6.1 An Overview (page 234)

CHAPTER 6 EXPONENTIALS AND LOGARITHMS

6.1 An Overview (page 234)

In 10* = 10,000, the exponent 4 is the logarithm of 10,000. The base is b = 10. The logarithm of 10™ times
10" is m + n. The logarithm of 10™ /10" is m — n. The logarithm of 10,000% is 4x. If y = b® then z = logyy.
Here z is any number, and y is always positive.

A base change gives b = alo8ab 434 52 = ¢X108ab_ Then 85 is 215, In other words log, y is logo8 times
logg y. When y = 2 it follows that log, 8 times logg 2 equals 1.

On ordinary paper the graph of y = mx + b is a straight line. Its slope is m. On semilog paper the graph
of y = AbX is a straight line. Its slope is log b. On log-log paper the graph of y = AxK isa straight line. Its
slope is k.

The slope of y = b* is dy/dz = c¢b*, where ¢ depends on b. The number ¢ is the limit as h — 0 of lllll;"—l
Since z = log, y is the inverse, (dz/dy)(dy/dz) = 1. Knowing dy/dz = cb® yields dz/dy = 1/cb*. Substituting
b* for y, the slope of log, y is 1/cy. With a change of letters, the slope of log, z is 1/ex.

15-5-1;1;2;2 5 1;-10;80;1;4; -1 7 nlog, z 9 1.3  1310°
15 0; Isp = 10"I;; 8.3+ log,, 4 1TA=T,b=25 19A=4k=15
21 1;2:10g2 28y—1=cz;y—10=¢(z—1) 25 (.17* - 1)/(=h) = (10* — 1)/(—h)

27 ' = c2b%; 2" = —l/cy2 29 Logarithm

2(a)5 (b)25 (cJ1 (d)2 (e)10* (f)3

4 The graph of 277 goes through (0, 1), (1, %), (2, i) The mirror image is z = log% y (y is now horizontal):
log; /22 = —1 and log, ;4 = 2.

6()7 B3 (VD @L (VB ()5

8 log, a = (log, d)(log4 a) and (log, d)(log, ¢) = log, c. Multiply left sides, multiply right sides, cancel log, d.

10 Number of decimal digits s logarithm to base 10. For 2'% this logarithm is 1000log,, 2 =~ 1000(.3) = 300.

12 y = log,( z is a straight line on “inverse” semilog paper: y axis normal, z axis scaled logarithmically
(so z = 1,10, 100 are equally spaced). Any equation y = log, z + C will have a straight line graph.

14 y = 10'~* drops from 10 to 1 to .1 with slope —1 on semilog paper; y = %\/ﬁx increases with slope %
from y = % atz=0toy=>5atz=2.

16 If 440/second is the frequency of middle A, then the next A is 880/second. The 12 steps from A to A
are approximately multiples of 2!/12. So 7 steps multiplies by 27/12 & 1.5 to give (1.5) (440) = 660. The
seventh note from A is E.

18 logy = 2log z is a straight line with slope 2; logy = %logz has slope %

20 g(f(y)) = y gives g’(f(y))% =1lor cg(f(y))% =1lor cy% =1lor ‘% = é-

22 The slope of y = 10% is gz“ = c10” (later we find that ¢ = In 10). At z =0 and z = 1 the slope is ¢ and 10c.
So the tangent lines are y — 1 = ¢(z — 0) and y — 10 = 10¢(z — 1).
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6.2 The Exponential e* (page 241)

24 h=1gives c=9; h=.1gives c =2.6; h =.01gives ¢ = 2.339; h = .001 gives ¢ = 2.305; the limit is
¢ = In 10 = 2.3026.
26 (The right base is b = e.) With h = 1 we pick the base so that %Z—l =1lorb/4=(1+1)

orb=(1+1)* =528 Generally b =(1+ h)!/* which approaches ¢ as h — 0.

28 ¢ = limp_o 1%=L = limp—o 22:=1 = Llim,_o 1=1 = 1C.
6.2 The Exponential e” (page 241)

The number e is approximately 2.78. It is the limit of (1 + A) to the power 1/h. This gives 1.01'°° when
h = .01. An equivalent form is ¢ = lim (1 + %)n_

When the base is b = ¢, the constant ¢ in Section 6.1 is 1. Therefore the derivative of y = ¢” is dy/dz = eX.
The derivative of z = log, y is dz/dy = 1/y. The slopes at z = 0 and y = 1 are both 1. The notation for log, y
is In y, which is the natural logarithm of y.

The constant c in the slope of b* is ¢ = In b. The function b* can be rewritten as XInb_ 15 derivative
is (In b)eX 1D — (In b)bX. The derivative of e*(2) is eu(x)%_ The derivative of ¢*i"“ is €8I0 X cos x. The

derivative of e°® brings down a factor c.

The integral of e* is €* + C. The integral of e°® is _cl_ecx + C. The integral of ¢*(*)du/dz is €®*) + C. In
general the integral of e“(*) by itself is impossible to find.

1 497 3 887 53°In3 7(2)*mn2 9 Fopr 112 18z 15 iy
17 e*" % cos z + €” sin e” 19 .1246, .0135, .0014 are close to = 21 1,1
28Y(h) =1+ ;Y (1) = (1+ {5)'° =259 25 (1+ 1) <e < et < :31/2 <e* <10 < z®

3z Tz z z ( !‘ z -z
W+ Wrtidztng  Sliggt2t 385 - o

3z

85 2¢%/2+ - 87 e~ drops faster at z = 0 (slope —1); meet at z = Le = Je® < e ®)e 3 < 1o for z >3
89 y—e® =¢%(z —a); need —e* = —ae*ora=1

41y =z*(Inz+1) =0at zZpin = ;9" = 2°[(lnz +1)2 + 1} > 0
43 %(e-zy) — e—zg.'zt — e Ty =030 e"*y = Constant or y = Ce®

z z -1 .
45 €2 = £-1 47 L =24 - 3. 49 =1 Blel*®l=c2—¢ 53 28n%7 =0

55 f d—j——"eﬁd’da: =—e"+C; [(e¥)?Rdz =1 +C 57 yy' = 1gives 2y’ =z +Cor y=+2z+2C

59 9€ = (n — z)z"1/e® < 0 for z > n; F(2z) < senstant _, o 61 \/‘15!2—" s 117;(£)% =~ 116; 7 digits

