Chapter 10 Notes, Regression and Correlation

Regression analysis allows us to estimate the relationship of a response variable
to a set of predictor variables

>

y :Response Variable

x :Predictor Variable, Independent Variable

Let

x1,T9, T,  be settings of x chosen by the investigator and

Y1,Y2, - Yn  be the corresponding values of the response.

Assume y; is an observation of rv Y; (which depends on x;, where z; is not ran-
dom).

We model each Y; by

Yi= 5o+ bz + €
where ¢; is iid noise with F(e;) = 0 and Var(¢;) = 0. We usually assume that ¢;
is distributed as N(0,0?), so Y; is distributed as N(By + Bias, 02).

A
B(x) =B, + Bx

—>
X

Note: it is not true for all experiments that Y is related to X this way of course!
Always scatterplot to check for a straight line.
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For a good fit, choose [y, /1 to minimize the sum of squared errors.

A

f(x)=p,+pBx

';;\
Foi=rey?
>
X
Minimize
Q=> (i~ f@)?=> (i~ (Bo+ b))’ < east squares”
=1 =1

To minimize Q, set derivatives to 0 and solve for 8’s. Call the solutions 30, and
b
Q)
0= & _ ( ; ) 1
e Z (Bo + Prs) (1)
oQ
0 = 8—51——22«% ( 50"‘5135@)) : (2)
Rewrite equation (1):

zyz ZBo-ZBsz

=1

Zyz —nfy— b le =0 (pull 5’s out of the sums)

1= 1

Ez;yz - 5() - 51—21:332‘ = 0 (divide by TL)

A~

H |

0—

By
=g — it

& I

o, <&
(e}



What does this mean about the least square line?

Solve equation (2) for Bl

n n n
. 55

g TilYi — E x;Bo — E x;B1 =0
i=1 i=1 i=1

n n n

5 5 2

E ﬂfiyz‘—ﬂog 337:—515 r; =0
i—1 i=1 i=1

n n n
Z iy — (J — /17) Z x; — B Z z? =0 (using previous page)
i=1 i=1 i=1

n

2

n n N 1 n ~
Z Ty — Y Z x; + 515 (Z :z:@> — By Z z? =0 (using definition of 7)
i=1 i=1 i=1

i=1
Z?:l TilYi — % Z?:l L Z?:l
2?21 %2 - %(27:1 ;)2

@™

1= * (using definition of %)

Consider the expressions (which we’ll substitute in later):

n n n

. _ _ 1 o

Suy = E (x; —2)(y;i — y) = g Tili = — g x;y; (skipping some steps)
i=

1=1 1=1
n

Spp = Z Z x; Z x; (just sub in x for y in previous eqn)

1=1 21

where 5., is the sample covariance from Chapter 4 times n — 1. Look what
happened:
fr=2.
S.’El’
Put it together with the previous result and we get these two little (but important
equations):

A S

[ —_
S(E.’E

Bo = y—piT

Now there is an easy way to find the LS line.
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oot Procedure for finding LS linetekstoeteiockoek

Given:

T1,-ee Ty
Y, 5 Yn

we compute T, ¥, 5;y, 5z,. LThen compute

R

by = o
gl‘ﬂ?
Bo =1y — BiT.
And the answer is:
y = Bix + fo.

Then if you want to make predictions you can use this formula - just plug in the
x you want to make a prediction for.

Let’s examine the goodness of fit. We will define SSE, SST, and SSR. Consider:

n
SSE = sum of squares error = Z(yz - @1)2
i=1

where y; = Blaﬁi + Bg, these are your model’s predictions. Recall ﬁo and 61 were
chosen to minimize the sum of squares error (SSE).

The total sum of squares (SST) measures the variation of y’s around their mean:

n

SST = sum of squares total = Z(yl —9)* = 3§y,
i=1

It turns out:

SST = Z(yi—g)Q

- Z(yi — i) + Z(ﬁz‘ — 7)* = SSE + SSR

i=1 i=1
where SSR is called the “regression sum of squares.” This is the model’s variation
around the sample mean.



