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Lecture 8: Duality I



1 Outline

SLIDE 1
e Duality from lift and project

e Lagrangean duality

2 Duality from lift and project

SLIDE 2
Zip =max c'zx

° st. Az =0»>
x; € {0, 1}.

o {x e R"| Az =b, x > 0} is bounded for all b.

e Without of loss of generality z; + x;1, = 1 are included in Az = b.

21 LP1 SLIDE 3

fir=max 5 (S )us

SCN \jes
s.t. (ZAjb>ws:0 VS C N,

JES

>, ws =1,

SCN
ws > 0.

Theorem: Zip = ZvLp1.

2.2 LP2 SLIDE 4

Ys = ZT:SQT wr-

Zipz =max ), ¢y

JEN
s.t. (Z A]b) ys+ZAijU{j}:0,VSgN,
JES Jgs
(Z Aj-b)?/N:O,
JEN
ys = 0,y9 = 1.

Theorem: ZLP1 = ZLPQ.



2.3 Lift-Project

e Inequality form: Y . _. Ajz; <b

jEN
e Multiply constraints with HieS x; for all S C N to obtain using z? = z;:

S A [[z+> 4 J] =<o]]e

jes = jgs  ieSu{j} =

e Define ys = [].. o i, noting that ys > 0 and setting yy = 1

JjES Jj¢s

i€S

2.4 The dual problem
min  uyb
st ufy (A —b)+upA; >¢; VjeN,

ws (D Aj—b|+> ubi;A4; 20YSCN, 8] >2.

JjES JES

2.5 Strong Duality

Suppose that the only feasible solution to Az = 0, > 0 is the vector 0.

e (Weak duality) If x is a feasible solution to the primal problem and u is a
feasible solution to the dual problem, then

c'z < uyb.
e (Strong duality) If the primal problem has an optimal solution, so does its

dual problem, and the respective optimal costs are equal.

2.6 Complementary slackness

x and wu feasible solutions for primal and dual. Then,  and w are optimal solutions
if and only if

(ufy (Aj —b) +upA; —cj)az; = 0V j €N,

(“,5 <ZAJ' b) +Z“'S\U}AJ> [[z =ovscn, s>z

JjES JES JjES
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2.7 Example

maximize x1 + 2x2 + 3x3 + 514
subject to  3z1 + bz2 + Tr3 + 94 = 12
x; € {0.1}, 1=1,2,3,4.
Dual

minimize 12ug

subject to  —9u1 + 3ug >1
—Tuz + Suy >2
—buz + Tug >3
—3ua + Yug >5
—4u1,2 + Sur + 3uz >0
—2u1,3 + Tur + 3us >0
Out,4 + 9u1 + 3ua >0
Ouz,3 + Tuz + dus >0
2uz2,4 + Yuz + Hug >0
duz s + Yus + Tug >0
3ui,2,3 + Tu1,2 + du1,z + 3uz;s >0
Su1,2,4 + 9u12 + Sui g + 3uz4 >0
Tu1,3,4 + 9u1,3 + Tu1,4 + 3us .4 >0
u2,3,4 + Yu2,3 + Tuz,4 + Susz4 >0
12u1,2,3.4 +9u1,2,3 + Tu1,2,4 + 5u1,34 + 3uz34 > 0.
Optimal solution
1 1 1 5 7
up = 5, uyp = 1_87 Uqg = *67 U2,4 = E, Uz, 4 = ﬂ
Complementary slackness condition: z1 = 1, 22 = z3 = 0 and z4 = 1, the dual

constraints associated with the subsets S = {1}, {4}, {1,4}

—9u1 +3uy >1
—3us +9uy >5
Oui,a +9u1 +3us >0

are all satisfied with equality.

3 Lagrangean duality

Zip =min cz
st. Ax >b ()
Dx >d
xreZ"

X ={x e Z"| Dz >d}.

)

SLIDE 9

SLIDE 10



Let A > 0.
Z(A) =min c'z+ X (b— Ax)

st. xeX,

3.1 Weak duality

SLIDE 11
e If problem (*) has an optimal solution, then Z(A) < Zp for A > 0.
e The function Z(\) is concave.
e Lagrangean dual
Zp =max  Z(A)
st. A>0.
o Zp < Zp.
3.2 Characterization
SLIDE 12
Zp =min c'zx
st. Az >0b
x € conv(X).
3.3 Proof outline SLIOE 13

R ’ Ip
° Z()\)_énelg (chr)\(b Am))
d Z()‘) = minwEConv(X) (C/:I? + )\/(b — A{I}))

e /p =max min (c/w +N(b— A:c))
A>0 T econv(X)

o Let *, k € K, and w?, j € J, be the extreme points and a extreme rays of

conv(X)
—00, if (¢/ = XNA)w! <0,
Z(A) = for some j € J,
min (c'm’C +X(b— Amk)), otherwise.
keK

Zp = maximize min (c/wk + N (b— Awk))
kEK

° subject to  (¢/ — N A)w? >0, JjEeJ,
A>0,
maximize y
subject to y + N(Az* —b) < z*, keK,
° N Aw’? < dw?, jeJ,

A>0.



Dual minimize ¢’ (Z arx® + Z /ijj>

keK jeJ

subject to Z ap =1
° ke K

A <Z az” +Zﬂjwj> >b

keK jeJ

O‘k:ﬂj207 keK?JGJ
e conv(X) = {ZkEKakwk —&—Ejejﬂjwj ‘ Dorerk =1, o, 8; >0, k€

K;jej}

3.4 Example
SLIDE 14
minimize 3x1 — 29

subject to 1 — T2
—x1 + 222
31 + 222
6x1 + w2

1,22 > 0

IN IV IN IV

15

r1,T2 € Z.

Relax 1 —z9 > —1
X ={(1,0),(2,0),(1,1),(2,1),(0,2),(1,2),(2,2),(1,3),(2,3)}.
Z(}\) = min(xl’gm)ex (3371 — To + )\(—1 —x1 + mg))7

-2 4+ A 0<A<5/3,
o Z(\) = 3 — 2, 5/3<A<3,
6 — 3, A>3

A" = 5/3, and the optimal value is Zp = Z(5/3) = —1/3. For A = 5/3, the
corresponding elements of X are (1,0) and (0, 2).
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