249¢77* 4865 6 (In3)e®™3 = (In3)3® 8 4(In4)4** 10 (1;;),61/(”:) 12 (-1 4 1)et/* 14 2267
16 27 + 22 has derivative 4z 18 z71/= = ¢=(n=)/= hag derivative (— % + Bf)e~(n2)/z = (lnz-1y,-1/s
20 (1+ 1)%r — e2 = 7.7and (1+ 1)v» — 1. Note that (1 + 1)v™ is squeezed between 1 and e'/V™ which

approaches 1.
22 (1.001)1099 = 2,717 and (1.0001)!99%0 = 2.7181 have 3 and 4 correct decimals. (1.00001)190°% — 2 71827

has one more correct decimal. The difference between (1 + i)" and e is proportional to ,1—1
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6.3 Growth and Decay in Science and Economics (page 250)

24 y = e X solves % = —y. The dlﬂ'erence equation Y (z + }) = Y(z) — 1Y (z) with Y(0) = 1 gives Y (1) = %
and Y (1) = (1)4. (Compare e~ = .37 with (2)* = .32. See the end of Section 6.6.)

26 \/e® is the same as /2, Its graph at z = —2,0, 2 has the same heights %, 1, e as the graph of ¢ at
z=-1,0,1.

28 (¢3%)(¢7%) = €'°= which is the derivative of {kel0%

80 2% = ¢~ *!»2 which has antiderivativel!;eilze'x In2_ 1;—122_".

32 ¢~* + z~° has antiderivative —e™* + 32— 84 —eC0%F 4 tin® 36 ze® — ¢*

38 ¢ meets z° at z = e. Their slopes are ¢* and z*(1 + In z) by Example 6. At z = e those slopes are ¢ and

¢°. The ratio Z = (Z)* approaches infinity.
40 At z = 0 equality holds: ¢® = 1+ 0 and ¢~® = 1— 0. (a) Beyond z = 0 the slope of ¢* exceeds the slope of
1+ z (this means e* > 1). So €* increases faster than 1+ z. (b) Beyond z = 0 the slope of ¢~ * is
larger than the slope of 1 — z (this means —e™* > —1). Since they start together, e~ is larger than 1 — z.
42 z1/* = ¢(1n2)/= hag slope e(I2=)/2( L — Ing) = 1/"(—1—'—1112—-") This slope is zero at x = e, when Inz = 1.
The second derivative is negative so the maximum of xll 2 is e'/¢. Check: Ze(ln=)/2(1= -lpz) -
e,(ln:n:)/z[(l 1nx)2 + (=2- 1+21nz)] -4 el/e at 2= e.

* = 1 because the derivative is z°(—e™%) + ez®~le™% =

44 z° = ¢® at z = e. This is the only point where z¢~
(£ — 1)z°¢~*. This derivative is positive for z < ¢ and negative for z > e. So the function z%~*

increases to 1 at £ = e and then decreases: it never equals 1 again.

46 fon sin £ e“°®**dx = [_ecosz]z)r — _e—l +e.
48 fl 27*dz = (by Problem 30) [= _“]1 =g3(3-2)= m.
50 [;° ze % dz = [l e s =[- —]0 = 2— 52 f1 142 s 4z = [3e 142? k= E(e e)

C’ 11 1 11
54 [, (1 - e*)1%dz = [~ e o= -t
56 y'(z) = 5y(z) is solved by y = Ae®® (A is any constant). Choose A = 2 so that y(x) = 2e5X has y(0) = 2.
58 The asymptotes of (1 + 3)* = (££1)* = (;2;)~* are z = —1 (from the last formula) and y = e (from the
first formula).
60 The maximum of z8¢™* occurs when its derivative (6z° — 28)e™* is zero. Then x = 6 (note that z = 0

is a minimum).

S LA s : 4 Vi 12023 e 3602 _ g 720z _ 720
62 lim % = 82" — lim 32: = lim 2 = lim = = lim % =lim 7 = 0.
6.3 Growth and Decay in Science and Economics (page 250)

If y = cy then y(t) = yoeCt. If dy/dt = Ty and yo = 4 then y(t) = 4e’t. This solution reaches 8 at t = l_nTZ
If the doubling time is T then ¢ = l—l&qz If y' = 3y and y(1) = 9 then yo was 9e¢~3. When ¢ is negative, the

solution approaches zero as t — oo.

The constant solution to dy/dt = y+6 is y = —6. The general solution is y = Ae* — 6. If yo = 4 then A = 10.
The solution of dy/dt = cy + s starting from yo is y = Ae®* + B = (yg + %)ect - %. The output from the source
is %(ed‘ — 1). An input at time T grows by the factor e€t=T) 3¢ time ¢.

At ¢ = 10%, the interest in time dt is dy = .01y dt. This equation yields y(t) = yOe‘Olt. With a source
term instead of yo, a continuous deposit of s = 4000/year yields y = 40,000(e — 1) after ten years. The deposit
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6.3 Growth and Decay in Science and Economics (page 250)

required to produce 10,000 in 10 years is s = ye/(eSt — 1) = 1000/(e — 1). An income of 4000/year forever (")
comes from y, = 40,000. The deposit to give 4000/year for 20 years is yo = 40,000(1 — e‘z). The payment
rate s to clear a loan of 10,000 in 10 years is 1000e/(e — 1) per year.

The solution to y' = —3y + s approaches yo, = 8/8.

