8.334: Statistical Mechanics 11 Spring 2014 Test 3

Review Problems & Solutions

The test is ‘closed book,” but if you wish you may bring a one-sided sheet of formulas.
The intent of this sheet is as a reminder of important formulas and definitions, and not as
a compact transcription of the answers provided here. The test will be composed entirely
from a subset of the following problems as well as those in problem sets 5 and 6.

Thus if you are familiar and comfortable with these problems, there will be no surprises!
sk sk sk sk sk sk ok

1. Continuous spins: In the standard O(n) model, n component unit vectors are placed
on the sites of a lattice. The nearest neighbor spins are then connected by a bond J5; - §;.
In fact, if we are only interested in universal properties, any generalized interaction f(5;-5;)
leads to the same critical behavior. By analogy with the Ising model, a suitable choice is

resulting in the so called loop model.

(a) Construct a high temperature expansion of the loop model (for the partition function
Z) in the parameter ¢, on a two-dimensional hexagonal (honeycomb) lattice.
e The partition function for the loop model has the form

Z = /{Dsi}};[) [1+ (nt)s; - s,

that we can expand in powers of the parameter t. If the total number of nearest neighbor
bonds on the lattice is Np, the above product generates 2V2 possible terms. Each term
may be represented by a graph on the lattice, in which a bond joining spins ¢ and j is
included if the factor s; -s; appears in the term considered. Moreover, each included bond
carries a factor of nt. As in the Ising model, the integral over the variables {s;} leaves only
graphs with an even number of bonds emanating from each site, because

/dSSa:/dSSQS@SFYI-“:O.

In a honeycomb lattice, as plotted below, there are only 1, 2, or 3 bonds emerging
from each site. Thus the only contributing graphs are those with two bonds at each site,
which, as any bond can only appear once, are closed self-avoiding loops.
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While the honeycomb lattice has the advantage of not allowing intersections of loops at a
site, the universal results are equally applicable to other lattices.

We shall rescale all integrals over spin by the n-dimensional solid angle, such that
f ds = 1. Since s45, = 1, it immediately follows that

Oa
/ds 5458 = ZaB
n

1
/ds’ (Sase)(spsp) = ESO&S/o/z'

A sequence of such integrals forces the components of the spins around any loop to be the

resulting in

same, and there is a factor n when integrating over the last spin in the loop, for instance

505555757555,7577#50‘” n

[ D51} (510500 (521505 s580) (s15558) (s50500) s,1,) = S22 80 00 _ 2

Since each bond carrier a factor of nt, each loop finally contributes a factor n x t¢, where
¢ is the number of bonds in the loop. The partition function may then be written as

Z = Z nNetNe
self —avoiding loops
where the sum runs over distinct disconnected or self-avoiding loops collections with a
bond fugacity t, and Ny, N, are the number of loops, and the number of bonds in the
graph, respectively. Note that, as we are only interested in the critical behavior of the
model, any global analytic prefactor is unimportant.

(b) Show that the limit n — 0 describes the configurations of a single self-avoiding polymer
on the lattice.
e While Z = 1, at exactly n = 0, one may obtain non-trivial information by considering
the limit n — 0. The leading term (O(n!)) when n — 0 picks out just those configurations
with a single self-avoiding loop, i.e. Ny, = 1.

The correlation function can also be calculated graphically from

Gap(n —m) = (SpasSmp) = % /{Dsi}smsm[g H 1+ (nt)s; - s].
(i7)
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After disregarding any global prefactor, and taking the limit n — 0, the only surviving
graph consists of a single line going from n to m, and the index of all the spins along
the line is fixed to be the same. All other possible graphs disappear in the limit n — 0.
Therefore, we are left with a sum over self-avoiding walks that go from n to m, each
carrying a factor t¢, where ¢ indicates the length of the walk. If we denote by W;(R) the
number of self-avoiding walks of length ¢ whose end-to-end distance is R, we can write
that

> Wi(R)t" = lim G(R).
n—0
¢
As in the case of phantom random walks, we expect that for small ¢, small paths
dominate the behavior of the correlation function. As ¢ increases, larger paths dominate
the sum, and, ultimately, we will find a singularity at a particular t., at which arbitrarily
long paths become possible.

