:

. 1, .
/exsmz dz = Ee’(smz—cos:z:) +C.
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7.1 Integration by Parts (page 287)

4. [z%Inz dz (Problem 7.1.6). The function Inz (if it appears) is almost always the choice for u. Then
du = —415. This leaves dv = z%dz and v = %z3. Therefore

1 1 1 1
/lenz dzzgzslnx—/gzzdzzgzslnz—§$3+C.

z%dz
5. [ ==
e Generally we choose u for a nice derivative, and dv is what’s left. In this case it pays for dv to have a

nice integral. We don’t know [ —\/%dz but we do know [ —;\/:——+—ldz = V22 + 1. This leaves u = z2
with du = 2z dz:

3d
/% = z%V22+ 1~ [22V22+ 1dz
z
= 2Vz2+1-2(z2+1)%2 + C.

Note Integration by parts is not the only way to do this problem. You can directly substitute u = z2 + 1
and du = 2z dz. Then z? is u — 1 and z dz is %du. The integral is

I

1 fu-1 1 1/2 ~1/2 1 32 1/2
= i — du = = -
2/ Ja du 2/(u u )du 3Y ul/*+C

1
= 5(:::2 +1)*2 - (22 4+ 1)1/24+ C  (same answer in disguise).
6. Derive a reduction formula for [(Inz)"dz.

e A reduction formula gives this integral in terms of an integral of (Inz)""!. Let v = (Inz)" so that
du = n(Inz)"~*(2)dz. Then dv = dz gives v = z. This cancels the 1 in du:

/(lnx)"dz =z(lnz)" - /n(ln )" ldz.

6'. Find a similar reduction from [ z"e” dz to [ z" e~ dz.

7. Use this reduction formula as often as necessary to find [(Inz)%dz.

e Start with n = 3 to get [(Inz)*dz = z(Inz)® — 3 [ (In z)?dz. Now use the formula with n = 2.
The last integral is z(In z)? — 2 [ In z dz. Finally flna: dz comes fromn = 1:
fInz dz = z(lnz) — [(Inz)°dz = z(In z) — z. Substitute everything back:

f(ln z)?dz = z(lnz)® - 3|z(lnz)? — 2[zlnz — z]|+ C
=z(lnz)> - 3z(Inz)? + 6zlnz — 6z + C.

Problems 8 and 9 are about the step function U(z) and its derivative the delta function §(z).
8. Find ffz(:c2 — 8)§(z)d=

e Since §(z) = 0 everywhere except at z = 0, we are only interested in v(z) = z2 — 8 at z = 0. At that
point v(0) = —8. We separate the problem into two parts:

/2 (12 ~ 8)6(z)dz + /:(1:2 — 8)6(z)dz = —~8 + 0.

-2

The first integral is just like 7B, picking out v(0). The second integral is zero since §(z) = O in the
interval {2,6]. The answer is —8.
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7.1 Integration by Parts (page 287)

9. (This is 7.1.54) Find the area under the graph of %g— = [U(z + Az) — U(z)]/Az.

o For the sake of this discussion let Az be positive. The step function has U(z) = 1 if z > 0. In that
case U(z + Az) = 1 also. Subtraction U(z + Az) — U(z) leaves zero. The only time U(z + Axz) is
different from U(z) is when z + Az > 0 and z < 0. In that case

Ulz + Az) — U(z) =1 - 0= 1 and U(I+A:l‘U(”)=Zl.;,
area | p av_ 1 _, area 1 Av_ 1 _,
/ A Ax Ax Ax
t 2 > } >
1 =5 1 Ax =

The sketches show the small interval —Az < z < 0 where this happens. The base of the rectangle is

Az but the height is Zl—m‘ The area stays constant at 1.

The limit of M—%{Fﬂﬂ is the slope of the step function. This is the delta function U’(z) = §(z). Certainly
6(z) = 0 except at z = 0. But the integral of the delta function across the spike at z =0 is 1. (The area hasn’t
changed as Az — 0.) A strange function.

Read-throughs and selected even-numbered solutions :

Integration by parts is the reverse of the product rule. It changes fu dv into uv minus fv du.Incaseu=1z
and dv = e?*dz, it changes [ ze®*"dz to %xe2x minus [ % e2Xdx. The definite integral f02 ze?*dz becomes %e4
minus i— In choosing u and dv, the derivative of u and the integral of dv/dz should be as simple as possible.
Normally In z goes into u and e goes into v. Prime candidates are 4 = z or z° and v = sinz or cos x or exX.

When u = z? we need two integrations by parts. For fsin_1 z dz, the choice dv = dz leads to x sin~1x minus

[xdx/V1-x2.

If U is the unit step function, dU/dz = § is the unit delta function. The integral from —A to A is U(A) —
U(—A) = 1. The integral of v(z)é(z) equals v(0). The integral f_ll cos z §(z)dz equals 1. In engineering, the
balance of forces —dv/dz = f is multiplied by a displacement u(z) and integrated to give a balance of work.