182 +yo 8 yoe* 5 10 ¢**;¢ = lnl0 7T ;e*+9.75 ¢ =12361 131 .=182;4=1nl0
18 82m(l)  15c=182;t=1m() 17¢=130200 19 =350 yo = 31000 = 190

21 p = 1013 e°*; 50 = 1013 ¢2°%; ¢ = & In(33%); p(10) = 1013 £1% = 1013,/;%%3 = /(1013)(50)

28 c= '—“33; (3P =3 25 y = yo — at reaches y; at t = =YL then y = Ae~ %/ 2TF;, /; T, T
29A=},B=- S1et—1 881—¢t 85 6;6 + Ac~2%;6 — 62,6 + 4¢~2;6

374;4-1;4 39 ye~t; y(t) = tet 414=1,B=-1,C=~-1 48¢9% > 075 45 s(e—1); ‘—“;—‘l

[0

47 (1.02)(1.03) — 5.06%;5% by Problem 27 49 20,000 ¢(20-T)(-8) = 34, 400 (it grows for 20 — T years)

51 s = —cyoe®® /(e — 1) = —(.01)(1000)e%0/(e%° — 1) 53 yo = 20%(1 — ¢:005(48))
55 e*¢ = 1.20 s0 ¢ = 2120 57 24¢%65 =7 59 To —oo; constant; to + co

61 9L =60cY; $% = 60(—Y +5); still Yo, =5

63 y = 60e™* + 20,60 = 60e!2° + 20,c = & In(£2); 100 = 60t + 20 at t = 1 In(52 650

2 % =—tgivesdy=—tdt and y= —%tz +C. Theny = -—%tz +landy= —%—tz — 1 start from 1 and —1.
4 %“l = —y gives %‘L =—dtandIny = ~t+ C and y = Ae™* (where 4 = ec). (Question: How does a negative

y appear, since €€ is positive? Answer: [ %‘ = In|y| leads to |y| = Ae™* and allows y < 0.) To start from

1 and —1 choose y = et and y= —e-t,

6 %1‘ =4t gives dy=4tdtand y=2t2+C = 2t2 + 10. This equals 100 when 2t? = 90 or t = 1/45.

- -4t
8 ‘c_’nl = e % has y(t) = ¢ f+C= ejE_ + 10%. This only increases from 10 to 10} as ¢ — oco. Before t = 0 we

—4
InS7

—4t

find y(t) = 1 when &~ =92 ore ¥ =37ort= o

10 The solutions of y = y — 1 (which is also (y — 1)’ =y — 1) are y — 1 = Ae® or y = Ae® + 1. Figure 6.7b is
raised by 1 unit. (The solution that was y = ¢® is lifted to y = ¢® + 1. The solution that was y = 0 is lifted
toy=1.)

12 To multiply again by 10 takes ten more hours, a total of 20 hours. If ¢!°° = 10 (and e2°¢ = 100) then
10¢c=In10 and ¢ = 1—‘% & .28,

14 Following Example 2, the ratio e®* would be 90% or .9. Then t = 122 — (2-2)5568 = (In 1.8)5568 = 3273
3

c

years. So the material is dated earlier than the year 0.
16 8¢0 = 6¢-014 gives § = %% and t = 1 In§ = 250In § = 72 years.
18 At ¢ = 3 days, ¢3° =40% = .4 and c = '—“3'—5 = —.8. At T days, 20% remember: e~ 3T = 20% = .2
at T = flf_:gf = 5.86 days. (Check after 6 days: (.4)2 = 16% will remember.)
20 If y is divided by 10 in 4 time units, it will be divided by 10 again in 4 more units. Thus y =1 at t = 12.
Returning to ¢ = 0 multiplies by 10 so yg = 1000.
22 Exponential decay is y = Ae**. Then y(0) = A and y(2t) = Ae?**. The square root of y(0)y(2t) = A2t
is y(t) = Ae®. One way to find y(3t) = A3 is y(O)(%%?)s/ 2. (A better question is to find y(4t) =

Act= = y(0) (53" = 43" )
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6.3 Growth and Decay in Science and Economics (page 250)

24 Go from 4 mg back down to 1 mg in T hours. Then ¢717 =1 and —.01T =Inl and T = ln = 139
hours (not so realistic).

26 The second-order equation is (& —c)(£ —C)y = $¥ —(c+C) % +cCy = 0. Check the solution y = Ae®*+ BeC*
by substituting into the equation: cerc‘ C%BeCt — (c + C)(cAc“ + CBeC?) + cC(Ae® + BeCt) does
equal zero.

28 Given mv = mv — vAm + mAv — (Am)Av + Am(v — 7); cancel terms to leave mAv — (Am)Av = TAm;
divide by Am and approach the limit m% =7. Thenv=Tlnm+C. At t=0thisis 20=7Iln4+ C
so that v =7lnm+ 20— 7ln4 =7 In’Z + 20.

30 Substitute y = Ae~* + Binto y' = 8 —y to find —Ae™* = 8 — Ae~t — B. Then B = 8. At the start
yo=A+B=A+8s0 A=yo—8. Theny= (yo—S)e‘t+80ry=yoc"+8(1-—c").

32 Apply formula (8) to % =y — 1 with yo = 0. Then y(t) = Sl(e! - 1) =1- et.

34 Formula (8) applied to —! = —y— 1withyo =0gives y==}(e7* - 1) = et 1.

36 (a) & ¥ =3y+6givesy — oo (b) % =-3y+6givesy—2 (c) %’{ = -3y —6 gives y — —2
(d) % = 3y — 6 gives y — —oo.

38 Solve y' = y + ¢! by adding inputs at all times T times growth factors ¢!~ 7T : y(t) = f(: et TeTdT =
[y ¢tdT = teb. Substitute in the equation to check: (te!)’ = te! + e'.

40 Solve y' + y = 1 by multiplying to give ey’ + e’y = €. The left side is the derivative of ye* (by the

product rule). Integrate both sides: ye' — ype® = ¢! — e orye! =yo+ef —lory= Yoe~ ti1-et

42 $1000 changes by ($1000) (—.04dt), a decrease of 40dt dollars in time dt. The printing rate should be s = 40.

44 First answer: With continuous interest at ¢ = .09 the multiplier after a year is ¢°° = 1.094 and the effective
rate is 9.4%. Second answer: The continuous rate ¢ that gives an effective annual rate of 9% is e = 1.09
or ¢ = In1.09 = .086 or 8.6%.

