
CHAPTER 11 VECTORS AND MATRICES 

11.1 Vectors and Dot Products (page 405) 

A vector has length and diiection. Ifv has components 6 and -8, its length is )vl= 10 and its direction 
vector is u = .6i - .8j. The product of )vlwith u is v. This vector goes from (0,O) to the point x = 6, y = -8. 
A combination of the coordinate vectors i = (1,O) and j = (0,l) produces v =x i +y j. 

To add vectors we add their components. The sum of (6,-8) and (1,O) is (7,-8). To see v + i 
geometrically, put the tail of i at the head of v. The vectors form a parallelogram with diagonal v + i. 
(The other diagonal is v - i). The vectors 2v and -v are (12,-16) and (-6,8). Their Lengths are 20 and 10. 

In a space without axes and coordinates, the tail of V can be placed anywhere. Two vectors with the same 
components or the same length and direction are the same. If a triangle starts with V and continues with 
W, the third side is V + W. The vector connecting the midpoint of V to the midpoint of W is &(V+ W). 
That vector is half of the third side. In this coordinate-free form the dot product is V - W = )VIIF# ) cos 6. 

Using components, V - W = Vl Wl +V2W2 +VIWO and (1,2,1) .(2,-3,7) = S. The vectors are per-
pendicular if V .W =0. The vectors are parallel if V is a multiple of W. V .V is the same as 1 ~ ) ' .  The dot 
product of U+V with W equals U *W + V  .W. The angle between V and W has cos B =V - W/)VI)WI. 
When V .W is negative then B is greater than 90'. The angle between i +j and i +k is r / S  with cosine 4. 
The Cauchy-Schwarz inequality is IV W)5 IV))W),and for V = i + j and W = i + k it becomes 15 2. 

1(0,0,0);(5,5,5);3;-3;cosB=-1 3 2 i - j - k ; - i - 7 j + 7 k ; 6 ; l ; c o ~ B = f  

6 ( y ,  -ul ); ( y,-ul ,0), (us,0, -ul) 7 (0,0);(0,0,0) 9 Cosine of 6; projection of w on v 

11F;T;F 1S Zero; sum = 10 o'clock vector; sum = 8 o'clock vector times 

15 45' 17 Circle x2 +3 =4; ( x  - 1)2+9 =4; vertical line x = 2; half-line x 2 0 

1 9 ~ = - 3 i + ? j , w = 2 i - j ; i = 4 v - w  21d=-6 ;C=i -2 j+k  

~ ~ c o s ~ = ~ - c o s B = ~ - c o s B = ~  25A.(A+B)=1+A.B=1+B.A=B.(A+B);equilateral,6006' a' 3 
2 7 a = A - I , b = A - J  29(cost,sint)and(-sint,cost);(cos2t,sin2t)and(-2sin2t,2cos2t) 

SlC=A+B,D=A-B;C-D=A-A+B.A-A-B-B.B=r2-r2=0 
SSU+V-W=(2,5,8),U-V+W=(O,-1,-2),-U+V+W=(4,3,6) 

SS c and d m ;)/a and da2 + b2 + c2 

3 7 M 1 = i A + C , M 2 = ~ + i ~ , M s = B + 6 C ; M 1 + M 2 + M 3 =~ ( A + B + c )= O  

39 8 5 3 - 3; 2@ I x + y 41 Cancel a2c2and b28; then b2c2 + a 2 82 2abcd because (be - ad)' 2 0 

4 S F ; T ; T ; F  46al l2f i ;cos6=-a  

2 V + W = i + ? j - k ; 2 V - 3 W = 2 i - j + 3 k ; l V 1 2 = 2 ; V - W = l ; c o s B =  

4 v +  W = ( 2 , 3 , 4 , 5 ) ; 2 ~ - 3 ~= (-1,-4,-7,-io);)v12 = 4 ; v .  w = 1 0 ; ~ 0 ~ e= 22,/36 
6 (O,0,1)and (1,-1,o) 

8 Unit vectors 1(1,1,1);i ( i  +j); -&(i - 2j  +k); ( f ,  f ,  f ,  f).6 4-



11.1 Vectors and Dot Products (page 405) 

10 (cog8, sin8) and (cos8, -sin 8); (r cos 8, r sin 8) and (rcos 8, -r sin 8). 

12Wewant V . ( W  -cV) = 0 o r V . W  = c V . V .  Thenc= f = 2  and w -cv=(-1 ,0 ,1) .  

14 (a) Try two possibilities: keep clock vectors 1 through 5 or 1through 6. The five add to 1 + 2 cos 30' + 
2 cos60' = 2& = 3.73 (in the direction of 3:OO). The six add to 2cos 15' +2cos45' +2cos 75' = 3.88 

which is longer (in the direction of 3:30). (b) The 12 o'clock vector (call it j because it is vertical) 

is subtracted from all twelve clock vectors. So the sum changes from V = 0 to V* = -12j. 

16 (a) The angle between these unit vectors is 8 -4 (or )-8), and the cosine is U;:yl= cos 8cos )+sin 8sin ). 
(b) u3= (- sin ),cos )) is perpendicular to u2. Its angle with ul is 5+4 - 8, whose cosine is -sin(8 - 4). 
The cosine is also =-cos 8sin 4 + sin 8cos 4. To get the formula sin(8 +4) = sin 8cos 4 +cos 8sin 4, 
take the further step of changing 8 to -8. 

