MASSACHUSETTSINSTITUTE OF TECHNOLOGY

6.265/15.070J Fall 2013
Homework 4 Solution

1 Problem1
Proof. We aim to bound |E[L,,| — m,| by O(,/m,,). We have that
[E[Ln] — mu| < E[[Ln — my]] = / P(Ly — mnl > 7)da
0

By Talagrand’s inequality, we have that

.1‘2

P(| Ly, —my| > 2) < 46XP(—m

Let z = Bv/m,, log m,,, we have

P(ILn = mp| > x) < dexp(—

)

/Ban log my,

T T BymTogm)

Let By = ¢ logm for some ¢ > 1, we have for 5 < (5
2logm —7BQC
P(|Ly, —mp| > ) < 4eXp(_ﬁ4(1 —gi-c)n) = 4m,, "7
For 8 > By, let 8 = y/mylog m, where y > ¢ > 1, and then
2,2 2
y-my, Y mn
P(|L,, — > 1 <4 ——J n Y=Y —
(1L = 1] 2 83/ malogmn) < dexp(— e 00 ) = dexp(— )
< 4exp(—ymn)
8
Thus,
oo Bo _ 82 [e'e) ym
/ P(|L,, — my| > z)dz < \/m, logmn/ 4m,, 0T dﬁ—i—mn/ 4exp(— 8n)dy
0
8
= 4+/m, logm, exp(— )
<4\/7(1+¢c)m, +32=0
Namely,
[E[Ly] —mn| < O(ymy)
Thus, we have m,, = ay/n + o(y/n). O



2 Problem 2 (Kaji’s Solution)

Proof. Define g by g(E) = g(FEx, ..., Eq,) = log Z,,. For notational purposes,
denote £_; := (E1, ..., Bi—1, Eiy1, ..., Egy). Then we will prove the following
equation:

9(B, E_; — g(E;, E_;))| < log2 forall i. (1)

Consider the change from g(E;, E_;) to g(F_;). Omitting the edge E;, we have
that the sets that are independent under £ are still independent under E_;, and
that for an independent set 7 under F, a new set /U E; may become independent.
Hence, the maximum possible change is 7, — 27,,. Now, by adding a new edge
E; = {a, b}, observe the following:

e The independent sets that do not contain E; are still independent.

e If I is an independent set containing £, then I\{a} and I\ {b} are still
independent.

e So the number of independent sets eliminated by adding Ej cannot exceed
% of that of independent sets under E_;.

Thus, Z;Z cannot go below %Zn, and we have (1). Let d; = log2. Since g is
symmetric in ¢, Theorem 12.2 gives that for any ¢ > 0,

t2

P(lg(E) —E[g(E)]| > t) < QGXP(—W)

Thus, we have

t2

P(log Z, — Ellog Z,] > 1) < P(lg(E) ~ Elg(E)]| > 1) < 2exp(—55-5)

O

3 Problem 3

Proof. Let X; = X;"— X, where X;” = max{X;,0} and X; = max{—X¢,0},
then we have that
X=X, - X/

Similar to the proof of Proposition 3, define two increasing nonnegative se-
quences X;'" and X} X{T = X;" when 0 < X;F < nand X' =n



ow,; X" = X, when0 < X, <nand X;" =now. Thus, as. we have
that
Xt = X X[ = X[

Let X, = X;'7 — X]"". By | X,,| < |X|and | X,,| < n, we have that X,, is a.s.
bounded and in £s. Then,

(X — X7)? = (X = X) = (X - X77))

(
20X} — X+ 20X, — X[ @)

IN

We have that

E| / (X - Xyt = E| / L2 + B / X 2an) — 2E] / " XFXpa

As n — oo, by MCT the r.h.s. of the equation above converges to
T T T
B[ ()% + B[ (XPa) 28| (XPa) =0
0 0 0

Likewise, we have thatE[fOT(X; — X["7)%dt] — 0asn — oc. By (2), we have
that

T T T
E| /0 (X, — X)2di] < 2F| /O (X; — XP*)2di) + E| /O (X; — Xp~)2d]

—0asn — oo.

4 Problem 4

Proof. Since E[f(f(XQ — X;)%ds] — 0 asn — oo, given € > 0, there exists a
positive integer N such that for any n > N we have

E[/Ot(xg — X,)%ds] < e



Forany n > N, we have that
t t
E[/ (X" + X,)%ds] = E[/ (X" — X, +2X,)2ds]
0 0
t
= E[/ (X7 — X)2 +4X,(X" — X,) +4X2ds]
0
t
< E[/ 2(XI — X)* + 8X2ds]
0
t
<2+ 8E[/ X2ds] < oo 3)
0
Forany n < N, we have that

! n 2 ! n\2 ! 2 S
E[/O (X" + X,)2ds] gQE[/O (X™) d5]+2E[/0 X2ds]
<00 (4)

Thus, (3) and (4) give that

t
supE[/ (X" 4+ X,)%ds] < o0
n 0



Problem 5.

The goal of this exercise is to show that much of Ito Caleulus can be generalized to integration with respect
to arbitrary continuous square inteqrable martingales.

a. Define f; X.dM, for simple processes. Show that the resulting process is o martingale and establish
Tto isometry for it.

As X is simple, for every T there exists finitely many 0 =ty < & < --- < t, = T such that for all
t; < s <tj, Xo =Xy, Assume for simplicity that ¢ = ¢,, for some n, and define

fox_gd_fu_g: > XuMyy, — M)

isn—1

First, we show fOT XedM, is a martingale. Fix 0 < s < T'; there exists k such that ¢, < s < t544.

