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2 Pattern Classification, Linear Classifiers, and Quadratic
Optimization

2.1 The Pattern Classification Problem

We are given:

e points a',...,a® € R that have property “P”
e points bt ..., b™ € R” that do not have property “P”

We would like to use these k4 m points to develop a linear rule that can
be used to predict whether or not other points x might or might not have
property P. In particular, we seek a vector v and a scalar 3 for which:

o vlal > pforalli=1,...,k
o vt < pforalli=1,...,m

We will then use v, to predict whether or not other points ¢ have
property P or not, using the rule:

o If vTc > 3, then we declare that ¢ has property P.

o If v7¢c < 3, then we declare that ¢ does not have property P.



We therefore seek v, G that defines the hyperplane
H, 5= {z|vTz =3}

for which:

o vial > pforalli=1,...,k

e vib < pforalli=1,...,m

This is illustrated in Figure 1.

Figure 1: Illustration of the pattern classification problem.



2.2 The Maximal Separation Model
We seek v, § that defines the hyperplane
H, 5= {z|vlz =73}

for which:

o vial > pforali=1,...,k

e vib < pforalli=1,...,m

We would like the hyperplane H, 3 not only to separate the points with
different properties, but to be as far away from the points a', ..., a* bt, ..., 0™

as possible. It is easy to derive via elementary analysis that the distance
from the hyperplane H, g to any point a’ is equal to

vlal — 3

o]
Similarly, the distance from the hyperplane H, 5 to any point bt is equal to

B — vl
Il

If we normalize the vector v so that
vl =1,

then the minimum distance from the hyperplane H, 3 to any of the points
al,...,a® b, ..., b™ is then:

min{vTa1 —B,...,v"d" —ﬂ,ﬂ—val,...,ﬂ—vam} .
We therefore would like v and [ to satisfy:

e |[v] =1, and

e min {vTal —B,...,vld* =3, 8—vTvt, ..., 3 — vam} is maximized.
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This yields the following optimization model:

PCP : maximize, g s 1)
s.t. vlal — 3 > 9, 1=1,...,k
B — vl > 9, i=1,...,m
Pl =1
veRM,BeR

Now notice that PCP is not a convex optimization problem, due to the
presence of the constraint “||v|| = 17.

2.3 Convex Reformulation of PCP

To obtain a convex optimization problem equivalent to PCP, we perform
the following transformation of variables:

v p
T = - a==.
5’ 0
Then notice that § = % = ﬁ, and so maximizing ¢ is equivalent to

maximizing ‘71”, which is equivalent to minimizing ||z||. This yields the
following reformulation of PCP:

minimize; o llz||
s.t.
2lat — > 1, i=1,...,k
a—zTy > 1, i=1...,m
reR" aeR



Since the function f(z) = 3 z|? = x is monotone in ||z|| we have

that the point that minimizes the function ||z|| also minimizes the function

%:ch. We therefore write the pattern classification problem in the following

1,.T
5.%'

form:
Cminimi 1T
CQP : minimize, o ST
3 T i P
s.t. rta — « > 1, i=1,...,k
a—z''b > 1, i=1,....,m
reR", aeR

Notice that CQP is a convex program with a differentiable objective
function. We can solve CQP for the optimal x = 2* and o = «a*, and
compute the optimal solution of PCP as:

T* o 1

5*: 5 = .
lz[ lz*[I [l

*

Problem CQP is a convex quadratic optimization problem in n 4+ 1 vari-
ables, with k+m linear inequality constraints. There are very many software
packages that are able to solve quadratic programs such as CQP. However,
one difficulty that might be encountered in practice is that the number of
points that are used to define the linear decision rule might be very large
(say, k+m > 1,000,000 or more). This can cause the model to become too
large to solve without developing special-purpose algorithms.

3 Constructing the Dual of CQP

As it turns out, the Lagrange dual of CQP yields much insight into the
structure of optimal solution of CQP, and also suggests several algorithmic



approaches for solving the problem. In this section we derive the dual of

CQP.