46 y, grows to yoel1)(20) = 50,000 so the grandparent gives yo = 50,000¢™2 a5 $6767. A continuous deposit s
grows to % (el -1)(20 _ 1) = 50,000 so the parent deposits s = !—1—!35—0@ $788 per year.

Saving s = $1000/yr grows to 120(e!* — 1) = 50,000 when e1t = 1+ 3290 or .1t = In6 or ¢t = 17.9 years.

1000
48 The deposit of 4dT grows with factor ¢ from time T to time ¢, and reaches e°(*-T)4dT. With ¢t = 2 add

(3 2
deposits from T'=0to T =1: fol e°(2-T)4dT = [4< (_70 Ll b= 4ec—4e <
Zs00
50 y(t) = (5000 — 300)¢-08¢ 4+ 500 s gero when 08¢ = sooo—xT = 5- Then .08t =1In5 and ¢t = 185 ~ 20 years.

(Remember the deposit grows until it is withdrawn.)
52 After 365 days the value is y = ¢(-01)365 — ¢3.65 — $88

54 (a) Income = expense when Ipe2* = Ege® or et = I ort= Mﬂ&l (b) Integrate Eoe — Lpe?t
2
until e = %‘1 At the upper limit the integral is Z2ect — Jue2t = 1( -k %L) 7 I . Lower limit is
o
t = 0 so subtract Ec-‘l : Borrow 5‘}; -—"- + 5%

56 After 10 years (ha.lfway through the mortga.ge) the variable rate .09 + .001(10) equals the fixed rate
10% = .1. Since the variable was lower early, and therefore longer, the variable rate is preferred.
58 If %’f = —y + 7 then %’f is zero at yoo = 7 (thisis —2 = %) The derivative of y — yoo is d;’f,
so the derivative of y — 7 is —(y — 7). The decay rateisc=—1,andy — 7 = e't(yo -7).
60 All solutions to ‘;Jt‘ = ¢(y — 12) converge to y = 12 provided c is negative.
62 (a) False because (y1 + y2)’ = cy1 + 8 + cyz + s. We have 2s not s. (b) True because (1y; + Sy2)' =
3cy1 + 38+ Scyz + 3. (c) False because the derivative of y' = cy + s is (')’ = ¢(y') and s is gone.
64 The solution is y = Ae®® + B. Substitute t = 0,1,2 and move B to the left side: 100 — B = A,
90 — B = Ae®,84 — B = Ae?. Then (100 — B)(84 — B) = (90 — B)(90 — B); both sides are A2¢2°,
Solve for B : 8400 — 1848 + B? = 8100 — 180B + B? or 300 = 4B. The steady state is B = 75.
(This problem is a good challenge and was meant to have a star.)
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6.4 Logarithms (page 258)

66 (a) The white coffee cools t0 Yoo + (Yo — Yoo )e = 20 + 40eSt. (b) The black coffee cools to 20 + 50et.
The milk warms to 20 — 10e€t. The mixture 3(b2ck °°ﬁ;°)+1(m“k) has 20 + 250=10.ct — 20 + 40e°t.
So it doesn’t matter when you add the milk!

6.4 Logarithms (page 258)

The natural logarithm of z is fx (or f 1 Qx__) This definition leads to Inzy = Inx+Iny and Inz"
n In x. Then e is the number whose loganthm (area under 1/z curve) is 1. Similarly e* is now defined as the
number whose natural logarithm is x. As £ — 0o,1n z approaches infinity. But the ratio (In z)/,/z approaches
gzero. The domain and range of Inz are 0 < x < 00,—00 < In x < co.

The derivative of In z is ,l‘ The derivative of In(1+ z) is 11— The tangent approximation to In(1 + z) at

z = 0 is x. The quadratic approximation is x — %x The quadratic approximation to e* is 1 + x + % 2,

The derivative of In u(z) by the chain rule is 1%)- g’% Thus (Incos z)’ = — %%%ﬁ- = —tan x. An antiderivative
of tan z is —In cos x. The product p = ze5* has Inp = 5x + In x. The derivative of this equation is p’/p = 5 + ,1‘-
Multiplying by p gives p' = xe%*(5 + %) = 5xe5X + X, which is LD or logarithmic differentiation.

The integral of u'(z)/u(z) is In u(x). The integral of 2z/(z? + 4) is In(x? + 4). The integral of 1/cz is M—
The integral of 1/(ct + s) is __(ct_+s)_ The integral of 1/ cos z, after a trick, is In (sec x + tan x). We should
write In |z| for the antiderivative of 1/z, since this allows x < 0. Similarly [ du/u should be written In/ul.

1l R L 5lnz T EZ =cotz 91 11imt+C 13}
15 ;In5 17 —In(In2) 19 In(sin z) + C 21 -%In(cos3z)+C 28 ;(lnz)®+C
27lny=%ln(z2+1);:,=7—:,—:; 29 "2 cosz

31 Y =2 831ny=e’lnz;:z=ye"(lnx+i) 86lny=-1soy=1,% =0 870
39 —i 41 secz 47 .1,.095;.095310179 49 —.01; —.01005; -.010050335

51 I’Hépital: 1 53 1; 553 —-2In2 57 Rectangulararea 1 + .-+ L < [ 4 =nn
59 Maximum at e 610 63 log, ¢ or L5 651—z;1+zIn2

87 Fraction is y =1 when In(T+2) - In2=1o0or T = 2¢ — 2 69y’=“—+35)T —y=1-
T1lnp=zIn2;LD 2°In2;ED p = ¢*12, p' — In 2 ¢2n2

75 2% = 4%;ylnz = zlny — 19;* = l'-;;"-; h};ﬁ decreases after z = ¢, and the only integers before e are 1 and 2.

i +2 never equals 1

2 :5‘—— 4= l") 14:—1—5 6 Use (log, 10)(log,o z) = log, z. Then & (log,qz) = 1081 o L= xl&lﬂ'
8y—lnuso —L EL:: m. 10y—7ln4z—7ln4+7lnzso%—,1‘.