1 8  (a) The points tB form a line from the origin in the direction of B. (b) A + tB forms a 

line f'rom A in the direction of B. [c) sA + tB forms a plane containing A and B. 
(d) v .A = v B means 3= fixed number 9where dl and 82 are the angles from v to A and B.

I I 
Then v is on the plane through the origin that gives this fixed number. (If IAl = IBI the plane bisects the 

angle between those vectors.) 

20 The choice Q = ( i ,  i)makes PQR a right angle because Q-P = ( f ,  f )  is perpendicular to R-Q = (- f ,  3). 
The other choices for Q lie on a circle whose diameter is PR. (Fkom geometry: the diameter subtends a 

right angle from any point on the circle.) This circle has radius f and center i ;  in Section 9.1 it was 

the circle r = sin 8. 

22 If a boat has velocity V with respect to the water and the water has velocity W with respect to the land, 

then the boat has velocity V + W with respect to the land. The speed is not IVI + IWI 

but IV+WI. 

24 For any triangle PQR the side PR is twice as long as the line A B  connecting midpoints in Figure 11.4. 
(The triangle PQR is twice as big as the triangle AQB.)Similarly lPRl = 21WI based on the triangle PSR. 
Since V and W have equal length and are both parallel to PR, they are equal. 

26 (a)I = (cos8, sin 8) and J = (- sin 8,cos 8). (b) One answer is I = (cos 8, sin 8,O),J = (- sin 8, cos B,0) and 

K =k. A more general answer is I = sin )(cos B, sin 8,O),J = sin)(- sin 8, cos 8,O) and K = cos 4(0,0,1). 

4 
-2 8 1 . ~ = ~ . ~ - - = 0 .2 ~ d d i + j = & ~ t o i - j = @  tof ind i=  $ ( ~ + ~ ) . ~ o b s t i t u t e b a c k  

t 0 f i n d ~ = ~ I - J ) . T h c n A = 2 i + 3 ~ = ~ i ( I + J ) + ~ ( I - J ) = a 1 + U w i t h a = f i + ~  

a n d b = f i - 9 .  

SO JA.i12+ IA .j12+ JA kJ2= IA12.Check for A = ( x ,  y, z) :x2+ y2 +z2 = lA12. 
32T ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ P R = A + B ~ ~ ~ Q S = B - A . T ~ ~ ~ I P R ~ ~ + ~ Q S I ~ = ( A . A + A . B + B . A + B . B ) +  

(B .B -B A -A .B +A A) which equals 2A .A +2B .B = sum of squares of the four side lengths. 

34 Thediagonalsare A + B  and B - A. Suppose I A + B ~ ~ = A . A + A - B + B - A + B . Bequals I B - A ~ ~ 
=B B -A .  B -B A +B B. After cancelling this is 4A B = 0 (note that A B is the same as B A). 

The region is a rectangle. 
38 IA+B12 = A . A + A . B + B . A + B . B .  I f t h i s e q u a l s A - A + B . B  (and always A - B = B - A ) ,then 

2A B = 0. So A is perpendicular to B. 
38 In Figure 11.4, the point P is a of the way along all medians. For the vectors, this statement means 

A + iMs = $Ma = -C + $MI. To prove this, substitute -A - f C for M1and A + f~ for Maand 

C + +A for MI.Then the statement becomes fA = LC3 = %A+ )B = -)C + )A. This is true because 
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B = - A - C .  

40 Choow W = (1,1,1). Then V W =Vl +V2 +V3. The Schwan inequality IV .W la 5 IV121W12 

is (V, +v2+V3)l 5 3(Vf +v,2+V?). 

42 IA +BI 5 1A1+ IBI or ICI 5 IAI + IBI says that any side length is less than t h e  sum of t h e  other  two 

side lengths. Pmof: IA +B125 (using Schwan for A B)IA12 + 21AllBI + IB12 = ((IAl+ IBI)'. 

44 (V+W( = IVI + I W ( only if V and W are in the same direction: W is a multiple cV with c 2 0. Given 

V = i + 2k this leads to W = c (i + 2 k) (for example W = 2i + 4k). 

4 6 ( a ) V = i + j  hascase= V'i - (45' angle also with j )  (b) v = i +j + f ik  has cos 6 = $mi-3 
(80' angle with i and j) (c) V = i +j +ck has cas6 = ,&which cannot be larger than $5 so an 

angle below 45' is impossible. (Alternative: If the angle from i to V is 30' and the angle from V to j is 

30' then the angle from i to j will be 5 60' which is f h . )  

11.2 Planes and Projections (page 414) 

A plane in space is determined by a point Po= (xo,yo, 4)and a normal vector N with components (a, b, c). 
The point P = (x, y, z) is on the plane if the dot product of N with P -Pois rero. (That answer was not PI)The 
equation of this plane is a(x -YCO)+b(y -yo) +c(s - so) = 0. The equation is also written as ax+ by+ cz = d, 
where d equals a+ +by()+CEO or N - P OA parallel plane has the same N and a different d. A plane through 
the origin haa d =0. 