14 [ cos(Inz)dz = uv — [ vdu = cos(In z)z + [ zsin(Inz)1dz. Cancel z with L. Integrate by parts again to get
cos(In z)z + sin(In z)z — [ zcos(In z)1dz. Move the last integral to the left and divide by 2.
The answer is Z(cos(In z) + sin(ln z)) + C.

18 uv — [ v du=cos™!(2z)z + fz\/% = zcos™}(2z) — L(1 - 42?)Y/2 4+ C.

22 uv— [ v du = 23(— cos z) + [(cos z)32%dz = (use Problem 5) = —z% cos z + 3z%sin z + 6z cos z — 6sin z + C.

28 fol eVidz = [|_ e*(2udu)=2"(u—1)|i=2. 38 [z"sinzdz=—z"cosz+n [2" ! cos z dz.

44 (a) € = 1; (b) v(0) (c) O (limits do not enclose zero).

46 f_ll §(2z)dz = f'f:__2 §(u)L = 1 Apparently 6(2z) equals 6(z); both are zero for z # 0.

48 [§ 6(z — L)dz = _1432 §(u)du = 1; [} e*8(z — L)dz = _1{2;2 e* 36 (u)du = e1/2;6(z)s(z — 1) = 0.
60 A= ffln:c dz = [z Inz — z]{ = 1 is the area under y =Inz. B = fol eYdy = e — 1 is the area to the left of

y = Inz. Together the area of the rectangle is 1 + (¢ — 1) = e.
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7.2 Trigonometric Integrals (page 293)

This section integrates powers and products of sines and cosines and tangents and secants. We are constantly
2 2 z. Starting with [sin® z dz, we convert it to [(1 — cos® z)sinz dz. Are we unhappy

about that one remaining sin £7 Not at all. It will be part of du, when we set u = cos z. Odd powers are actually

using sin“z = 1 — cos

easier than even powers, because the extra term goes into du. For even powers use the double-angle formula in
Problem 2 below.

1. f(sin £)~3/%(cos z)3dz is a product of sines and cosines.

e The angles z are the same and the power 3 is odd. (—2 is neither even nor odd.) Change all but one

2

of the cosines to sines by cos? z = 1 — sin? z. The problem is now

/(Sin Z)—s/z(l — sin? z)cosz dz = /(u_3/2 - ul/z)du,.

Here u = sinz and du = cos z dz. The answer is

2 2
—2u" /2 §u3/2 +C = —2(sinz)~ /2 - -?;(sin z)3/? + C.
2. fsin4 3z cos? 3z dz has even powers 4 and 2, with the same angle 3z.

e Use the double-angle method. Replace sin® 3z with (1 — cos6z) and cos? 3z with 2(1+ cos6z). The

problem is now

f (1-cos6z)® (1Hcosbz) g, 1 J(1—2cosbz + cos? 6z)(1 + cos 6z)dz

1 3
% f(l — cos 6z — cos? 6z + cos® 6z)dz.

The integrals of the first two terms are z and ésin 6z. The third integral is another double angle:

1 1 1
/cosz 6z dz = / 5(1 + cos 12z)dz = EI+ ﬂsin 12z.

For fcos3 6z dz, with an odd power, change cos® to 1 — sin®:

d 1, 1
/‘cos3 6z dz = /(1 — sin® 6z) cos 6z dz = /(1 — uz)—ﬁg 6 sin 6z — Igsms 6z.

Il

Putting all these together, the final solution is

1 1 1 1 1 . 1 . 1 1 . 1
—8-[1:— Esin(i:z:— (Ez-f- ﬂsin 12z) + gsmﬁz— Igs1n36:c] =165~ 1f92-s1n12:r:— -14—45m3 6z + C.

3. [sin10z cos4z dz has different angles 10z and 4z. Use the identity sin 10zcos 4z = 5sin(10 + 4)z +

3 sin(10 — 4)z. Now integrate:

1 1 1
/(-;—sin 14z + EsinGz)dz = =g cos 14z - Ecos6z+C.
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7.2 Trigonometric Integrals (page 293)

4. [ cos zcos4dz cos 8z dz has three different angles!
e Use the identity cos4zcos 8z = 1 cos(4 + 8)z + } cos(4 — 8)z. The integral is now % [(cos zcos 12z +

cos zcos 4z)dz. Apply the cos pz cos gz identity twice more to get

sin 11z 4 sin 5z + sin 3z
11 5 3

1 1 13
/(—cos 13z + —cos 11z + 5cosSz+ —cosSz)dz— —(sm =" )+C.

5. f tan® z sec? z dz. Here are three ways to deal with tangents and secants.

e First: Remember d(tan z) = sec? z dz and convert the other sec? z to 1+ tanZ z. The problem is

/t.a.n5 z(1 +tan® z)sec? z dz = /(u.5 + u”)du.

e Second: Remember d(sec z) = sec ztan z dz and convert tan* z to (sec?z — 1)2. The integral is

/(sec2 z — 1)%sec® zsecztanz dz = /‘(u2 - 1)%u’du = /(u." - 2u® + u®)du.

sms z

o Third: Convert tan® zsec* z to sines and cosines as . Eventually take u = cos z:

J¢ c:»:z—)—: sinzdz = [(cos™®z—2cos™" z+cos™z)sing dz
f(—u_g + Zu_7 - u_s)du.