12 In(1 +x) from [ d¢ 4" 14 1 In(3 +2t)]j = (In5-1n3) = Ilng
16y= —mequals z— . Its mtegralls[2:n — 3 In(2? +1)]0—2—%-ln5
lsfu —%—[_lnzl2—_l+ﬁ1_
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6.4 Logarithms (page 258)

20f“i—“idz=f-'—“—f!=—lnu=—ln(cosx)]g/4=—ln:%5+0= %ln2.

CO8Z

22 [ <232 gz — Lin(sin 8x) + C.

8in 3z
24 Set u = InInz. By the chain rule 42 = {11, Our integral is { % = Inu = In (In(ln x)) + C.
26 The graph starts at —oo when z = 0 It reaches sero when z = 3— and goes down again At z = x it stops.
3
28 Iny = 1 In(z? + 1) + L In(z? — 1). Then 1—1 =g taa= 22 Then § = M = \/i’fj
80lny=-1Inz and 1—" =2rl g0 S = (_ln:z—l)x—l/x.

= 1dy _ e oo 94 — £, — oy€-1
321ny—elnzandydx—zsodz—zz =ex® .

84Iny= %lnx+ ;lnz+ L1nz = Inz and eventually % =1

36lny=—Inzso i% = “1 a.nd —‘_:u. Alternatively we have y = i and gﬁ = —ﬁ.
ss[lnz]§*+[1n1z|]_2_(w—0)+(o In| - 2|)=1r—ln2.

40 Lz = % Alternatively use % £(z%) - L 4 (z) =

42 This is [ 9% with u = sec z + tan z so the integral is ln (sec x + tan x). See Problem 41!

44 £(in(s - o) — In(z + a)) = 25 - g = (Al = G225
+

RN
1 z34a3 1 z2+altz _ 1
46 Misprint! s T Tors 3% v 7======x2+82.
48 Linear: el 1+.1=1.1. Quadratic' el 1+ .14 1(.1)% = 1.105. Calculator: e'* = 1.105170918.
50 Linear: e2 ~ 1+ 2 = 3. Quadratlc e? ~ 1+ 2 + 3(2%) = 5. Calculator: €2 = 7.389.
52 Use I’Hopital’s Rule: lmb 1= =1
b°Inb

54 Use ’Hépital’s Rule: lm}) = In b. We have redone the derivative of 4* at z = 0.

56 Upper rectangles % + -;— + % + % = .7595. Lower rectangles: ; + 5 141 7+ g s .6345. Exact area In2 =5 .693.
58 } is smaller than % when 1 < t < z. Therefore flz & < f* \d/t- or lnz < 24y/z — 2. (In Problem 59 this

lnz

leads to =% — 0. Another approach is from % — 0 in Problem 6.2.59. If z is much smaller than

e” then ln:c is much smaller than z.)

60 From '“T"‘ — 0 we know —z-’,%l# — 0. This is if‘;ﬁ: — 0. Since n is fixed we have ;ﬁ',"; — 0.

62 ;lni = —% —+0as z — 00. Thismeansylny — Oasy= % — 0. (Emphasize: The factor y — 0
is “stronger” than the factor Iny — —o0.)

64 From [;" th~1dt = =71 '1 we find [ ¢t dt = limp_o 2 . (The right
side is the mystenous constant ¢” when the base is b = z. We discovered earlier that ¢ = Inb.)

66 .01 — 1(.01)% + 3(.01)> = .00995033 - - - Also In1.02 .02 — (.02) + 1(.02)% = .01980266 - --

68 To emphasize: If the ant didn’t crawl, the fraction y would be constant (the ant would move as the band

stretches). By crawling v dt the fraction y increases by m So &¢ d =% = 5153 +2 Then

=1ll(8t+2)+C=1% In(8t + 2) — In2). This equals lwhen8—ln—+—0r4t+1—e ort= 1 e8
Y
70 LD:Inp=zlnz so ;—2 =1+Inz and —2 =p(l1+1Inz) = 2°(1+ Inz). Now find the same answer by
ED: £(c*'"*) = e*"= L (zlnz) = z"(l + Inz).
72 To compute ff 92 = In2 with error & 10~° the trapezoidal rule needs Az = 10~2. Siz Simpson steps:
_ 171 4 2 4 2 4 2 4 2 4 2 4 —
Se = BE[I tomt 7/6 + s/iz etz t 576 T 19/12 + 10/6 + zijiz 11/6 tmmet ﬁal =
.693149 compared to In 2 = .693147. Predicted error 5555(5)*(6 — &) = 1.6 x 107°, actual error 1.5 x107S.
74 557000 9(1) 000 = -0877 says that about 877 of the next 10,000 numbers are prime: close to the actual count 879.
76 M 31’-;;——,1‘— This equals l'; (tr,li)lxisifl) -&{—ln( t ) . The curve z¥ = y” is asymptotic to
z =1, for t near zero. It approaches z =¢,y=c¢ a.s t - oo It is symmetric across the 45°
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6.5 Separable Equations Including the Logistic Equation (page 266)

line (no change by reversing z and y), roughly like the hyperbola (z — 1)(y — 1) = (e — 1)

6.5 Separable Equations Including the Logistic Equation (page
266)

The equations dy/dt = cy and dy/dt = cy + s and dy/dt = u(y)v(t) are called separable because we can
separate y from t. Integration of [ dy/y = [ c dt gives In y = ct + constant. Integration of [ dy/(y + s/c) =
[ ¢ dt gives In(y + &) = ct + C. The equation dy/dz = —z/y leads to [y dy = — [x dx. Then 3% + z* =
constant and the solution stays on a circle.

The logistic equation is dy/dt = cy — byz. The new term —by? represents competition when cy represents
growth. Separation gives [ dy/(cy — by?) = [ dt, and the y-integral is 1/c times In E——% Substituting yo at
t = 0 and taking exponentials produces y/(c — by) = e®*yg/(c — byg). As t — oo,

y approaches f—) That is the steady state where cy — by? = 0. The graph of y looks like an S, because it has an
inflection point at 2 b

In biology and chemistry, concentrations y and z react at a rate proportional to y times z. This is the
Law of Mass Action. In a model equation dy/dt = c(y)y, the rate ¢ depends on y. The MM equation is
dy/dt = —ey/(y + K). Separating variables yields | Y—-—dy J-cdt=—ct+C.