The equation of the plane through Po= (2,1,0) perpendicular to N = (3,4,5) is hr+4y +5s = 10. A second 
point in the plane is P = (0,0,2). The vector from Poto P is (-2, -1,2), and it is 
perpendicular to N. (Check by dot product). The plane through Po = (2,1,O) perpendicular to the a axis has 
N = (0,0,1) and equation s =0. 

The component of B in the direction of A is IBI cos 6, where 6 is the angle between the vectors. This 
is A .B divided by (A1. The projection vector P is (B1 cos 6 times a uni t  vector in the direction of A. Then 
P = (IBlcosO)(A/IAl) simplifies to (A *B)A/IA12.When B is doubled, P is doubled. When A is doubled, 
P is not  changed. If B reverses direction, then P reverses direction. If A reverses direction, then P stays 

the  same. 

When B is a velocity vector, P represents the velocity in t h e  A direction. When B is a force vector, 

P is t h e  force component along A. The component of B perpendicular to A equals B -P. The shortest 
to the plane az  +by +cz = d is along the normal vector. The distance from the origin is 

and the point on the plane closest to the origin is P = (da,db,dc)/(a2 +b2+c2). The 
distance from Q = (XI,n,r l )  to the plane is Id - a x 1  -byl - czll/ d a 2  +b2<a. 

1(0,0,0)and(2,-1,O);N=(l,2,3) S(0,5,6)and(0,6,7);N=(l,O,O) 

S (1,1,1) and (1,2,2); N = (1,1,-1) 7 x +y = 3 9 x +2y +z = 2 

11Parallel if N V = 0; perpendicular if V = multiple of N 



13 i +j +k (vector between points) is not perpendicular to N;  V .N is not zero; plane through first three 

is z + y + z = 1; z + y - z = 3 succeeds; right side must be zero 

15 a z + b y + c s =  O;a(z- zo) + b(y- yo) +c(z  -20) = 0 17 cosd = $,$,$ 
19 &A has length $ 21 P = +A has length ? I A ~  23 P = -A has length IAl 25 P = 0 

27 Projection on A = (1,2,2) has length 5; force down is 4; mass moves in the direction of F 

29 IPlmi,= = distance from plane to origin 31 Distances 26and 26both reached at (5,$, -5) 
33 i + j + k ; t =  - J ; ( f , - i , - $ ) ; z  4 

35 Same N = (2, -2, l ) ;  for example Q = (0,0,1); then Q + i N  = (i,-:, y)is on second plane; $IN1 = f 
37 3i +4;(3t,4t) is on the line if 3(3t) +4(4t) = 10 or t = g;P = 259 g)9 IPI = 2(SO 25 

39 2 z +  2(? - t z ) ( -2)  = o so z = 25 = %;3z +4y = 10gives y =30 f 
41 Use equations (8) and (9) with N = (a,b) and Q = (zl ,  ~ 1 )  43 t = A.B B onto Am; 
45 aVL = +LI- iLIII;a V F  = $LII+ ?LIII 

4 7 V . L I = 2 - 1 ; V . L I r = - 3 - 1 , V . L I I I = - 3 - 2 ; t h ~ ~ ~ . 2 i = 1 , ~ . ( i - f i j ) = - 4 ,  a n d V =  $ i + q j  

2 P = (6,0,0) and Po= (0,0,2) are on the plane, and N = (1,2,3) is normal. Check N - ( P  -Po)= 

(1,2,3).(6,0, -2) = 0. 

4 P =  (1,1,2) and Po= (0,0,0) give P- Po perpend icu la r toN=i+ j -k .  (The lane i s ~ + ~ - z = ~  

and P lies on this plane.) 

6 The plane y -z = 0 contains the given points (0,0,0) and (1,0,0) and (O,1,1). The normal vector is N =j -k. 

(Certainly P = (0,1,1) and Po= (0,0,0) give N - ( P  - Po)= 0.) 

8 P = (x,y,z) lies on the plane if N - ( P  -Po)= l ( z  - 1)+ 2(y - 2) - 1(z+ 1)= 0 or x + 2y - z = 4. 

10 z +  y +  z = zo + yo + zo or (z  - 20) + (y - yo) + (Z- ZO)= 0. 

12 (a) No: the line where the planes (or walls) meet is not perpendicular to itself. (b) A third plane 

perpendicular to the first plane could make any angle with the second plane. 

14 The normal vector to 32 +4y +72 - t = 0 is N = (3,4,7, -1). The points P = (1,0,0,3) and Q = (0,1,0,4) 

are on the hyperplane. Check (P-Q) .N = (1,-1,0,-1) . (3,4,7,-1) = 0. 

16 A curve in 3D is the intersection of two surfaces. A line in 4D is the intersection of three hyperplanes. 

18 If the vector V makes an angle 4 with a plane, it makes an angle 5 - 4 with the normal N. Therefore 
V.N~m=cos((F -4) =sin@. The normalto the zyplane is N = k ,  so sin4 = 

,A = $ and 4 = 2. 
20 The projection P = A B  is %A= (1, -1,O). Its length is IPI = a.Here the projection onto A equals A!