6. Use the substitution u = tan £ in the text equation (11) to find [; n/4 _ds

l1-sinz’
e The substitutions are sin z = —2%; and dz = 22, This gives
T+ud 1+u?

/ 1 / 1 2du /‘ 2du / 2du 2
—_— dr= — = = = .
1—sinz 1- 2, 1+u? (14 u?) - 2u (1-u)2 1-u

The definite integral is from z = 0 to z = §. Then u = tan goes from O to tan §. The answer is

- — 2141

1—tan £

7. Problem 7.2.26 asks for fo’r sin 3z sin 5z dz. First write sin 3z sin 5z in terms of cos 8z and cos 2z.

e The formula for sin pzsin gz gives

/ﬂ.(—l cos 8z + = cos 2z)dz = [——1— sin 8z + 2 sin 2z]g =0
o & 2 2 e 4 o=
8. Problem 7.2.33 is the Fourier sine series Asinz + Bsin2z + Csin 3z + - -- that adds to z. Find A.

e Multiply both sides of z = Asinz + Bsin2z + Csin3z + - - - by sin z. Integrate from 0 to n:

®

w T ki3
/ zsinz d:z:=/ Asin’z dz+/ Bsin2z sinz dz+/ Csin3zsinz dz+ ---.
0 0 0 0

All of the definite integrals on the right are zero, except for f(;r Asin® z dz. For example the integral
of sin 2zsin z is [ 1 sin 3z + 1 sin z]§ = 0. The only nonzero terms are [; zsinz dz = [ Asin®z dz.
Integrate zsin z by parts to find one side of this equation for A :

” ™
/ zsinz dz = [~z cos z|] +/ cosz dz = [~z cosz + sinz|] = .
0 0
On the other side [ Asin®z dz = 4[|z —sinzcosz]§ = 4. Then 4% = 7 and A = 2.
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7.2 Trigonometric Integrals (page 293)

= 7. They say that the average value

e You should memorize those integrals [ sin® zdz = [ cos® z dz =
1

of sin? z is %, and the average value of cos? z is 2
e You would find B by multiplying the Fourier series by sin 2z instead of sin z. This leads in the same
way to fo" zsin2z dz = fo" Bsin® 2z dz = B7 because all other integrals are zero.

9. When a sine and a cosine are added, the resulting wave is best expressed as a single cosine: acosz+bsinz =
Va2 + b2 cos(z — a). Show that this is correct and find the angle a (Problem 7.2.56)

e Expand cos(z — a) into cos z cos a + sin z sin a. Choose a so that cosa = Tﬁ and sina = \/Tﬁﬁ'

Our formula becomes correct. The reason for Va2 + b2 is to ensure that cos? o +sin? a = —3}—,—
b Thus 3cosz + 4sinz = 5cos(z — tan~* £).

[

Dividing sin & by cos a gives tana = g or o = tan™!

dz

10. Use the previous answer (Problem 9) to find [ Teoss Foma
e Witha=+/3 and b =1we have Va2 + b2 =43+ 1=2 and a = tan™?! % = % Therefore

g 1 s T
— )z = - - - .
)dz 2ln|sec(z 6)+tan(z )| +C

/ da - f dz = l‘/sec(:z:
V3cosz +sinz ./ 2cos(z —x/6) 2

The figure shows the waves /3 cos z and sin z adding to 2 cos(z — %).

2 v/’.?cosx+sinx=2cos(x—1‘-)
Vi 6
1T sin x
0 + A
T T 2K
6
-IT vIcosx
2l

11. What is the distance from the equator to latitude 45° on a Mercator world map? From 45° to 70°7

o The distance north is the integral of sec z, multiplied by the radius R of the earth (on your map). See

Figure 7.3 in the text. The equator is at 0°. The distance to 45° = % radians is

n/4
R/ sec z dz = Rln(sec z + tan z)g/4 = Rln(V2+1)— Rln1 = 0.88R.
0

o

The distance from 45° to 70° is almost the same: RlIn|sec z + tan z| Zgo ~ 0.85R.

Read-throughs and selected even-numbered solutions :

To integrate sin® z cos® z, replace cos? z by 1 — sin®x. Then (sin* z — sin® z) cos z dz is (u? - u6) du. In

terms of u = sin z the integral is —u5 7u7. This idea works for sin™ z cos™ z if m or n is odd.

If both m and n are even, one method is integration by parts. For [ sin* z dz, split off dv = sinz dz

102



7.2 Trigonometric Integrals (page 293)

2

Then — f v du is f 8 sin2x cos?x. Replacing cos? z by 1 — sin“x creates a new sin? z dz that combines with

the original one. The result is a reduction to [ sin? z dz, which is known to equal i(x — sin x cos x).
The second method uses the double-angle formula sin® z = %(1 — cos 2x). Then sin* z involves cos? 2x.
Another doubling comes from cos? 2z = %(1 + cos 4x). The integral contains the sine of 4x.