We start by creating the Lagrangian function. Assign a nonnegative
multiplier \; to each constraint “1 — z7a* + a < 0” for i = 1,...,k and
a nonnegative multiplier v; to each constraint “1 + 27b" — o < 0”7 for i =
1,...,m. Think of the A; as forming the vector A = (A1,..., ) and the ~;
as forming the vector v = (y1,...,7%m). The Lagrangian then is:

k m
1 X .
L(z,a,\,vy) = §mT$+ g Ni(1—zTa +a)+ E v (14270 — a)
i=1 j=1

k m k m k m
S L P S Y DTS o) RS > o
=1 j=1 =1 7j=1 =1 7j=1

We next create the dual function L*(\,~):

L*(\,v) = minimumg o L(x, a, A, ) .

In solving this unconstrained minimization problem, we observe that
L(z,a, \,7y) is a convex function of z and « for fixed values of A and ~.
Therefore L(z, cr, A, ) is minimized over x and « when

VLiy(z,a,\,y) = 0

VLy(x,a,\,y) = 0.

The first condition above states that the value of x will be:

k m
a::z/\iai—nyjbj , (1)
i=1 j=1

and the second condition above states that (\,~y) must satisfy:



A=Y v =0. (2)

k m
=1 j:l

(2

Substituting (1) and (2) back into L(z, a, A,7y) yields:

T
L*(A,V)ZZAWZ%‘—Q(ZAN’—ZW> (ZAN’—Z%‘bj)
i=1 j=1 i=1 j=1 i=1 j=1

where (A, ) must satisfy (2).
Finally, the dual problem problem is constructed as:

k m k . m . T k . m .
D1: maximumy, > XN+ > 7 — % > hiat = >0 b Aiat — Y b
i=1 j=1 j i=1 i=1 j=1

s.t. Z)V;—Zyjzo

AERF yeR™ .
By utilizing (1), we can re-write this last formulation with the extra variables

X as:

k
Ai + ’}/j—%l‘ x
=1 1

D2: maximumy ,

)

k . m .
s.t. x— (> Na' =3 9] =0
i=1 j



Comparing D1 and D2, it might seem wiser to use D1 as it uses fewer
variables and fewer constraints. But notice one disadvantage of D1. The
quadratic portion of the objective function in D1, expressed as a quadratic
form of the variables (A, ) will look something like:

ANTQ, )

where ) has dimension (m + k) x (m + k). The size of this matrix grows

with the square of (m + k), which is bad. In contrast, the growth in the
problem size of D2 is only linear in (m + k).

Our next result shows that if we have an optimal solution to the dual
problem D1 (or D2, for that matter), then we can easily write down an
optimal solution to the original problem CQP.

Property 1 If (\*,~v*) # 0 is an optimal solution of D1, then:

k m
x* = Z)\fa’—Z’y;‘bj (3)
i=1 j=1
* 1 *\T' i * 4 - *717
ot = — (@) Z)\ia +Zyjb7 (4)
23 AF i=1 j=1
i=1

is an optimal solution to CQP.

We will prove this property in the next section, as a consequence of the
Karush-Kuhn-Tucker optimality conditions for CQP.

4 The Karush-Kuhn-Tucker Conditions for CQP

The problem CQP is:



CQP : minimize, o %.Z’Tl‘
s.t. zla' — > 1, 1 =1,
a—zTh > 1, =1,
reR", aeR

The KKT conditions for this problem are:

e Primal feasibility:
zlat —a>1, 1=1,...,k
a—z'y > 1, j=1....m

reER", aeR

e The Gradient Condition:

k m
x—Z)\iai—i—Z’yjbj =0
i=1 j=1



e Complementarity:
AN(l—2Ta' +a)=0 i=1,....k

(142t —a)=0 j=1,....,m

5 Insights from Duality and the KKT Conditions

5.1 The KKT Conditions Yield Primal and Dual Solutions

Since CQP is the minimization of a convex function under linear inequality
constraints, the KK'T conditions are necessary and sufficient to characterize
an optimal solution.