I I 
22 If B makes a 60' angle with A then the length of P is IBI cos 60' = 2 $ = 1. Since P is in the direct ion of 

A it must be 

24 The projection is P = M A= $ (i +j). Its length is IPI = q.
IAl' 

N B26 A is along N = (1,-1,l) so the projection of B = (1,1,5) is P = -N = $(I, -1,l).  
1Nl2 

28 P = A ' B ~and the perpendicular projection is B -P. The dot product P . (B -P) or P .B -P .P isIAl' 

A B  - 0.zero: I+ -~SAA = 

30 We need the angle between the jet's direction and the wind direction. If this angle is 4, the speed over land 

is 500 + 50 cos 4. 

32 The points at distance 1from the plane z + 2y +22 = 3 fill two parallel planes x + 2y + 22 = 6 and 
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x + 2y + 2%= 0. Check: The point (0,0,0) on the last plane is a distance & = = 1from the 

plane x + 2 y + 2 2  = 3. 

34  The plane through (1, 1, 1) perpendicular to i + 2j + 2k is z + 2 y + 22 = 5. Its distance from (0, 0, 0 )  

k # - = f .  
I I 

36 The distance is zero because t h e  t w o  planes meet. They are not parallel; their normal vectors (1, 1,5) 

and (3, 2, 1)are in different directions. 

38 The point P = Q + t N  = (3 + t, 3 + 2t) lies on the line z + 2y = 4 if (3 + t) + 2(3 + 2t) = 4 or 9 + 5t = 4 or 

t = -1. Then P =  (2 , l ) .  

40 The drug runner takes ? second to go the 4 meters. You have 5 meters to travel in the same ? second. 

Your speed must be 10 meters  pe r  second. The projection of your velocity (a vector) onto the drug 

runner's velocity equals t h e  d r u g  runner's velocity. 

42 The equation az  + by+ cz = d is equivalent to ax + ba y  + 2 s  = 1.So the three numbers e = f , f = 5, g = 2 
determine the plane. (Note: We say that three points determine a plane. But that makes 9 coordinates! 

We only need the 3 numbers e, f , g determined by those 9 coordinates.) 

44 Two planes ax + by + cz = d and ex + f y + gz = h are (a) parallel if the normal vector (a, b, c) is a multiple 

of (e, f ,g) (b) perpendicular if the normal vectors are perpendicular (c) at a 45' angle if the normal 

vectors are at a 45' angle: HI'= $. 
46 The aVR lead is in the direction of A = -i + j. The projection of V = 2i -j in this direction is 

P A V  = 3 @= 'A -3 3T ( - i + j ) = ( 2 , - 2 ) . T h e l e n g t h o f P i s  . 
1 4 2  

48 If V is perpendicular to L, the reading on that lead is zero. If $V(t)dt is perpendicular to L then 

$ V(t)  . Ldt = 0. This is the area under V( t )  . L (which is proportional to the reading on lead L). 

11.3 Cross Products and Determinants (page 423) 

The cross product A x B is a vector  whose length is 1 A1lBl sin 8.  Its direction is perpendicular  to A 
and B. That length is the area of a parallelogram, whose base is IAl and whose height is IBI s in  19. When 

A = ali + aj and B = bli + b j ,  the area is lalb2 - a2bll. This equals a 2 by 2 determinant .  In general 

IA. ~l~ + IAx BI' = ~ A I ~ I B I ?  

The rules for cross products are A X  A = 0 and A x  B = -(B x A)  and A x  ( B + C )  = A  x B + A x  C. 

In particular A x B needs the right-hand rule to decide its direction. If the fingers curl from A towards B 
(not more than 180°), then A x B points along t h e  r ight  thumb. By this rule i x j = k and i x k = -j and 

j x k = i .  

The vectors ali  + a j  + ask and bli + bj+ b3k have cross product (a2b3 - agb2)i  + (a3bl -albg)j + 
(alb2 - a2bl)k. The vectors A = i + j + k and B = i + j have A x B = -i + j. (This is also the 3 by 3 

l i  j k l  
determinant 1 1 1 .) Perpendicular to the plane containing (0,0,0), (1,1,1),(1,1,0) is the normal vector N 

I 1  l o 1  
= -i + j. The area of the triangle with those three vertices is &a,which is half the area of the parallelogram 



with fourth vertex at (2,2,1). 

Vectors A, B, C from the origin determine a box. Its volume IA. (B x C)I comes from a 3 by 3 determinant. 

There are six terms, th ree  with a plus sign and three  with minus. In every term each row and column is 

represented once. The rows (1,0,0), (0,0,1), and (0,1,0)have determinant =-I. That box is a cube, but its sides 

form a left-handed triple in the order given. 

If A, B, C lie in the same plane then A . (B x C) is zero. For A = xi +yj + zk the first row contains the 

letters x,y,z. SO the plane containing B and C has the equation A .B x C = 0. When B = i +j and C = k 

that equation is x -y = 0. B x C is i -j. 

A 3 by 3 determinant splits into three  2 by 2 determinants. They come from rows 2 and 3, and are multiplied 

by the entries in row 1. With i, j, k in row 1, this determinant equals the cross product. Its j component is 

-(alb3 - a3bl), including the minus sign which is easy to forget. 