17 ~5 s (222 + 1)1/ 5z 7 el-cost 9 (2 + ¥)? 11 yo, =05t = 31
152=1+¢"%yisin 13 17 ct=In3,ct =In9

19 b=10"%¢c =13 1073y, = 13- 105 at y = 5 (10) gives In = ct+ln£(% so t = 1900 + 212 = 2091
21 y? dips down and up (a valley) 28 3c=1=sbrsos= %,r = {
25y=-;—-;—,‘¥-(,—v—1-;;1‘=’—“-(’—"ﬁ:-‘l—»o 27 Dividing cy by y + K > 1 slows down y’

29 G = Girr > O3k —C
31 dY le, multiply e”/K-"- =e "‘/Kc“/x(m) by K and take the K'th power to reach (19)

88y =(3- y)’,s_ =t+Lhy=2att=2

85 At +D=Ac*+B+Dt+t—-D=—-1B=—-1;yo=A+Bgives A=1
87 y— 1fromyy >0,y — —oofrom yo <0;y — 1 fromyp, >0,y — —1fromyy <0

39f”.%.’17"" fdt-—»ln(smy)--1.‘+C—t+ln1 Thensmy—— stops at 1 when t =In2

2 y dy = dt gives %y2=t+C. Then C = % att=0.S0 y2=2t+1and y =2t + 1.
4 ;5"-'_"'_1 dz gives tan"'y =z + C. Then C =0 at z =0. So y = tan x.
6 Hg‘ = cos zdz gives In(siny) = sinz + C. Then C = In(sin 1) at z = 0. After taking exponentials
sin y = (sin 1)e®® X, No solution after sin y reaches 1 (at the point where (sin 1)¢®i® = = 1).
8 e¥dy = etdt so ¢¥ = ¢* + C. Then C = ¢ — 1 at t = 0. After taking logarithms y = ln(et +e€ —1).
10 %ﬂ%ﬂ- = % = n. Therefore Iny = nlnz + C. Therefore y = (z")(¢€) = constant times x™.
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6.6 Powers Instead of Exponentials (page 276)

12 y = by? gives y~2dy = b dt and —1 = bt + C. Then C = —} at t = 0. Therefore y = T3 which becomes
2

infinite when bt = J or t = ﬁ;

14 (a) Compare —2—; with ;=—=—. In the exponent ¢ = 1. Then b =d = .. Thus y’ =y— lyz with yo = 1.
T+e b+de 2 2
(b) For m‘.—.‘ the exponent gives ¢ = 3. Then also b =d =38. Thus y' = Sy Sy with yo = 1.
16 Equation (14) is z = 1(b + %Euc'“) Turned upside down this is y = b+d = withd = —b‘“’-.

18 Correction: u = c—_'lb;; Then %% = ( c—by) e -b”}ﬁ;y';(;bm = [=ta)? S_ Substitute 3 = y(c — by)

to obtain %% S = c—f"b?—cu Sou—uoe

20y =y+y? hasc=1and b= —1 with yo = 1. Then y(t) = ——E by formula (12). The denominator
is zero and y blows up when 2¢*=1lort =In 2.

22 If u= J5 then % = =3 = i(%;_"L). = —2cu + 2b. The solution is u = (ug — 22)e~2 + 28,
Then y = [(;lg- — b)em2et 4 %]"1/2 solves the equation y’ = cy — by® with “cubic competition”.
Another S-curve!

24 yo=rYp andﬂ=%so(%)o=:y{,

26 At the middle of the S-curve y = §; and —1 =¢(£) — b($)? = & If b and ¢ are multiplied by 10 then so
is this slope £ “, which becomes steeper

28 If y—_,,”-f dthency=dy+dK andy = g—% At this steady state the maintenance dose replaces the aspirin

being ehmmated

80 The rate R = m + —2k> is a decreasing function of K because %f% = ?v;-l—cI\,"T"

34 -Jd-‘—l = —r[A][B] = —r[A](bo — Z(ao — [A])). The changes ap — [A] and by — [B)] are in the proportion m
to n; we solved for [B].

86 To change cy — by? (with linear term) to a? — z2 (no linear term), set z = v/by — 2"’/- and a = 2<%
(We completed the square in cy — by?.) Now match mtegrals The factor - 2g 18 ¢ L times v/b

(from dz = v/b dy). The ratio ats — —\@&‘-

88 The y line shows where y increases (by ;/ f (y)) a.nd where y decreases. Then the points where f(y) =
are either approached or left behind.

40 y = cy(1— %) agrees with y' = cy — by? if K = % Then y = K is the steady state where y’ = 0 (this agrees
with yoo = §). The inflection point is halfway: y = % where y' = c—(l -3)= ZK and y' = 0.

6.6 Powers Instead of Exponentials (page 276)

The infinite series for e® is 1 +x + %xz + %xs + - -+. Its derivative is €*. The denominator n! is called “n
factorial” and is equal to n(n — 1)---(1). At z =1 the series foreis 1+ 1 + % + % +--

To match the original definition of e, multlply out (1+1/n)* =1+ n(n) + —(—2—-)-( )2 (first three terms).
As n — oo those terms approach 1+1+4 7 in agreement with e. The first three terms of (1 + z/n)" are

1+n(X)+ ——(—2—)-(’;)2 As n — oo they approach 1+x+ ix in agreement with e¢*. Thus (1 + z/n)"
approaches €*. A quicker method computes In(1+ z/n)" m x (first term only) and takes the exponential.

Compound interest (n times in one year at annual rate z) multiplies by (1 + X)2. As n — oo, continuous
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compounding multiplies by eX. At z = 10% with continuous compounding, $1 grows to el ~$1.105ina year.