To integrate sin 6z cos 4z, rewrite it as 2 sin 10z + %sin 2x. The integral is —ﬁcos 10x —lcos 2x. The

definite integral from 0 to 2r is zero. The product cospz cosqz is written as 1 cos(p + g)z + 5 1 cos(p q)x.
Its integral is also zero, except if p = q when the answer is .

10y, Similarly [ sec® z(sec z tan z dz) = 0seclox

2

With u = tan z, the integral of tan® z sec? z is l—ldtan
For the combination tan™ z sec™ z we apply the identity tan?z = 1 + sec® x. After reduction we may need

Jtan zdz = —In cosx and [ sec z dz = In(sec x + tan x).

6 [sin® zcos® z dz = fsin3 z(1 — sin’ z) cos z dz = %sin‘x - %sinsx +C
10 [sin® azcosaz dz = gxs_a_x_ + C and [sinazcosaz dz =
18 [sin® zcos® 2z dz = [ 1250822 02 25 dz = [(Ldcgeds _ cos2z(y) _4in? 95))dz =

?lc_+sin_1_6_4x_ﬂliﬁ+siﬁn_322_x+a This is a hard one.
18 Equation (7) gives fo’r/ 2cos" zdz = [“—9’—':-1%]"/ 24 o=l [ "/2 c0s"~2 z dz. The integrated term is zero
w2 _ =1.

iniax +C

because cos I = 0 and sin0 = 0. The exception is n = 1, when the mtegral is [sin z],
26 fo sin 3z sin 5z dz = f = cosBzico:szz — [—sm 8x + sin 2x11r —
30 fo sinz sin 2z sin 3z dz = fo sin 2g(—Sosdzdcosdz)gy f sin 2z(M§)dz =

3 2
[—%ﬁ + ﬂaﬂ - %]g" = 0. Note: The integral has other forms.

82 [, = cos zdz = [z sin z|J — [ sinz dz = [x sin x + cos x|] = —2.

84 [; 1sin3z dz = [ (Asinz+ Bsin2z+Csin3z+ - ) sin 3z dz reduces to [—2332]% = 040+ C [ sin? 3z dz.
Then 2 =C(§) and C = 34;

44 First by substituting for tan? z : [ tan® zsec z dz = [sec® z dz — [ sec z dz. Use Problem 62
to integrate sec® z : final answer %(sec x tanx — In|sec x + tan x|) + C. Second method from
line 1 of Example 11: ft.an2 zsec zdz = sec ztanz — f sec® z dz. Same final answer.

52 This should have an asterisk! [ 2324y — | 1%ﬁdm = [(sec® z — 3sec z + 3cos z — cos® z)dz = use

Example 11 = Problem 62 for [ sec® z dz and change [ cos® z dz to [(1 — sin? z) cos z dz.

Final answer ggs—l‘-zt—ag—l - §lnl:sec X + tan x| + 2 sin x 4 81X sm +C.
54 A=2:2cos(z+ §) =2coszcos § — 2sinzsin § % =cosz— \/gsmz Therefore [ (T—Mssi;x—)ﬂ- =
f4cos’(z+-5) tan (x+ 3)+C

58 When lengths are scaled by sec z, area is scaled by sec?x. The area from the equator to latitude z is then

proportional to [ sec? z dz = tan z.
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7.3 Trigonometric Substitutions (page 299)

The substitutions may be easier to remember from these right triangles:

a a

x=asin @ x = atanf x = asec6

Each triangle obeys Pythagoras. The squares of the legs add to the square of the hypotenuse. The first triangle

has sinf = ﬁ;—%‘s—e = 2, Thus z = asinf and dz = acosfdf.

Use these triangles in Problems 1-3 or use the table of substitutions in the text.
dz
z

1. ff /e has a plus sign in the square root (second triangle).

e Choose the second triangle with a = 3. Then z = 3tan# and dz = 3sec? df and Vz2 + 9 = 3sech.

Substitute and then write sec § = colﬂ, and tand = %?T::
/ dz _ 3 sec? §df _ /’ cosfdf -1
2222 +9 J (9tan®6)(3secd) J 9sin®f 9sind’

The integral was b‘-u'zdu with u = sinf. The original limits of integration are £ = 1 and z = 4.

Instead of converting them to 4, we convert sin# back to z. The second triangle above shows

1 _ hypotenuse vz2+9 -vV22+9, -5 V10

—— = - = and then | + — & 0.212.
sin 6 opposite z

9z h=3+7
2. f\/ 100 — z2 dz contains the square root of a? — z? with a = 10.

e Choose the first triangle: z = 10sinf and V100 — 22 = 10cosf and dz = 10cos fdf:

/VIOO— 22 dz = /(10c030)10cos0d0 = 100/cos2 fdf = 100 - %(0 + sinf cosf) + C.