Consider

oSSR model’s variation

r = = “coefficient of determination.”
SST total variation
2 . . . _ S:Ey
It turns out that r* is the square of the sample correlation coefficient r = Neromi

Let’s show that. First simplify SSR:

SSR = ) (5i—9)’

A N A A 2 A
= Z Bo + Prx; — (Bo + f1T)  note that the [Fy’s cancel out
i=1

= 312 Z(xz —z)* = 312§m- (3)

1=1

And plugging this in,

52 2 =2 2
r? = SR = Bi Sux _ SuySex _ Suy Sy

SST Syy a $2:8yy  SuaSyy a SzzSyy
where we just cancelled a normalizing factor in that last step. So after we take

the square root, that shows 72 really is the square of the sample correlation
coefficient.

Back to SST = SSR + SSE and r? = 228 If 2 = 0.953, most of the total
variation is accounted for by the regression, so the least square fit is a good fit.
That is, 2 tells you how much better a regression line is compared to fitting with

a flat line at the sample mean y.

Note: Compute r using this formula: \/SST%’ so you do not get the sign wrong
from taking the square root, r = + %.




To summarize,

e We derived an expression for the LS line

X . .S, . .
y = bix + By, where 3; = g L and By =y — piT.

Tr

e We showed that r? = g%. Its value indicates how much of the total varia-

tion is explained by the regression.

2

One more definition before we do inference. The variance o measures disper-

sion of the y;’s around their means p; = By + f12;. An unbiased estimator of o2

turns out to be . .
&2 — >ic1 (Wi — 9i) _ SS5E
n—2 n—2
We lose two degrees of freedom from estimating gy and Sy, that is why we divide
by n — 2.

Chapter 10.3 Statistical Inference

We want to make inferences on the values of Sy and ;. Assume again that we
have:
Yi = Po+ brxi + €

where ¢; is iid noise and is distributed as N(0,¢?). Then it turns out that Bo and

A~

(1 are normally distributed with

E(BO) = fo, SD(BO) — gy | —=17

E(61) = b1, SD(Bo) =

\% g$$
It also turns out that S?, which is the random variable for s? = Zn:ln(+2_y)2 obeys:
(n —2)5?
T ~ X’n—Q’



We can do hypothesis tests on 3y and (3; using Bo and 61 as estimators for the
means of Sy and 3. We can use

n 2

_ i=1 i oy S
ST T (4
as estimators for the SD’s. So we can ask for 100(1 — «)% CI for §y and f:
BO S [BO - tn—2,a/2SE(BO)7 BO + tn—2,a/QSE(BO)]
Bre b —

tn72,a/2SE(Bl)7 Bi + tn72,a/25E<61)]
Hypothesis tests (usually we do not test hypotheses on (g, just 5)

Hy: B = p}
Hy: B # 8.
Reject Hy at level-« if
2 A0

- ~— > tn—?,a 2-
SE(f) /

***Important: If you choose choose 3 = 0, you are testing whether there is a
linear relationship between x and y. If you reject 3) = 0, it means y depends on .

Note that when 8 =0, t = %

Analysis of Variance (ANOVA)

We're going to do this same test another way. ANOVA is useful for decomposing
variability in the y;’s, so you know where the variability is coming from. Recall:

SST =SSR+ SSE

e SST is the total variability (df = n — 1 from constraint >, (g; — 9)* ),

e SSR is the variability accounted for by regression and

e SSE is the error variability (df = n — 2). This leaves one df for SSR.

A sum of squares divided by df is called a “mean square”.
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e MSR = g “mean square regression”

n . 2
o M[SE = % =5’ = W “mean square error”

Consider the ratio

P MSR SSR
B MSE 82
= 132 from (3)

(Y
- \8/Vou
b

= SE(Bl)> =t* from (4).

Hey look, the square of a T, r.v is an Fj, r.v. Actually that’s always true:
Consider:

_ X-
p_X—m_ o Z
S/ \/S%]ar  \/S2]o?
=2 /L F
T §2/g2 MY
since Z2 ~ x? and g—j ~ ng Therefore we have t%—?,a/Q = fin—2.a-
How come a/2 turned into o?
Back to testing:
Hy : 51 =0
Hy : 51=0
We'll reject Hy when F' = %—g‘g > fln-2.0-

Note: This is just the square of the previous test. We also do it this way because
it is a good introduction to multiple regression in Chapter 11.




ANOVA (Analysis of Variance)

ANOVA table - A nice display of the calculations we did.

Source of variation SS  d.f. MS F D
Regression SSR 1 MSR = SSTR F= M—EFE{ p-value for test
Error SSE n—2 MSE= %
Total SST n—1

The pvalue is for the F-test for Hy: 51 =0, H; : 51 = 0.
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