The difference equation y(t + 1) = ay(t) yields y(t) = a® time: Yo- Ttl:m equation y(t+ 1) = ay(t) + s is solved
by y = a*yo + s[L + a + --- + a*~1]. The sum in brackets is llz_i_l_ or aa—_"l—]—'. When a = 1.08 and y, = 0, annual

a
t
deposits of s = 1 produce y = ngsll after ¢t years. If a = l and yo = 0, annual deposits of s = 6 leave

12(1 - ) after t years, approaching yo, = 12. The steady equation yo, = aye + s gives yoo = 8/(1 — a).

When ¢ = interest rate per period, the value of yo = $1 after N periods is y(N) = (1 + i)N. The deposit
to produce y(N) = 1is yo = (1 +i)_N. The value of s = $1 deposited after each period grows to y(N) =
-}—((1 + i)N —1). The deposit to reach y(N) =1is s = }(1 -(1+ i)_N).

Euler’s method replaces y' = cy by Ay = cyAt. Each step multiplies y by 1 + cAt. Therefore y at t = 1 is
(1+ cAt)l/A‘yo, which converges to yge® as At — 0. The error is proportional to At, which is too large for
scientific computing.

11-z+% -2 4+...  81+z+Z +2Z 4... 5 1050.62; 1050.95; 1051.25
7 1+ n(=; 1)+L*_("_+11( 1)2—b1—1+2 9 square of (1+ 1)"; set N = 2n

11 Increases; In(1+ 1) — 37 >0 18 y(3) =38 15 y(t) = 4(3%) 17 y(t) =t

19 y(t) = 1(3* - 1) 218(“'1)1fa;é13t1fa—1 23y0=6 25 yo =3

27 —2,-10,—26 — —o0; —5,— 5, -4l — —12 20 P= 22 81 10.38% 33 100(1.1)2° = $673
35 {10000LLIA, =065 87 190(1.1%° — 1) = 57,275 39y, =1500 41 2;(53)%? = 2.69;¢
43 1.0142!2 = 1.184 — Visa charges 18.4%

2y=1+2z+1(2z)% +1% (Zz)3 - Integrate each term and multiply by 2 to find the next term.

4 Alarger seriesis 1+ 1+ 1 + +§+ - = 8. This is greater than 1+1+%+é+---=e

6In(1—-1)* =n In(1 - %) ~ n(— ) = —1. Take exponentials: (12— %)n "; e~ 1. Similarly
In(1+ 2)" = nln(1 + 2) = n(2) = 2. Take exponentials: (1+ £)7 ~ e“.

8 The exact sum is ™! ~ .37 (Problem 6). After five terms 1 -1+ 1 — 14+ .L =2 = 375

10 By the quick method In(1+ ;)" ~ n(Z) — 0. So (1+ 5)* — ¢® = 1. Similarly In(1+ %)”: ~n?(l) - oo
so (1+ i)"’ — 00.

12 Under the graph of 1 , the area from 1to 1+ LisIn(1+ ) The rectangle inside this area has base i and
height 1—_:3 Its area is m so this is below In(1+ 1).

14 y(0) = 0,y(1) = 1,y(2) = 3,y(3) = 7 (and y(n) = 2% —1). 16 y(t) = ($)*.
18 y(t) = t (Notice that a = 1). 20 y(t) = 8t + s[g}f——l-]. 22 y(t) = 5a* + s[“ =1

24 Ask for 1y(0) — 6 = y(0). Then y(0) = —12. 26 Ask for —1y(0) +6 = y(O). Then y(0) = 4.

28 If -1 < a < 1 then 11’_‘:: approaches 1}_11

80 The equation —dP(t + 1) + b = cP(t) becomes —2P(t +1) + 8= P(t) or P(t+ 1) = —1P(t) + 4. Starting
from P(O) = 0 the solution is P(t) = 4[ ] = ( (——) )— 8.

32 (1 + 5¢2)%%° = 1.105156 - - - (Compare w1th el m 1+ .14 1(.1)2 = 1.105.) The effective rate is 5.156%.

34 Present value = $1,000 (1.1)”20 ~ $148.64.

86 Correction to formulas 5 and 6 on page 273: Change .05n to .05/n. In this problem n = 12 and
N = 6(12) = 72 months and .05 becomes .1 in the loan formula: s = $10,000 (.1)/12[1—(1+:3)~"?] ~ $185.
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6.7 Hyperbolic Functions (page 280)

38 Solve $1000 = $8000 [T——(fll]_-“] for n. Then 1 — (1.1)"" = .8 or (1.1)™" = .2. Thus 1.1" = 5 and

_ Inb
n= h—l—ﬁwl'iyears.

40 The interest is (.05)1000 = $50 in the first month. You pay $60. So your debt is now
$1000 — $10 = $990. Suppose you owe y(t) after month ¢, so y(0) = $1000. The next month’s
interest is .05y(t). You pay $60. So y(t + 1) = 1.05y(t) — 60. After 12 months
y(12) = (1.05)121000 — 60[ (1281221} Thjs is also 82 4 (1000 — £2)(1.05)'2 ~ $841.
42 Compounding n times in a year at 100% per year gives (1 + 2)". Its logarithm is nin(1 + %) m n[L — ;1;
=1— L. Therefore (1+ )" s e(e™1/2") me(1- L.
44 Use the loan formula with .09/n not .09n: payments s = 80, OOOII—TT%S‘W"] =~ $643.70.
Then 360 payments equal $231,732.

6.7 Hyperbolic Functions (page 280)

Cosh z = —%(ex +e™X) and sinh z = -%(ex — e X) and cosh® z — sinh® z = 1. Their derivatives are sinh x
and cosh x and zero. The point (z,y) = (cosht,sinht) travels on the hyperbola x2 —y2 =1. A cable hangs in
the shape of a catenary y=a cosh%‘.