Returning to z this is 50(sin™' & + & - @) =50sin"! & + 12100 — z2.

dz S22 ; :
3. f TTesi=as does not exactly contain z° — a?. But try the third triangle.

e Factor v/9 = 3 from the square root to leave /22 — %5. Then a? = ggg and a = —g—. The third triangle
has z = % secd and dz = % sec § tan 6dd and vV/9z2 — 25 = 5tand. The problem is now

S sec 0 tan 6d6 3
oo =3’—/cosoda=——sino+c.
(3)%sec?d(5tanf) 25 25

The third triangle converts == sin  back to 3@.
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7.3 Trigonometric Substitutions (page 299)

4. For f % d’ the substitution z = sin § will work. But try u =1 — 22

e Then du = —2z dz and z2 = 1 — u. The problem becomes ——f (luﬁ,"'),d—" i f(u'l/2 —u~1/2)du,
In this case the old way is simpler than the new. '

Problems 5 and 6 require completing the square before a trig substitution.
5. -\/-—z—=,‘f§=z_m requires us to complete (z — 4)2. We need 42 = 16 so add and subtract 10 :
z? — 8z + 6 = (z° — 8z + 16) — 10 = (z — 4)% — 10.

This has the form u? — a? with u = z — 4 and a = v/10. Finally set u = V/10sec 6:

v/10sec 6 tan 6df /secoda

I =

6. f @d: requires us to complete 2z — z2 (watch the minus sign):

2z — 22 = —(22 —2z) = —(2® ~ 22+ 1) +1=1- (z—1)%

This is 1 — u? with u = z — 1 and z = 1 + u. The trig substitution is u = sin §:

/\/2z—z2_/’\/l—uzdu_fcoszﬁdﬂ _ [ (1—sin?9)
z  J 14w ) 1+4sind | 1+sin6)

df = /(l—sinﬁ)da.

Read-throughs and selected even-numbered solutions :

The function v'1 — z2 suggests the substitution z = sin 4. The square root becomes cos f and dz changes to
cos 6 df. The integral f(l - :1:2)3/2dz becomes fcos49 df. The interval % < z <1 changes to % <8< %

or Va2 — z2 the substitution is £ = a sin § with dz = a cos 6 df. For z? — a? we use z = a sec § with
dz = asecf tan 6. (Insert: For 2% + o® use z = a tan6). Then [dz/(1 + z?) becomes [ df, because
1+ tan?f = sec26. The answer is 6 = tan~! z. We already knew that 1+1x2 is the derivative of tan™! z.

The quadratic z? + 2bz + ¢ contains a linear term 2bz. To remove it we complete the square. This gives
(z+5)% + C with C = ¢ — bZ. The example 22 + 4z + 9 becomes (x + 2)2 + 5. Then u = £+ 2. In case z2 enters
with a minus sign, —z2 + 4z + 9 becomes —(x — 2)2 + 18. When the quadratic contains 4z2, start by factoring
out 4.

2z=asec0,zz—a2=a2tan20,f\/%= asecftanddd — Jp |sec§ + tanf| = In|X + x_2_1|+C

atané

1
4z=3tanf,1+92% =sec?d, [ H2s = [ ::Z, g‘w - %tan—ISx +C.

12 Write /26 — 28 = z°\/1 — 22 and set z =sinf : | \/:z:‘s — z8dz = [ sin® 0 cos §(cos fdf) =
J sin6(cos? 8 — cos* 0)df = —%—3—9 + % = —1(1 - x%)3/2 4 %(1 -x2)5/2 4 ¢
cos 6d6

— dz — — —
14I—Sln0,fm—f—ca—s3- tand + C = 7=:—+C
82 First use geometry: f:/z\/ 1 — z2dz = half the area of the unit circle beyond z = % which breaks into
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1(120° wedge minus 120° triangle) = 3(§ — 5 -5 - 2¢/1 - (%)2) =5~ 3@
Check by integration: f1/2v1—z dz = [3( x\/l—a:2+sm )12 = HE -2 - 6)=%—38§.

l—coszy _ dz _ fcosxzdx __ 2 _ [ du
34 f coszx fSEC:E dz = In |secx+ tanx'+c f 1+cosa: 1—cosz/ — J sin?z f sin3 z fCSC z dz ul
_1-cosx x x
cotz+ 7= "ginx TC i f \/Hw” f \/ECOS‘ = V2 In[secy + tang |+ C

40 z=cosh@: de:c—f s‘;;‘l‘]‘e sinh 8df = ft:anh2 fdf = f(l —sechzﬂ)dﬁ = f—tanhd =cosh~1x —@—%C

44 —2° +2x+8:—(g;_1)2+9
50f /————Q (=1 f du_ Set‘u:?’Sing:fM:ﬂ:sin—lg=sin'13%1+c;

cos @
f — In x— f :f dy_ _ 1], 2u-—8 _ llnx-Z +C
10—::’ 2\/ﬁ x+\/_ (z+2)= 16 u:-16 8 " 2u+8 8 "X+6
52 (a) u=z-2(b)u=z+1(c)u=z-5(dju=z—;

7.4 Partial Fractions (page 304)

This method applies to ratios ﬂ—z—l, where P and Q are polynomials. The goal is to split the ratio into pieces
PP Q=)

that are easier to integrate. We begin by comparing this method with substitutions , on some basic problems

where both methods give the answer.

1. f 2-dz. The substitution u = z? — 1 produces [ % 2% — In|u| = In [2% - 1].
e Partial fractions breaks up this problem into smaller pieces:

21:_ 2z l't'tA+B‘1 1
-1 (z+0)(z—1) Py =

+1 z-1 :z:+1+:c—1'

Now integrate the pieces to get In |z+1|+In |z— 1|. This equals In |2°— 1|, the answer from substitution.