Property 2 If (xz,a, \, ) satisfies the KKT conditions, then (z,«) is an
optimal solution to CQP and (\,7y) is an optimal solution to D1.

Proof: From the primal feasibility conditions, and the nonnegativity
conditions on (A,7), we have that (x,«) and (\,7) are primal and dual
feasible, respectively. We therefore need to show equality of the primal and
dual objective functions to prove optimality.

If we call z(x, o) the objective function of the primal problem evaluated
at (x,a) and v(A,y) the objective function of the dual problem evaluated at
(X, ) we have:

1
z(x,a) = §xTx

and

T
=S h B (St ) (S o)
i=1 j=1 i=1 7j=1 i=1 7j=1

However, we also have from the gradient conditions that:

11



k m
T = (Z)\iai — Z’yjbj) .
i=1 j=1

Substituting this in above yields:

k m
v(\y) — z2(z, ) = Z)\i + Z’}/j — 2Ty
i=1 j=1

k m k m
= Z)\Z —|—Z’Yj — 2T (Z)\,a’ — Z’yjbj)
i=1 j=1 i=1 j=1
k ) m ) k m
= Z)‘i (1 —azTaz) —{—Z’yj (1 —|—be3> +a (ZAZ — Zyj)
i=1 j=1 i=1 j=1
k m
= >\ (1 —J:Tai—i-a) +> (1—1—be7 —a)
i=1 j=1
= 0
and so (z,«) and (A, ) are optimal for their respective problems. |

5.2 Nonzero values of x, A\, and v

If (z,, A, 7) satisfy the KKT conditions, then = # 0 from the primal fea-
sibility constraints. This in turn implies that A # 0 and v # 0 from the
gradient conditions.

5.3 Complementarity

The complementarity conditions imply that the dual variables A; and ~; are
only positive if the corresponding primal constraint is tight:

ANi>0= (1-zlai+a)=0

v >0= (1+27V —a)=0
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Equality in the primal constraint means that the corresponding point, a’
or b, is at the minimum distance from the hyperplane. In combination with
the observation above that A # 0 and ~ # 0, this implies that the optimal
hyperplane will have points of both classes at the minimum distance.

5.4 A Further Geometric Insight

Consider the example of Figure 2. In Figure 2, the hyperplane is determined
by the three points that are at the minimum distance from it. Since the
points we are separating are not likely to exhibit collinearity, we can conclude
in general that most of the dual variables will be zero at the optimal solution.

Figure 2: A separating hyperplane determined by three points.

More generally, we would expect that at most n+ 1 points will lie at the
minimum distance from the hyperplane. Therefore, we would expect that
all but at most n 4+ 1 dual variables will be zero at the optimal solution.
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5.5 The Geometry of the Normal Vector

Consider the example shown in Figure 3. In Figure 3, the points correspond-
ing to active primal constraints are labeled a',a?, a3, b!, b2.

Figure 3: Separating hyperplane and points with tight primal constraints.

In this example, we see that #7'(a' —a?) = 27a' —27a? = (14+a) - (1+

a) = 0. Here we only used the fact that 1 — 27a’ +a = 0.

In general we have the following property:

Property 3 The normal vector x to the separating hyperplane is orthogonal
to any difference between points of the same class whose primal constraints

are active.

