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1 Outline
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e Randomized rounding methods

2 Randomized rounding
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e Solve ¢'x subject to @ € P for arbitrary c.

e x* be optimal solution.

e From x* create a new random integer solution @, feasible in P: E[c'x] =
ZLp = c'm*.

Zip < Zp < E[Zu] = Zip.

e Hence, P integral.

2.1 Minimum s — ¢ cut
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minimize Z CuvTyy
{u,v}eE
subject to Ty > Yu — Yo, {u,v} € E,
Tuw 2 Yo — Yus {U,U} €FE,
ys =1,
yr =0,
Yus Tuw € {0, 1}.

2.1.1 Algorithm
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e Solve linear relaxation. Position the nodes in the interval (0, 1) according
to the value of y;.

e Generate a random variable U uniformly in the interval [0, 1].

e Round all nodes u with y;; < U to y, = 0, and all nodes w with y;; > U
to yu = 1. Set xyy = |yu — yo| for all {u,v} € E.

2.2 Theorem

For every nonnegative cost vector ¢,
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E|Zu] = Zip = Zip.



Yy is rounded to 0 Yy is rounded to 1
U Ya Yo ys

Proof:
ZIP S E[ZH] - E Z CuvTuv
{uv}eFrE
= Z cm,P(min (yz,y;) < U < max (yz,y;))
{u,v}eE
= > cwlvi—vll
{u,v}eE
= Zup < Zip
2.3 Stable matching
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e nmen {my,...,my,} and n women {ws,...,w,}, with each person having
a list of strict preference order.
e Find a stable perfect matching M of the men to women:
e There does not exist a man m and a woman w who are not matched under
M, but prefer each other to their assigned mates under M.
2.3.1 Formulation
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e wi >, we if man m prefers wy to wa.
® my >, me if woman w prefers mi to meo.
e Decision variables
{ 1, if m; is matched to wj,
Tij =

0, otherwise.



e N={1,...,n}

Zl'ij =1, 1€ N,
j=1

> =1, jEN,
=1

zi; € {0,1}, i,j €N,

Tij + Z Tik + Z Tkj < 1, i,j € N.

{k|wy <m;w;} {klmp<w;m;}
2.3.2 Proposition
x € Psy. If 2 > 0, then

Tij + Z Tik + Z Trj = 1.

{k|wi <m;w;} {k|mk<wjm.;}

2.3.3 Proof
w33
i=1 j=1
st. x € Psm
Dual

max ZO‘H'Z@_ZZV“
i=1 j=1

i=1 j=1

st o+ B — Z Yik — Z Vi <1, 1,5 €N,

{klwg>m;w;} {klmp>w;m;}
Yij > 0.
x € Psy. Set
o = Z’W]‘, ﬁj = Z’W]‘ and Yij = Tij for all ’i,j € N.
j=1 i=1

e Dual:

~Yij + Z Yik + Z i <1, Vi, j €N,

{klwg <m,;w;} {klmp <w;mi}

feasible if v;; = x;; and € Pswm.

ZaiJrZﬁj *ZZ%‘J‘ =ZZ%‘~

i=1 j=1 i=1 j=1

e Objective

e Complementary slackness of optimal primal and dual solutions.
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Key Theorem

Pgyp = conv(S).

2.4.1 Randomization

Generate a random number U uniformly in [0,1].

Match m; to wj if z;; > 0 and in the row corresponding to m;, U lies in
the interval spanned by x;; in [0, 1]. Accordingly, match w; to m; if in the
row corresponding to wj, U lies in the interval spanned by z;; in [0, 1].

Key property: x;; > 0, then the intervals spanned by z;; in rows corre-
sponding to m; and wj; coincide in [0, 1].

The matching is stable: wy who is preferred by m; to his mate w; under the as-
signment, i.e., the interval spanned by x;x is on the right of the interval spanned
by xi; in the row corresponding to m;, is assigned a mate whom she strictly
prefers to m;, since in the row corresponding to wy the random number U lies
strictly to the left of the interval x;f.

:vg =1 if m; and w; are matched.
E[mg] = P(U lies in the interval spanned by z;;) = z;;.

1 . . .
Tij = fo :vi“jdu: x can be written as a convex combination of stable matchings

" as u varies over the interval [0, 1].
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