The inverse functions sinh ™! z and tanh™! z are equal to In[z+v/2z2 + 1] and iln %:_t—i— Their derivatives are

1/V x2 + 1 and —5. So we have two ways to write the antiderivative. The parallel to cosh z + sinh z = €*

1-z3° . ) )
is Euler’s formula cos x + i sin x = e*. The formula cos z = ,i—,(e“’ +e7**) involves imaginary exponents. The
parallel formula for sin z is %i(e’x —e X),
1e% e %, "h“:_" = 1sinh2z 7 sinh nz 9 3sinh(3z + 1) 11 8022 — _ taph gz sech z
18 4cosh zsinh z 15 ﬁ%’-ﬁ(sechv z2 +1)? 17 6sinh® z cosh z
19 cosh(lnz) = J(z+ i) =1latz=1 21 %,%3-,-—15—2,—%,—% 23 0,0,1, 00,00

25 1sinh(2z + 1) 27 Lcosh®z 29 In(1 + cosh z) 31¢°

338 [y dz = [sinh t(sinh ¢t dt); A= jsinh tcosht— [ydz; A'=3;A=0att=0s0 A= 1t
d1e¥=z+Vz2+lLy=Ihlz+Vz2+1] 47 ;In|2LZ 49 sinh™! z (see 41) 51 —sech™ 'z
53 %ln3;oo 55 y(z) = %cosh cz; L cosheL — :j

57 ¢! = y — 3y?; %(y')z = %y2 — y3 is satisfied by y = %sechzg

, T LT z__-=% . z_ -2 2~z
23‘%(°+e ) = €5f— =sinhx; £(=f—) = £42— = coshx.

2 2 2
d (sinhzy __ (coshz)?—(sinhz)? _ 1 _ 2
14 coshz) = {cosh z)? = {cosh x)7 = gech” x.

6 The factor % should be removed from Problem 5 Then the derivative of Problem 5 is
2 cosh zsinh z + 2 sinh z cosh z = 2sinh 2z. Therefore sinh 2z = 2 sinh zcosh z (similar to sin 2z).
8 () () + (e )(ey_;-y) = 1(2¢"*Y — 2¢7*7Y) = sinh(z + y). The z derivative gives
cosh(z + y) = cosh x cosh y + sinh x sinh y.
10 2zcoshz? 12 sinh(lnz) = (e * — ¢7!1"%) = 1(z — 1) with derivative %(1 + ;:17)
14 cosh? £ — sinh? z = 1 with derivative zero.
1@ lttanhe _ .22 by the equation following (4). Its derivative is 2e2X_ More directly the quotient rule gives

l1—tanh z
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6.7 Hyperbolic Functions (page 280)

{1~tanh z)sech?z+(1+tanh z)sech®z _ 2 gech®?z __ 2 __2 2e2x

(1—tanh z)3 ~ (1-tanh=z)? ~— (coshz—sinhz)3 e-3= .

da __ du/dz __ sech ztanh z—sech?z
18 dz Inu = " sech z+tanhz

sech z is sin~!(tanh z) + C.
20 sech z = /1 - (8)2 = §,coshz = §,sinhz =4/(3)2 ~ 1= 2,cothz = 8822 — 8 csch z = 4.
22coshz=+/(2)2+1= \/5 ta.nhz = Vzg,csch z=41,sechz = %,cothz =5,

n - In n —4la —
24 sinh(In5) = 5" = 58 = Bvanh(21n4) = Srgioms = 1978 = 385
26 [ zcosh(z?)dz = % sinh(xz) +C. 28 B-(tanh x)3 +C.

80 fcothz dz = [ <224z = In(sinhx) + C. 32 sinhz+coshz = ¢® and [ e"*dz = LeBX 4 C.

sinh z
384 y = tanh z is an odd function, with asymptote y = —1 as z — —oo and y = +1 as £ — +o00. The

. Because of the minus sign we do not get sech z. The integral of

inflection point is (0,0).

86 y = sechz looks like a bell-shaped curve with yp,. = 1 at £ = 0. The z axis is the asymptote. But note
that y decays like 2¢== and not like e=*".

88 To define y = cosh™! z we require z > 1. Select the positive y (there are two y's so strictly there is no inverse).
For large values, cosh y is close to le" so cosh™! z is close to In2z.

40 In(1£Z) approaches +00 as z — 1 and —oo as z — —1. The function is odd (so is the tanh function).
The graph is an S curve rotated by 90°.

42 The quadratic equation for e¥ has solution e¥ = z + v/z2 — 1. Choose the plus sign so y — oo as z — oo.
Then y = In(z + v/z2 — 1) is another form of y = cosh™* z

44 The z derivative of z = sinh y is 1 = cosh y—" Then Ezl = co:h =1 = slope of sinh™! z.
y \/1-(>zunh2 \/1+x2
46 The z d = isl=— dy = ~1 __ -1
z derivative of z = sech y is 1 = —sech ytanhyg¥. Then % de = sehytenhy = ppond
x x

48 Set z = au and dz = a du to reach f?ﬁi_':ﬁi = il;anh_1 u= %tanh']'% + C.
50 Not hyperbolic! Just f(z:2 + 1)_1/2z dz = (x2 + 1)1/2 +C.

52 Not hyperbolic! =sin~1x+C.
54 (a) &£ = (\/_)Zsech = g(1 — tanh? \/'g't) =g—v2 (b) [ ;%% = [ dt gives (by Problem 48)
\/-tanh' s =tor tanh ' %5 =6t or 2 = tanh /gt. (c) f(t) = [ \/gtanh /gt dt =
f ::l:ul;:\/gﬁtt\/_ dt = In(cosh ft) +C.
56 Change to dz = ru',’ZVTW =— 2% _ ¥ and integrate: z=In(2 - W) — = In(23%). Then
2
ZWW- = e and W= 1_ex (Note: The text suggests W — 2 but that is negative.

~z[2

Writing ; ~ ¢= as e sech is not simpler. )

) ” . ) -1
58 cosiz = 1(cf(®) + f"(")) =1(e7* +¢%) = cosh z. Then cos? = cosh 1= e85 (real!).
60 The derivative of ¢'* = cos z + isin z is i¢** = i(cos z + i sin z) on the left side and & cosz + il sing
on the right side. Comparing we again find & (sin z) = cos z and & (cos z) = i? sinz.
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