Proof: Without loss of generality, we can consider the points a', ..., a’

and b',...,b to be the points corresponding to tight primal constraints.
This means that 27a’ = 1+ a, i = 1,...,7, and also that 27V = o — 1,
j =1,...,j. From this it is clear that 7 (a’ — a/) =0, 4,5 = 1,...,7 and
2T —v)=0,i,5=1,...,5 [
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5.6 More Geometry of the Normal Vector

From the gradient conditions, we have:

k ) m )
T = 2:)\2‘&Z — Z’yjb]
i=1 j=1

= Z )\iaz — Z ’ij7
i=1 j=1

where we amend our notation so that the points a’ correspond to active
constraints for i = 1, ...,7 and the points &’ correspond to active constraints
forj=1,...,3.

i J
If we set 6 = ZAi = nyj, we have:
i=1 j=1

Py b
r = 5(;%@‘—2%@)

j=1

From this last equation we see that x is the scaled difference between a
convex combination of a!, ..., a’ and a convex combination of b', ..., .

5.7 Proof of Property 1

We will now prove Proposition 1, which asserts that (3 - 4) yields an optimal
solution to CQP given an optimal solution (A, ) of D1. We start by writing
down the KKT optimality conditions for D1:
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o Feasibility:

k m
D A= =0
i=1 j=1

A>0,v>0

A€ RF 4 e pm

e Gradient Conditions:

k m
1—(&1)T(Z)\5al—zvjb7)+O¢+/Li:0 1=1,...
=1 j=1

k m
1+(bj)T<Z)\iai—Zwbl>—a—|—1/j:O ji=1,...
i=1 =1

w>0,v>0

pe R veRm

e Complementarity:

)\Z-,ui:O i:l,...,k

viv; =0 jg=1,...,m

Now suppose that (A,v) is an optimal solution of D1, whereby (A,~)
satisfy the above KKT conditions for some values of a, p,v. We will now
show that the point (z,«a) is optimal for CQP, where x is defined by (3),

namely

x = Z)\ial - Z’yjbj ,
i=1 j=1
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and « arises in the KKT conditions. Substituting the expression for x in
the gradient conditions, we obtain:

T

l=a2Td" —a—p; <zla — o i=1,...,k,

1:—bej+a—Vj§—waj+a j=1....,m.

Therefore (x, «) is feasible for CQP. Now let us compare the objective func-
tion values of (x, @) in the primal and (A, ) in the dual. The primal objective

function value is:

1
z=-zlz,

2
and the dual objective function value is:

k m 1 k ) m ) T k ) m )
’U:Z)\i—FZ’Yj—E Z)\ia’—z’yjbj Z)\iaZ_Z’ijJ
i=1 j=1 i=1 j=1 i=1 j=1
Substituting in the equation:

m

St

Z' J—
Jj=1

k
T = Z i
i=1

and taking differences, we compute the duality gap between these two solu-
tions to be:

k m
v—z = Z)\i+27j—$Tx
i=1 j=1

k m k m
= Z)\i—i-Z’}/j — T (Z)\ZQZ — Z’yjbj)
i=1 j=1 i=1

=1
k

= > n(1-4Td) +§:7j (1+27) +a (zk:/\i—ifyj)

i=1 Jj=1 i=1 j=1
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= Z)‘i (1—wTai+a)+Z’yj (1+waj—a)

i=1 j=1
k m
= =D Nt = D vi
i=1 j=1

= 0

which demonstrates that (z, @) must therefore be an optimal primal solution.

To finish the proof we must validate the expression for « in (4). If we
multiply the first set of expressions of the gradient conditions by A; and the
second set by —v; we obtain:

OzAi(l—xTai—i—a—l—,ui):)\i—)\ixTai—l—)\ia 1=1,...,k

0:—7j(1+a:Tbj—a+uj>:—'yj—'ijTbj+’yja j=1....,m

Summing these, we obtain:

k m k m k m
0 = Y A-> - (ZW + Zwbj) o (Z*i + Zw)
i=1 j=1 =1 7j=1 =1 7=1

k m
= —a:T (Z)\Zaz + Z’)’jbj) —i—QZAia
i=1 j=1 i

which implies that:
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5.8 Final Comments

The fact that we can expect to have at most n + 1 dual variables different
than zero in the optimal solution (out of a possible number which could
be as high as k + m) is very important. It immediately suggests that we
might want to develop solution methods that try to limit the number of dual
variables that are different from zero at any iteration. Such algorithms are
called “Active Set Methods”, which we will visit in the next lecture.