2z
z3-1"

We review how to find the numbers A and B starting from

e First, factor z° — 1 to get the denominators z + 1 and z — 1. Second, cover up (z — 1) and set z = 1:

2 A B
z = + becomes 2—:15 = z = B. Thus B = 1.
(z+1)(z—-1) =z+1 =z-1 (z+1) 2

Third, cover up (z + 1) and set z = —1 to find A:

2 ~2
Atx:-lwegetA:—$~:~—:1.
(z—1) -2

That is it. Both methods are good. Use substitution or partial fractions.

tan? 0 sin 6

2. fzgl_ldz. The substitution z = sec § gives [ dsecOtant jg f 446
e The integral of si—xl;E is not good. This time partial fractions look better:

4 4 A B -2 2

= l.t.t = -
22— 1 (z—’rl)(z—l)SplSlnox+1+z—1 :c+1+x~1

The integral is —21n |z + 1| + 2In|z — 1| = 2In |22}|. Remember the cover-up:
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7.4 Partial Fractions (page 304)

3. [ B

substitutions. This case is

4 4
z=1gives B= —M—— = 2. z=—-1gives A = —— = —-2.
8 @+1) ’ -1

da: is the sum of the previous two integrals. Add A’s and B’s:

22+4 A B -1 3

= = + X
z2 -1 z+1+z—1 z+1 z-1

In practice I would find A = —1 and B = 3 by the usual cover-up:

2z + 4 6 2z +4 2
= 1 = e——— e = —1 gl A=m—r—m—m = —,
z =1 gives B (z+1) 2 z gives =D~ 22

The integral is immediately — In |z + 1|+ 31n|z — 1|. In this problem partial fractions is much better than

linear _ degree 1
quadratic degree 2

. That 1s where partial fractions work best.

The text solves the logistic equation by partial fractions. Here are more difficult ratios g—((%.

e It is the algebra, not the calculus, that can make —g{% difficult. A reminder about division of polyno-

mials may be helpful. If the degree of P(z) is greater than or equal to the degree of Q(z), you first
divide Q into P. The example ;,—_*_L;m requires long division:

z divide z? into 2> to get z

24+2z4+1 V2

2% +2z% +z  multiply 22+ 2z + 1 by z
3

—22% — z  subtract from z

The first part of the division gives z. If we stop there, division leaves 1,+I;x+1 =z+ x",i“’;x—:l. This
new fraction is g—:—% So the division has to continue one more step:
z—2 divide z2 into —222 to get —2
z242z+1 Vz
42z + 1z
-2z% — 1

—22%2 — 4z — 2 multiply 22 + 2z + 1 by —2
3z +2 subtract to find remainder

Now stop. The remainder 3z + 2 has lower degree than z% + 2z + 1:

2 o411 %7 ———— isrea _
724+ 2z +1 212zl ® y for partial fractions

Factor 22 + 2z + 1 into (z + 1)2. Since z + 1 is repeated, we look for

3z+2 A n B

(z+1)2 (z+1)  (z41)2
Multiply through by (z + 1) to get 3z+2 = A(z+ 1)+ B. Set z = —1 to get B = —1. Set z =0 to
get A+ B = 2. This makes A = 3. The algebra is done and we integrate:

z° 3z+2 1
T = [(z—2 _ _
/z2+2:v+1 ’ /(I P21 /(z +1 Y

1
259:2—29:+31n|:c + ll+(z+1)—1+C.

(notice this form!)
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7.4 Partial Fractions (page 304)

3 o e e
4. [ :T“i_'—;‘d:r also needs long division. The top and bottom have equal degree 2:

1 divide z? into z? to get 1
2 +0z—-4 V242
22+ 0z~ 4

multiply 2% — 4 by 1
T+ 4 subtract to find remainder z + 4

. 2
This says that f,—'ff =1+ I%:E% =1+ G—_;)(—*:—“—). To decompose the remaining fraction, let

z+4 A

B
(c-2)(z+2) z-2 "

z+2

Multiply by z — 2 so the problem is z—'_% = A+ E(xi;zzl. Set £ =2 to get A = % = % Cover up z + 2 to
get (in the mind’s eye) 212 = %Z_L;)l

+ B. Set £ = ~2 to get B = —%. All together we have

2 +z 2 2
/12_4dz=/(1+

3 1

dz = —lnjz—2|- = .

p— x+2)z z+2n|7 | 2ln|:1:—4—2|—+—C’

5. f—,—i———i——-i’:z_{_;)“(“;_'_l,,? dz requires no division. Why not? We have degree 2 over degree 3. Also z2 + 3 cannot be

factored further, so there are just two partial fractions:

7z +14z+15 A

+B:1:+C'
(z24+3)(z+7) z+7

2+ 3

Use Bz + C over a quadratic, not just B!
Cover up z + 7 and set z = —7 to get 2?629 = A, or A =5. So far we have

Tz? + 14z + 15 .