T n—1
E f XedMe|F, | =B |y Xy (M, — My, )|Fa
i} §=0
k—1
=B | Y Xy (Myyy, = M) |Fo | +E [ X (M, y, — My,)| ]
=0
n—1
+E | D X (M, — My)|F
G=k+1
k—1
=3 Xo, (M, — M) + E [Xi( My, — Mo, )| ]
=0
n—1
+E| Y X (M, — M,)|F.
J=k+1
For j = k+1,

E[X,, (M, — M, )] = E[X,E[M,,,, — M, |F,]|F.]=0
For the middle term,

E [ka I:‘?H-*k-l-l - ﬂ'fﬂ:"‘?';] =E [X*k':ﬂ'ﬂk-l-t - ‘Pl'fs:ll-FS] +E [X*k':ﬂ'f: - ﬂ'fﬂ:"‘};]
=E [Xh,('wh,“ - .’I-L:ILFS] +E [X;k[ﬂ-f, — ﬂ-ﬂk”.,rs]
=X, (E [ﬂi’},d_1 |,.r5] —M)+ X (M, - M)
=X, (M, — M),

as M, is a martingale, and we conclude that the integral is a Martingale. Next we show the Ito
lsometry property. Let

*ﬁm'ftj:' = {‘Ufau y— {‘U‘J}'



We compute that

T 2 n—1
E ( f A}d,m) —E | [ X, (M, 4 M)
[a] =0

2

n—1n—1
= Z Z E [X-t.:‘xi; (‘q‘fh.u - ‘?I"fh :”:‘PIJE_-..H - ‘Pu-t; ;I]
=0 =0
n—1 r—1i—1
-SE [Xi.(ﬂﬂ”, — M, ;,2] +23 SOE[X Xy (Mo, — Mo)(M, L, — M)
§=0 i=0 §=0

But for each term in the second sum, as i > j, and thus #; = ¢,

E [)ﬁ}i A}j(.’lﬂm — .’tﬂ’h)[ﬂﬂHt — fl.f*;.'j] =E []E [A},A};.(Mm, - .’tﬂ,)(ﬂi‘}ﬂ, — flﬂ_,j|.ﬁl]]
=F [Xfl. Xf; (E[[,’LﬂIHI,H..] - M,, j(.’lﬂ;“ - Mf.‘ j]
=0,

as the remaining terms are all finite in expectation. Continning, with the tower property again

m—1 n—1
'ZDE RACSESI SRS E [XEE [, M PR ]
i= §=
R—i
-V E [ij.ﬁ{.’tﬂ}}]
4=0

T
=E [ X?d{ﬂm] :
0



b. Given an arbitrary X € La, show that if X™ is a sequence of processes such that hmREJ’;[Xf —

X.)%d{M.) = 0, then the sequence fl; XrdM, is Cauchy for every t in the Ly sense. Use this to define

ut X.dM, for any process X £ La and establish o isometry for the Ito integral. Here the infegrafion

d{M,) is understood in the Stieltjes sense. You do not need to prove the existence of the processes X7
satisfying the requirement above {unless you would like to).

To show f,; XrdM, is Canchy in Le, we need for every ¢ there exists n such that for all m = n,

t ¢ a
E |:(f XrdM, —f Xf‘dﬂf,) ] <&
0 0

By the linearity of the Ito integral for simple processes (same proof as the linearity of Ito integral
w.r.t Brownian motion), and noting that the difference of two simple processes is a simple processes,

applying Ito Isometry gives
¢ ¢ z [yt 2
E (f X7dM, —f X:"dﬂf,) =E (f X7 - X:"d,’l.f,)
0 i | \Jo

t
~E [ [ ot - xyraon|
]

r et
—E f (XP—X.+X.— X;ﬁ;.?d{nf,}]
L0

r t
<E| [ 200 - X2 42X X:"fdmf,:.} .
LSO

Recalling back to how we defined the above integral in the final equality of 3a, we see that the integral
is linear, and as expectation is as well, we obtain

1] t &
E [f 2AXNI - X+ 2(X. - X;"‘)zd{flf,}} =2E [f (AT — X,jgd{ﬂ.f,}] +2E [f (X. - X:*jga’{ﬂf,}] .
1] 1] 1]
By assumption, as lim,, IE.I;(X’: — X_)2d{M,)y = 0, if we choose n sufficiently large,
: ¢ P
2E U (X7 - X,;.f*d.:nf,}] +2E U (X, —X;ﬂ;.ﬂd{nf,}] <2425 =
o a

establishing the sequence is Cauchy. Since Ms o is complete, there exists a limit, which we define as
the Ito mtegral. The limit of the sequence is a square integrable martingale as well, and a very simple
proof shows that the limit does not depend on the sequence X 7, making the [to integral well defined.
By taking limits, the [to integral is linear.

We prove the Ito Isometry:

T 2 T T 2
E ( f deﬂﬂ) _E ( f (X, — X7)dM, + f X?a’ﬂﬂ)
0 ] ]
T a
_E ( f (XE—X;‘jdﬂﬂ)
0

T T
/ (X, = XYM, f A’:dm]
0 1}

()

+2E




Passing the limit and following the same steps as the lecture notes, we obtain that the Ito isometry

holds in the limit.
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