6 Pattern Classification without strict Linear Sep-
aration

The are very many instances of the pattern classification problem where the
observed data points do not give rise to a linear classifier, i.e., a hyperplane
H, s that separates a',...,a* from b, ... b™. If we still want to construct a
classification function that is based on a hyperplane, we will have to allow for
some error or “noise” in the data. Alternatively, we can allow for separation
via a non-linear function rather than a linear function.

6.1 Pattern Classification with Penalties

Consider the following optimization problem:

k+m

1
QP3: minimize, o ¢ 53;% +C> &
=1
T i , _
s.t. zrat—a>1-¢ i=1,...,k (5)

a—2TW >1-&4; j=1,...,m

§& >0 i=1,....k+m.

In this model, the &; variables allow the constraints to be violated, but at
a cost of C'; where we presume that C is a large number. Here we see that
C represents the tradeoff between the competing objectives of producing a
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hyperplane that is far from the points a*,i = 1,...,k and b',i = 1,...,m,
and that penalizes points for being close to the hyperplane.

The dual of this quadratic optimization problem turns out to be:

k k 1 k ) m ) T k ) m ]
D3 : maximizey , Z)‘i + Z’y]’ -z Z Aia" — Z’ijj Z Aia' — Z’ijj
i=1 j=1 2\= j=1 i=1 j=1

k m
s.t. Z)\i—Z’yj:O
i=1 j=1

N<C i=1,...,k
’}/jSC jzl,...,m

A>0, v>0.

In an analogous fashion to Property 1 stated earlier for the separable
case, one can derive simple formulas to directly compute an optimal primal
solution (z*,a*,&*) from an optimal dual solution (\*,~*).

As an example of the above methodology, consider the pattern classifi-

cation data shown in Figure 4.

Figure 5 and Figure 6 show solutions to this problem with different values
of the penalty parameter C' = 10 and C' = 100, respectively.

6.2 Pattern Classification via Non-linear Mappings

Another way to separate sets of points that are not separable using a linear
classifier (a hyperplane) is to create a non-linear transformation, usually to
a higher-dimensional space, in such a way that the transformed points are
separable by a hyperplane in the transformed space (or are nearly separable,
with the aid of penalty terms).

Suppose we have on hand a mapping:
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Figure 4: Pattern classification data that cannot be separated by a hyper-
plane.
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Figure 5: Solution to the problem with C' = 1.0.
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Figure 6: Solution to the problem with C' = 1,000.0.
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6() R o B

where one should think of [ as satisfying [ >> n. Under this mapping, we
have:

b b=¢(b), i=1,...,m.
We then solve for our separating hyperplane
H~~—{5ce%l|f;T§::[3}

via the methods described earlier. If we are given a new point ¢ that we
would like to classify, we compute

¢=¢(c)
and use the rule:
o If 97¢ > B, then we declare that ¢ has property P.
o If 57¢ < 3, then we declare that ¢ does not have property P.

Quite often we do not have to explicitly work with the function ¢(-), as
we now demonstrate. Consider the pattern classification problem shown in
Figure 7. In Figure 7, the two classes of points are clearly not separable
with a hyperplane. However, it does seem that there is a smooth function
that would easily separate the two classes of points.

We can of course solve the linear separation problem (with penalties) for
this problem. Figure 8 shows the linear classifier for this problem, computed
using the penalty value C' = 100. As Figure 8 clearly shows, this separator
is clearly not adequate.