(z2+3)(z+7) =z
We can set z = 0 (because zero is easy) to get 32 =

5 +B:c-i—C
+ 7 24+ 3
c
3)

tr—;—+— orC =0. Thenseta::—ltoget% %+—_~4—B—.
Thus B = 2. Our integration problem is f(;—_‘i—.; + Pz%)dx = 5In]z + 7| + In{z? + 3) + C.
6. (Problem 7.5.25) By substitution change [ 1< to [ g—%%du. Then integrate.
e The ratio %_%:da: does not contain polynomials. Substitute u = e*, du = €”* dz, and dz = ‘i—“ to get
%. A perfect set-up for partial fractions!

14+u _A B

2
u(l —u) VI RV g
The integralisIn v —2ln|l—u|=z—2In|1 —€*|+ C.

Read-throughs and selected even-numbered solutions :

The idea of partial fractions is to express P(z)/Q(z) as a sum of simpler terms, each one easy to integrate.

To begin, the degree of P should be less than the degree of Q. Then @ is split into linear factors like z — 5

(possibly repeated) and quadratic factors like z° + z + 1 (possibly repeated). The quadratic factors have two
complex roots, and do not allow real linear factors.

A factor like z— 5 contributes a fraction 4/(x — 5). Its integral is A In{x — 5). To compute A, cover upx — 5
in the denominator of P/Q. Then set £ = 5, and the rest of P/Q becomes A. An equivalent method puts all
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7.5 Improper Integrals (page 309)

fractions over a common denominator (which is Q). Then match the numerators. At the same point (z = 5)
this matching gives A.

A repeated linear factor (z — 5)? contributes not only A/(z — 5) but also B/(x — 5)2. A quadratic factor like
z? + z + 1 contributes a fraction (Cx + D)/(z? + z + 1) involving C and D. A repeated quadratic factor or a
triple linear factor would bring in (Ez + F)/(z? + z + 1)2 or G/(z — 5)°. The conclusion is that any P/Q can
be split into partial fractions, which can always be integrated.

1
6 zix—lii:ﬂ+1) + _L + ;—%
14 :E+1 $2+0$+ ?ﬁ_z_l_*‘xil 163112_%—;17_*-3:_-]:1—
18 (1_3’)3:3 = = A(T:f:iﬁfa(-fa)_s)zis impossible (no z? in the numerator on the right side).
Divide first to rewrite 37y =1+ mﬁm (now use partial fractions) 1+ —L— ;_%
22 Set u = 1/z so u? = z and 2u du = dz. Then fﬁ%dx = [ 15%2u du = (divide u + 1 into —2u® + 2u) =
J(—2u+4- Z2)du=—u +4u—4ln(u+1)+C’——x+4\/J_( 4In(yx+1) + C.
7.5 Improper Integrals (page 309)
An improper integral is really a limit: f0°° z)dz means limy_, o fo z)dz. Usually we just integrate and
substitute b = oo. If the integral of y(z} contains e~ then ¢~ = 0. If the integral contains i or m then

L = 0. If the integral contains tan™' z then tan™! co = Z. The numbers are often convenient when the upper
limit is b =
Similarly f z)dz is really the sum of two limits. You have to use @ and b to keep those limits separate:

limg_, oo fa y(z) da: + limy_, oo fo y(z)dz. Normally just integrate y(z) and substitute a = —oo and b = oo

EXAMPLE 1 f_oo x7+5—[5 tan_lg = ( )__(__ =
Notice the lower limit, where tan™ g approaches —7 as a approaches —oo. Strictly speaking the solution
should have separated the limits a = —oco and b = oo
oo
dz 1 T N DU 2T
[ s = i (g Sl i a2

If y(z) blows up inside the interval, the integral is really the sum of a left-hand limit and a right-hand limit.

EXAMPLE 2 f_32 g—f blows up at z = O inside the interval.

e If this was not in a section labeled “improper integrals,” would your answer have been [~%x"2]?_2 =
; % - i— = %? This is a very easy mistake to make. But since ;% is infinite at z = 0, the integral is

improper. Separate it into the part up to z = 0 and the part beyond z = 0.

The integral of 1% is -2:_}, which blows up at z = 0. Those integrals from —2 to 0 and from O to 3 are both

infinite. This improper integral diverges.
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7.5 Improper Integrals (page 309)

e Notice: The question is whether the integral blows up, not whether y(z) blows up. fol ﬁ dz is OK.

Lots of times you only need to know whether or not the integral converges. This is where the comparison
test comes in. Assuming y(z) is positive, try to show that its unknown integral is smaller than a known

finite integral (or greater than a known divergent integral).

EXAMPLE 3 f 1°° ﬁ';c?ﬂdz has 2+cos z between 1 and 3. Therefore giz%’ﬂ‘- < ;35 Since ffo fgd:c converges
to a finite answer, the original integral must converge. You could have started with 3*—5?55 > ;1-3- This is true,
but it is not helpful! It only shows that the integral is greater than a convergent integral. The greater one could

converge or diverge ~ this comparison doesn’t tell.

EXAMPLE4 [~ ;%dz has ;‘% 2 = Lo for large z.