9 A perpendicular to B; A, B, C mutually perpendicular 11IA x BI =fi,A x B =j -k 13 A x B = 0 

15 IA x B12= (a: + ai)(bf + bg) - (albl + a2b2)2= (alb2- a2bl)'; A x B = (alb2 - a2b1)k 

1 7 T ; T ; F ; T  19N=(2 ,1 ,O)or2 i+ j  2 1 x - y + z = 2 s o N = i - j + k  

23 [(1,2,1)-(2,1,l)]x[(l,l,2)-(2,1,l)]=N=i+j+k;z+y+z=4 

25 (1,1,1) x (a,b, c) = N = (c - b)i + (a - c) j  + (b - a)k; points on a line if a = b = c (many planes) 

27 N = i +j, plane x + y = constant 29 N = k, plane z = constant 

31 1 1 0 = z - y + z = O  33i-3j ; - i+3j ;-3i- j  35-1,4,-9I :  : : I  
b l  b3 b l  b2 

41 area2 = (iab)' + ( ~ U C ) ~  = (, IA x Bl)' when A = ai - bj,B = ai -+ (bbc)' ck 

43 A = i (2  . 1- (-1)l) = j; fourth corner can be (3,3) 

45 ali + a j  and bli +bj;lalb2 - a2blI;A x B = . . .+(alb2- a2bl)k 

47 A x B; from Eg. (6), (A x B) x i = -(a3b1 - a1b3)k + (alb2- a2bl)j; (A . i)B - (B .i)A = 

al(bli + bj+b3k) - bl(ali + aj+ ask) 

4 9 N = ( Q - P ) x ( R - P ) = i + j + k ; a r e a  ? & ; z + y + z = 2  

i j k 
8 cos6 sin6 0 =Oi+Oj+k(-cos2B-sin28)=-k.  

sin6 -cos 19 0 

116 
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1 0  (a) !hue (A x B is a vector, A .B is a number) (b) 'Rue (Equation (1)becomes 0 = IA121BJ2so 

converse: Suppose the cross product of any vector with itself is zero. Then (A+B) x (A+B) = A x A + B x A +  

A = 0 or B = 0) (c) False: i x (j)= i x (i +j) 

12  Equation (1) gives IA x BIZ+o2 = (2)(2) or IA x BI = 2. Check: A x B = 

perpendicular to (1,1,1).Example: N = (1,-2,l) and plane z- 2y + z = 0. 

26 The plane has normal N = (i +j) x k = i x k +j x k = -j + i. So the plane is z- y = d. If the plane goes 

A x B + B x B r e d u c e s t o O = B x A + A ~ B o r A ~ B = - ( B x A ) .  

through the origin, its equation is s- y = 0. 

i j k  
1 1 0 
1 -1 0 

2 0 N = ( 3 , 0 , 4 ) .  2 2 N =  (l,l,l)x (1,1,2) = 

28 N = i +j + f i k  makes a 60' angle with i and j. (Note: A plane can't make 60' angles with those vectors, 

= -2k. 

1 4  Equation (1) gives IA x B12+ la= (2)(2) or IA x BI = \/5. Check: A x B = 

because N would have to make 30' angles. By Problem 11.1.46 this is impossible.) 

i j k  
1 1 0 = i -j +k. 
0 1 1  I 

24 These three points are on a line! The direction of the line is (1,1,1))so the plane has normal vector 

i j k  
1 1 1 
1 1 2  

30 1.,, 1.,, L,, 52 Right-hand triple: i, i + j, i + j + k; left-hand triple: k ,  j + k,  i + j + k. 

34 B (A x B) = bl(a2b3 - a3b2) + b2(a3bl - a1b3) +b3(alb2 - a2bl) = 0. 

36 A x B = ( A  +B) x B (because the extra B x B is zero); also *(A -B) x (A +B) = $A x A - i B  x A 

+ $ A X B - $ B X B = O + A X B - O = A X B .  

38 The six terms -bla2c3 + bla3c2 +b2a1c3 - b2a3c1 - b3alc2 + b3a2c1 equal the determinant. 

40 Add up three parts: (B-A) .( A  x B) = 0 because A x B is perpendicular to A and B;  for the same reason 

(B -A )  . (Bx C)  = - A .  (B x C )  and (B-A )  .( C  x A )  = B . ( C  x A). Add to get zero because 

A .  (B x C)  equals B . ( C  x A). 

16 IA x B12= IA121B12- (A .B)2which is (a: + a: +a$)(b: +bg +b$) - (a lb l+  azb2+~ 3 b 3 ) ~ .Multiplying and 

simplifying leads to (all2 - a2bl)a + (a1b3 - a3bl)2 + (a2b3 - a3b2)2which confirms IA x BI in eq. (6). 

18 (a) In A x B = -(B x A), set B equal to A. Then A x A = -(A x A)  and A x A must be zero. (b) The 

=i- j .  

Changing the letters A, B,C to B,C,A and to C,  A ,  B, the vector (A x B) + (B x C )  + ( C  x A)  stays 

the same. So this vector is perpendicular to C -B and A - C as well as B -A. 

42 The two sides going out from (al, bl) are (a2- al) i  + (b2 - bl )j and (a3 -al ) i  + (bs - bl)j .  The cross product 

of those sides gives the area of the parallelogram as l(a2 - al)(b3 - bl )  - (a3 - al)  (b2 - bl)l .  