Although we presented the mapping of self-avoiding walks to the n — 0 limit of
the O(n) model for a honeycomb lattice, the critical behavior should be universal, and
therefore independent of this lattice choice. What is more, various scaling properties of
self-avoiding walks can be deduced from the O(n) model with n — 0. Let us, for instance,
characterize the mean square end-to-end distance of a self-avoiding walk, defined as

() = 3 S RW(R)
R

where W, =), Wy(R) is the total number of self-avoiding walks of length .

The singular part of the correlation function decays with separation R as G
|R|~(@=247) up to the correlation length ¢, which diverges as & o (t, — t)~". Hence,

ZRQG(R) o £d+2—(d—2+7i) — (tc _ t)—l/(4—n) _ (tc . t)_V_QV,
R
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We noted above that G(t, R) is the generating function of Wy(R), in the sense that
S We(R)t* = G(t,R). Similarly >, W,t¢ is the generating function of W, and is re-
lated to the susceptibility x, by

S Wit' =Y G(R)=x o< (te— 1)
£ R

To obtain the singular behavior of W, from its generating function, we perform a Taylor
expansion of (t. —t)~7, as

2= (1 . ti) e 2T +1;)(1£<_1 £ 0 (f)g ,

which results in

I'(1—
rA+0ra—~-129
After using that I'(p)I'(1 — p) = 7/ sin pmr, considering ¢ — oo, and the asymptotic expres-
sion of the gamma function, we obtain

L(y+9¢)

F(]_-i-g) c X c

¢ X

and, similarly one can estimate Y 5 R*W,(R) from >, R?’G(R), yielding

£21/—|—'y—1tc—£ .
<R2> XX W = 62 .

Setting n = 0 in the results of the e-expansion for the O(n) model, for instance, gives the
exponent v = 1/2 + ¢/16 + O(e?), characterizing the mean square end-to-end distance of
a self-avoiding polymer as a function of its length ¢, rather than vy = 1/2 which describes
the scaling of phantom random walks. Because of self-avoidance, the (polymeric) walk is
swollen, giving a larger exponent v. The results of the first order expansion for e = 1, 2,
and 3, in d = 3, 2, and 1 are 0.56, 0.625, and 0.69, to be compared to 0.59, 3/4 (exact),

and 1 (exact).
kokskoskoskoskok ok

2. Potts model I: Consider Potts spins s; = (1,2, -, q), interacting via the Hamiltonian
—PH = Kz<ij> Os;,s; -
(a) To treat this problem graphically at high temperatures, the Boltzmann weight for each

bond is written as
oxp (K6, 0,) = OK) [L+ T(K)g(si.5,)].

with g(s,s’) = ¢ds,« — 1. Find C(K) and T'(K).
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e To determine the two unknowns C(K) and T'(K), we can use the expressions

X =C1+T(qg—1)] if 5; = S
1=C[1-T) it siAs

from which we obtain

eK —1 e +qg—1
T = d C(K)= .
()= g wd  O(K) ="
(b) Show that
q q q
D gls,8) =0, g(s1,5)g(s,52) = qg(s1,52) , and Y _g(s,5)g(s',s) = ¢°(¢ = 1).
s=1 s=1 s,s’

e Moreover, it is easy to check that

> gls,s)=q—1—(q—1)=0,

s=1

q
9(s1,8)9(s,52) = Z [q255155525 = q(0sys + 0sy5) + 1] = q(q0s,s, — 1) = qg(s1, 82),

s=1

[]=

[V}

M- L

q
g(S, S,)g(87 8/) = Z [q25ss’5ss’ - 2q555’ + 1] = q3 - 2(]2 + q2 = q2<q - 1)
s,8'=1

’

1

V)

S

(c) Use the above results to calculate the free energy, and the correlation function
(9(Sm, sn)) for a one-dimensional chain.

e The factor T'(K) will be our high temperature expansion parameter. Each bond con-
tributes a factor T'g(s;, s;) and, since ) g(s,s’) = 0, there can not be only one bond per
any site. As in the Ising case considered in lectures, each bond can only be considered
once, and the only graphs that survive have no dangling bonds. As a result, for a one-
dimensional chain, with for instance open boundary conditions, it is impossible to draw

any acceptable graph, and we obtain

Z2 =Y T[CU) 1 +T(K)g(si.5;)] = CUE)V gV =q (XK +q-1)" .