~1/2 is infinite). To show a comparison, note ;‘% > -‘g This is because

8 is smaller than 2z beyond our lower limit z = 5. Increasing the denominator to 3z makes the fraction smaller.

We suspect divergence (the area under z

The official reasoning is

oo\/id“’> \/—dz- ® _dsz 21/2]1;_

5 z+ 8 5 11/2
5. (Problem 7.5.37) What is improper about the area between y = sec z and y = tan z?

The area under the secant graph minus the area under the tangent graph is

n/2 n/2 2 2 ‘
/ sec z dz — / tanz dz = In(sec z + tan z)]"/ + In(cos z)]g/ = 0o — oo.
0 0

The separate areas are infinite! However we can subtract before integrating:

fo’r/z (secz —tanz)dz = [In(sec z + tan z) + In(cos z)|1/?
= [In(cosz)(sec z + tan :::)]"/2 = [In(1 + sin z) g/z =In2-Inl=I2.
This is perfectly correct. The difference of areas comes in Section 8.1.
Read-throughs and selected even-numbered solutions :
An improper integral f b y(z)dz has lower limit @ = —oo or upper limit ¥ = co or y becomes infinite in the

interval a < z < b. The example [~ dz/z° is improper because b = co. We should study the limit of fl dz/z3
as b — oco. In practice we work directly with — —a:_z]1 = § For p > 1 the improper integral f z~Pdz is finite.

For p < 1 the improper integral fo z7Pdz is finite. For y = ¢~ the integral from 0 to oo is 1.

Suppose 0 < u(z) < v(z) for all z. The convergence of [ v(x)dx implies the convergence of [ u(x)dx.
The divergence of [ u(z)dz implies the divergence of [ v(z)dz. From —oco to oo, the integral of 1/(e® + e”%)
converges by comparison with 1/e/X!. Strictly speaking we split (—oo,00) into (—o0, 0) and (0, 00). Changing
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7 Chapter Review Problems

to 1/(e® — e~2) gives divergence, because €* = e * at x = 0. Also ff" dz/sin z diverges by comparison with

J @x/x. The regions left and right of zero don’t cancel because co — co is not zero.

2 fl 4 = ”;](1) diverges at z = 0 : infinite area
8 f_oo sin z da: is not defined because f: sin z dz = cosa — cos b does not approach a limit as b — oo
and a — —o0
16 f0°° (—g—_—‘i“— = (set u=e" —1) f0°° 3—’,{ which is infinite: diverges at u=01ifp > 1,

1)?
diverges atu=o00if p<1.
18 fo —sﬁ < 01 de = 1 : convergence

24 fo v-Inzdz < fol/e(—— Inz)dz + fll/e ldz =[-zlnz + o/ + [£]i/e = + + 1: convergence
(note zlnz — 0 as z — 0)

36 fbde:g = [LIn(1+ 2%)]% = 3 In(1+%) — 3 In(1+ a®). As b — oo or as a — —oo (separately!)
there is no limiting value. If a = —b then the answer is zero — but we are not allowed to
connect a and b.

40 The red area in the right figure has an extra unit square (area 1) compared to the red area
on the left.

7 Chapter Review Problems

Review Problems
R1 Why is [ u(z)v(z)dz not equal to ([ u(z)dz)([ v(z)dz)? What formula is correct?

R2 What method of integration would you use for these integrals?
[ zcos(222 + 1)dz [ zcos(2z + 1) [cos?(2z+1)dz [ cos(2z + 1)sin(2z + 1)dz
f cos®(2z + 1) sin®(2z + 1)dz [ cos*(2z + 1)sin®(2z + 1)dz  [cos2zsin3z dz | %:%g:—ﬁ%da:

R3 Which eight methods will succeed for these eight integrals?
z dz d d
f Jata? dz f Vot / \ﬁ -3
f dz f dm f z dz f z3dx
z3+2z-3 Vzi+2z z3-3 x3-3
R4 What is an improper integral? Show by example four ways a definite integral can be improper.
R5 Explain with two pictures the comparison tests for convergence and divergence of improper integrals.
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7 Chapter Review Problems

Drill Problems

D1 f2?Inzdz D2 [ e®sin 2z dz

D3 [2*V1-22 dz D4 ;ﬂ%’-;_—s

D5 J l“T: dz De J tan® 2z sec? 2z dz
D7 [ee® dz Ds f\/ﬁ%

D9 [ sin(In z) dz D10 [S+24;

D11 [sin"'yzdz D12  [cos*2zsin®2z dz
D13 [ =G D14 [ 22436 4z

Evaluate the improper integrals D15 to D20 or show that they diverge.

/2 dz o Inzx
D15  [j/%sezde D16 [ 82ds
D17 fow ze %dz D18 f_ﬁz_l/:sd:c

33 dz o dz
D19 o [i=z)"® D20 z(ln )77

112



MIT OpenCourseWare
http://ocw.mit.edu

Resource: Calculus Online Textbook
Gilbert Strang

The following may not correspond to a particular course on MIT OpenCourseWare, but has been
provided by the author as an individual learning resource.

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.


http://ocw.mit.edu
http://ocw.mit.edu/terms


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