48  The triple vector product in Problem 47 is (A x B) x C = ( A  .C ) B  - (B  C)A. Take the dot product with 

D. The right side is easy: (A - C )(B -D) - ( B  - C)(A - D). The left side is ( (A x B )  x C) .D and the 

Divide by 2 for the area of the triangle. 

44 Area of triangle = $ 
a1 b l  1 
a2 b2 1 
a3 b3  1 

first determinant produces the formula already verified in Problem 42. 

= ? 

46 (a) A x B = 

2 1 1  
4 2 1 
1 2 1  

and add to find IA x BIZ= 42 +42 + 2' = 36. This is the square of the parallelogram area. 

i j  k 
1 1 -4 

-1 1 0 

3= ?(4 +8 + 1- 2 - 4 -4) = Z.Note that expanding the 

= 4i +4j+ 2k. The inner products with i, j, k are 4,4,2. (b) Square 
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vectors A x B,C,D can be put in any cyclic order (see 'useful factsB about volume of a box, after 


Theorem 11G). We choose (A x B )  (C x D). 


50 For a parallelogram choose S so that S-R = Q -P. Then S= (2,3,3). The area is the length of the 

cross-product (Q- P )  x ( R -  P )  = 0 j1 2 = - 2 i + a  -k. Its length is t/22+22+12 = 3.I i k l 
11 2 1  

Oneway toproduceaboxistochaweT= P + S a n d U = Q + S a n d V =  R+S. (Then S T W  

comes from shifting OPQR by In that case the three edges from the origin are O P  and 0 Q  

and 0s.Find the determinant = 3 + 0 -3+ 2 - 3 -0 = -1.Then the volume is the absolute 
2 3  3 

value 1. Another box has edges OP, 00,OR with the aame volume. 

11.4 Matrices and Linear Equations (page 433) 

The equations 3x+y = 8 and z+y = 6 combine into the vector equationx[ 
1 ] + y[ 

1 
] = [ 

8 ] = d. The left 

side is Au with coefficient matrix A = [ 
1 1  

] and unknown vector u = [ Z 
Y 

1. The determinant of A is 2, so this 

problem is not singular. The row picture shows two intersecting lines. The column picture shows xa + y b  = d ,  

where a = [ 3 ] and b = [ 1 1. The inverse matrix is A-' = j [
1 1 -1 

3 
1. The solution is u = A-'d = [ 1 1. 

A matrix-vector multiplication produces a vector of dot products  from the rows, and also a combination of 
the columns: 

If the entries are a, b, c, d, the determinant is D = ad -be. A-' is 1 d -b ] divided by D. Cramer's Rule 
-C a 

shows components of u = A-'d as ratios of determinants: x = (b2dl - bld2)/D and y = (ald2 - a2dl)/D. 

A matrix-matrix multiplication MV yields a matrix of dot products, from the rows of M and the columns 
0 f V :  

The last line contains the identity matrix, denoted by I. It has the property that IA  = A I  = A for every 
matrix A, and Iu = u for every vector u. The inverse matrix satisfies A-'A = I. Then Au = d is solved by 
multiplying both sides by A-l,to give u = ~ - ' d .  There is no inverse matrix when d e t  A = 0. 

The combination xa + yb is the projection of d when the error d -xa -yb is perpendicular to a and b. If 



11.4 Matrices and Linear &uations (page 433) 

a = (1,1,1), b = (1,2,3), and d = (0,8,4), the equations for x and y are S x  + 6y = 1 2  and 6x + 14y  = 28. 

Solving them also gives the closest line to the data points (1,0), (2,8), and (3,4). The solution is x = 0, y = 2, 

which means the best line is horixontal. The projection is Oa +2 b  = (2,4,6). The three error components are 

(-2,4, -2). Check perpendicularity: (1,1,1) (-2,4, -2) = 0 and (1,2,S) . (-2,4, -2) = 0. Applying calculus 
2 2to this problem, z and y minirni~ethe sum of squares E = (-x -y )  + (8 -x - 2y) + (4 -x - s ~ ) ~ .  

1x = 5 , y = 2 , D =  - 2 , [ : ] = 5 [ : ] + 2 [ - : ]  S x = 3 , y = l , [ : ]  = 3 [ : 1 + [ 1 : ] , D = - 8  

5 x =  2y, y =  anything, D =0,2y [ :] + y [ I: ] = [:] 7 no solution, D = O 

: ] = = ~ = 1  11: 

d
1 5  A-I = -c f 1 if ad - bc = 1 1 7  Are parallel; multiple; the same; infinite 

19 h4ultip1ts of each tther; in the same direction as the columns; infinite 

2 1  dl = .34, d2 = 4.91 2 3  .96x + .02y = .58, .04x + .98y = 4.92; D = .94,z = .5,y = 5 

25 a = 1gives any x = -y; a = -1 gives any x = y

[ ~ ] ; D = - 8 , ( 2 A ) - 1 = ~ ~ - 1 ; ~ = ~27 D = - 2 , ~ - l =  -I 
2 -2 ' (A-')-I = original A; 

D = -2 (not +2), (-A)-' = -A-'; D = 1,I-' = I 

ae+bg af  +bh I aecf + aedh + bgcf + bgdh
31 AB = = (ad - bc)(eh - f g)ce + dg cf + dh ' -af ce - af  dg - bhce - bhdg 

1 
33 A-1 = [ -;] $ 8 - I  = [ b -:] 35 Identity; B I A - '  3 7  Perpendicular; u =v x u 

39 Line 4 + t, errors -1,2, -1 4 1  dl - 2d2 + d3 = 0 45  A-' can't multiply 0 and produce u 

10 1 
6 . = o , y = l ; o [ 1 ~ ] + l [ ~ ]  = [ : ] ; I  , I = 9 .  