We might think of trying to find a quadratic function (as opposed to a
linear function) that will separate our points. In this case we would seek to

find values of:
Q11 Q12> <Q1 >
= 5 = 5 d
@ <Q12 Q22 e q2

satisfying:
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Figure 7: Two classes of points that can be separated by a nonlinear surface.
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Figure 8: Illustration of a linear classifier for a non-separable case.
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e (a)Qa+qla’+d>0foralli=1,...,k

o (B)TQV +q¢Tb +d<Oforalli=1,...,m
We would then use this data to classify any new point ¢ as follows:

o If c"Qc+ q"c+ d > 0, then we declare that ¢ has property P.

o If "'Qc+ qTc+d < 0, then we declare that ¢ does not have property
P.

Although this problem seems much more complicated than linear classifi-
cation, indeed it is really linear classification in a slightly higher-dimensional
space! To see why this is true, let us look at our 2-dimensional example in
detail. Let one of the a’ values be denoted as the data (a},a}). Then

(@)TQa’ +q"a +d = (a})? x Q11+ 2aiab x Q1o+ (ab)? X Qo +al x q1 +ab x go +d
= ((a})? 2a%a}, (ab)? at,ab)” (Q11, Qi2, @22, q1,q2) +d

= (a1,da9,as,as,a5)7 (Q11, Q12, Q22,q1,q2) +d

where

a = ¢(a) = ¢(alaa2) = (a%,2a1a2,ag,a1,a2) :

Notice here that this problem is one of linear classification in R°. We there-
fore can solve this problem using the usual optimization formulation, but
now stated in the higher-dimensional space. The problem we wish to solve
then becomes:

HPCP : maximizeg 445 0
s.t. ((a§)2a2alia§a(aé)zaaﬁyaé)T(Q11,Q12,Q22,Q17Q2)+d > 5, i=1,...,k
_((bzl)272bll Z2a(b22)27b115b7é) (Q11>Q12aQ22,C_I17C]2) —d > 57 = 17"'am

| (Q11, Q12, Q22,q1,62) || = 1,
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This problem then can be transformed into a convex quadratic program
by using the transformation used in Section 2.3. If one solves the problem
this way, the optimized quadratic separator turns out to be:

—24.7230% —0.261c1co — 1.70603 + 14.438¢1 — 2.794¢2 — 0.163

Figure 9 shows the solution to this problem. Notice that the solution
indeed separates the two classes of points.

o8F x *
0.6 % *

0.4r

-0.41
-0.6F

-0.8F

%

-1 -08 -06 -04 -02

Figure 9: Illustration of separation by a quadratic separator.

6.3 Pattern Classification via Ellipsoids

As it turns out, the quadratic surface separator described in the previous
section can be developed further. Recall the model:
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HPCP : maximizeg qq45 0
s.t. ((aﬁ)2,2a’1a§,(aé)Z,ai,aé) (Q11,Q12,Q22,q1,92) +d >
— ((61)%, 26365, (b%)2,b5,b5)" (Q11,Q12, Q22,q1,q2) —d >

[ (@1, @12, Q22,q1,92) || =

Suppose that we would like the resulting quadratic surface to
ellipsoid. This corresponds to requiring that the matrix

e=(gn o2)

be an SPSD matrix. Suppose that we would like this ellipsoid to

0, i=1,
0, 1=1,
1,

be an

be as

“round” as possible, which means that we would like the condition number

to be as small as possible. Then our problem becomes:

RP : minimizeg gq 32

min (
st ((a})?, 2aiab, (aé)Z,afi,aé)T (Q11,Q12,Q22,q1,q2) +d > 0,
— ((B})?, 2665, (b5)%, 08, 65) " (Q11, Q12, Qo2,q1,42) —d > 0,
[ (Q11,Q12,Q22, 41, q2) || = 1,

Q is SPSD .
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As it turns out, this problem can be re-cast as a convex optimization
problem, using the tools of the new field of semi-definite programming. Fig-
ure 10 shows an example of a solution to a pattern classification problem
obtained by solving the problem RP.

098414 x> -011589 2 Xy +...-012838 = 0

0.8f * *

06

0.4r

-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1

Figure 10: Illustration of an ellipsoidal separator using semi-definite pro-
gramming.
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