8 The solution is x = s,y = (ok to use Cramer's Rule) (solution breaks down if ad = bc); 

$ 1 ~[:I+= [i]= [ : ] ; I  : i l==d-bC.  

1 0  In Problem 4, x = -- and y = = - (no solution)
0 

2 4 2 4 

1%+Oy = dl
1 2  With A = I the equations are .Then x = = dl and y = = d2.O X +  l y = d 2  

0 1 0 1 

1 4  Row picture: lox + y = 1and z+ y = 1intersect at (0, l) .  Column picture: Add 0 [ lo ] and 1 [ 1 
1 1 1. 
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16 If ad - bc = 1then 

1 8  z = 
0 

= - In Cramer's Rule this - signals
0 '  0 

6 2 6 2 6 2 
that a solution might (or might not) exist. 

20 z - y = dl and 92 - 9y = d2 can be solved if d2 = 9dl. 
.96z + .02y = dl

22 21 is .04z + .98y = d2. 
The sums down the columns of A are .96 +.04 = 1and .02 + .98 = 1. 

Reason: Everybody has to be accounted for. Nobody is lost or gained. Then z + y (tota1 population before 

move) equals dl + d2 (total population after move). 
.96 .02

24 Determinant of A = 1 .04 .98 I = . 9 4 ; ~ - ' =  -1 -*02 1 (columns still add to 1); A- 'A = I. 
e g 4  -.04 .96 

I I L J 

26 z = 0, y = 0 always solves ax +by = 0 and cz + dy = 0 (these lines always go through the origin). There are 

other solutions if the two lines are t h e  same. This happens if ad = bc. 
-6 (-c) - ad-bc28 Determinant of A-' = &A - -&&ad-bc - (ad-bc)f = &. Therefore det A-I = &. 

30 (a) IAl = -9; IBI = 2; IABI = -18; IBAI = -18. 

(b) (determinant of BC)  equals (determinant of B) times (determinant of C). 

32 1 :1 + 1 : 1 does not equal O Example of equality: 
3 3 0 0 3 3 

l o  11 11  1 1 + 1 1  1 = / 2  2 1 .  
2 6

34 AB = [ ] has determinant 4 m (AB)-' = i[ -:] .Check that this is also 

B- lA- l=  ;[ i -:] t [ -:] . 
36 c-'B - ~ A - ~ A B Cequals the identity matrix (because it collapses to C-'B-'BC which 

is C- lC which is I).Then the inverse of ABC is c -~B-~A- ' .  

38 (a) Find z and y from the normal equations. First compute a a = 3 and a - b =b a = 0 and b b = 2 and 
33: +Oy = 12 

a .d = 12 and b d = 2. The normal equations give z = 4 ,y  = 1. 
ox +2y = 2 

(b) The projection p = z a  + yb equals 4(1,1,1) + 1(-1,0,1) = (3,4,5). Error d -p = (-1,2, -1). 

Check perpendicularity of error: (-1,2, -1) . (1,1,1)= 0 and (-1,2, -1) . (-1,0,1) = 0. 

40 Computes-a= 3 and a . b =  b - a =2 and b . b = 6  a n d a - d =  5 a n d b . d = 6 .  The normal 
3 z + 2 y = 5

equation (14) is with solution z = = p and y = 8 = 471.The nearest combination
2 z + 6 y = 6  

z a  +yb is p = (5, y ,y).The vector of three errors is d -p = ($, -$, t ) .It is perpendicular 

to a and b. The best straight line is f = z + yt = + Zt. 

44 Suppose u # 0 but Au = 0. Then A-' can't exist. It would multiply 0 (the zero vector) and produce u. 

11.5 Linear Algebra (page 443) 

Three equations in three unknowns can be written as Au = d. The vector  u has components x,y, z and A is 
a 3 by 3 matrix.  The row picture has a plane for each equation. The first two planes intersect in a line, and 



all three planes intersect in a point, which is u. The column picture starts with vectors a,b,c from the columns 

of A and combines them to produce xa + yb + zc. The vector equation is z a  + yb + zc = d. 

The determinant of A is the triple product a .  b x c. This is the volume of a box, whose edges from the origin 

are a,b,c. If det A = 0 then the system is singular. Otherwise there is an inverse matrix such that A-'A = I 
(the identity matrix). In this case the solution to Au = d is u = A-'d. 

The rows of A-' are the cross products b x c ,c  x a,a x b, divided by D. The entries of A-' are 2 by 2 
determinants, divided by D. The upper left entry equals (b2c J -b3c2)/D. The 2 by 2 determinants needed 
for a row of A-l do not use the corresponding column of A. 

The solution is u = A- 'd. Its first component x is a ratio of determinants, Id b c I divided by la b c 1. Cramer's 
Rule breaks down when det A = 0. Then the columns a,b,c lie in the same plane. There is no solution to 
za  + yb + zc = d, if d is not on that plane. In a singular row picture, the intersection of planes 1and 2 is 

parallel to the third plane. 

In practice u is computed by elimination. The algorithm starts by subtracting a multiple of row 1 to 
eliminate x from t h e  second equation. If the first two equations are z -y = 1and 32 + z = 7, this elimination 
step leaves Sy + r = 4. Similarly x is eliminated from the third equation, and then y is eliminated. The equations 
are solved by back substitution. When the system has no solution, we reach an impossible equation like 1= 
0. The example x - y = 1,3z+ z = 7 has no solution if the third equation is Sy + z = 5. 

1 2 2  [ ; ] = [ H I1 2 3 5l o  2 l  [ i ] = [ n ]  s [ n  -a :PI 
6 det A = 0, add 3 equations -,0 = 1 7 5a + lb+ Oc = d, A-' = [:

1 0 0

:]3 

9 b x c; a .b x c = 0; determinant is zero 116, 2, 0; product of diagonal entries 
-2 4 0 2 -1 

1 3 A - 1 = [ H  - ; ] , B - I = [ :  15 Zero; same plane; D is zero -: a ]  
1 7  d = (1,-1.0); u = ( l , O ,  0) or (7,3,1) 1 9  AB = [ 
d
 2:
 ] 
, det AB = 12 = (det A) times (det B) 

2 3 -3[ -:-: :], det(A + C) is not det A + det C 

18 12 0 


21  A + C  = 

= l2)(3)-@)(el -(4)(3)+(0)(01 
6 = l , q  = 6 =-2  25(A-')-'isalwaysA 

33 New second equation 32 = 0 doesn't contain y; exchange with third equation; there is a solution 

35 Pivots 1,2,4, D = 8; pivots 1,-1,2, D = -2 37  a12 = 1,a21 = 0, aijbjk = row a ,  column k in AB 

23 



6 By inspiration (x, y, 2) = (1,-1,l). By Cramer's Rule: det A = -1 and then 

0 1 0  1 0 0  1 1 0  


x = --1 1 1 1 = l , y = z  1 1 1 =-1,2='  -1 1 1 1 = 1  

0 1 1  0 0 1  0 1 0  


8 x + 2 y + 2 2 = 0  -+ x + 2 y + 2 z = O  -+ x + 2 y + 2 z = O  -+ z = - 8  

2 x + 3 y + 5 2 = 0  - y + z = O  - y + z = O  y = 2  


2y + 22 = 8 2y + 22 = 8 42 = 8 2 = 2  

1 0  The plane olz+bly+clz = dl  is perpendicular to N1 = (al,bl, el). The second plane has N2  = (a2,b2,c2) 

The planes meet in a line parallel to the cross product  N1 x N2. If this line is parallel to the third 

plane the system is singular. The matrix has no inverse: (N1 x N2) - N3 = 0. 

1 2 a x b = 2 i , a x c = 6 j - 2 k , b x c = 4 . j - k .  
1 4  0 x = 1  0 0 1  x = O  

0  when y = 0 and 2 1 0 
l4[:E !][ I ]

[ 
= 

]
[:I z = o [ 6  4 [ i ]= [ H I  when z = 1y = o . 

The product A-' automatically gives the first column of A- '. 

16 x - y - 3 2 = 0  -+ x - y - 3 z = O  -+ X = ~ C  

-Z + 2y = 0  y  -32 = 0 y = SC 
-?J 4-32 = 0 -y 4-32 = 0 E = C  

18 Choose d = 0 as right side. The same steps as in Problem 16 end with y - 32 = 0 and -y + 32 = 1l o l  
L l J  

Addition leaves 0 = 1.No solution. Note: The left sides of the three equations add to zero. 

There is a solution only if the right sides (components of d) also add to zero. 

0 -1 ;: i: -:]
[ 
 ] [
and C B  = 
-20 -13 


20 B C  = . It is C B  whose columns add to zero 

(they are combinations of columns of C, and those add to sero). B C  and C B  are singular because C is. 

22 2 4  = 1: has determinant 48 which is 8 times det A. If an n by n matrix is multiplied by 2,[ : 
0 0  6 

] 
the determinant is multiplied by 2n. Here z3= 8. 

24 The 2 by 2 determinants from the first two rows of B are -1, -2, and -1. These go into the third column 

of B-', after dividing by d e t  B = 2 and changing the sign of 2. 
-

26 The inverse of AB is B-~A-'. The inverses come in reverse order (last in - first out: shoes first!) 
1 0  0 0 1 0  0 0 1  0 1 0  0 0 1  

These are "evenn These are "odd" 

30  The matrix PA has the same rows as A, permuted by P. The matrix A P  has the same columns as A, 

permuted by P. Using P in Problem 27, the first two rows of A are exchanged in P A  (two columns in AP.) 



MIT OpenCourseWare 
http://ocw.mit.edu 

Resource: Calculus Online Textbook 
Gilbert Strang 

The following may not correspond to a particular course on MIT OpenCourseWare, but has been 
provided by the author as an individual learning resource. 

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms. 

http://ocw.mit.edu
http://ocw.mit.edu/terms


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