{si} (@)

Ignoring the boundary effects, i.e., that there are N —1 bonds in the chain, the free energy

per site is obtained as
BF

N :ln(eK—i—q—l).
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With the same method, we can also calculate the correlation function (g(s,s,,)). To get a
nonzero contribution, we have to consider a graph that directly connects these two sites.
Assuming that n > m, this gives

((suso)) = SO S g(sns) [T 10+ T()g(ss,5))
{si} (i5)

= T(E)"™™ " g(5n5m)9(Sms Sm41) - g(Sn-1, 5n)
{si}

_ T(K>n—mqn—m—|—1(q _ l)qN—(n—m)—l _ Tn—m(q _ 1)

where we have used the relationships obtained in (b).

(d) Calculate the partition function on the square lattice to order of T#. Also calculate
the first term in the low-temperature expansion of this problem.

e The first term in the high temperature series for a square lattice comes from a square of
4 bonds. There are a total of N such squares. Therefore,

Z=> T[CE) 1+ T(K)g(si,s;)] = C(K)*Ng" [1+ NT(K)* (g —1)+--].
{s:} (id)

Note that any closed loop involving ¢ bonds without intersections contributes T¢q*(q — 1).

On the other hand, at low temperatures, the energy is minimized by the spins all
being in one of the ¢ possible states. The lowest energy excitation is a single spin in a
different state, resulting in an energy cost of K x 4 with a degeneracy factor N x (¢ — 1),
resulting in

Z = qe’NE [1+N(q— 1)6_4K+---} .

(e) By comparing the first terms in low- and high-temperature series, find a duality rule
for Potts models. Don’t worry about higher order graphs, they will work out! Assuming
a single transition temperature, find the value of K (q).

e Comparing these expansions, we find the following duality condition for the Potts model

K

K et —1
=T(K)= ———.

‘ (K) e +¢q—1

This duality rule maps the low temperature expansion to a high temperature series, or vice
versa. It also maps pairs of points, K < K, since we can rewrite the above relationship

in a symmetric way
(K 1) ~1) =g,
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and consequently, if there is a single singular point K., it must be self-dual point,

K.=K.,, =  K.=l(J/g+1).

(f) How do the higher order terms in the high-temperature series for the Potts model
differ from those of the Ising model? What is the fundamental difference that sets apart
the graphs for ¢ = 27 (This is ultimately the reason why only the Ising model is solvable.)
e As mentioned in lectures, the Potts model with ¢ = 2 can be mapped to the Ising model
by noticing that ds¢ = (1 + ss’)/2. However, higher order terms in the high-temperature
series of the Potts model involve, in general, graphs with three or more bonds emanating
from each site. These configurations do not correspond to a random walk, not even a
constrained one as introduced in class for the 2d-Ising model on a square lattice. The
quantity

q
9(817 32)9(317 83)9(817 84) - q35328353284 - q2(53283 + 53284 + 53384) + 2Q7

31:1

is always zero when ¢ = 2 (as can be easily checked for any possible state of the spins sa, s3
and s4), but is in general different from zero for ¢ > 2. This is the fundamental difference
that ultimately sets apart the case ¢ = 2. Note that the corresponding diagrams in the

low temperature expansion involve adjacent regions in 3 (or more) distinct states.
kokskoskoskoskok ok

3. Potts model II: An alternative expansion is obtained by starting with
exp[K (s, 5,)] = 1+ 0(K)d(s1,5,),

where v(K) = e — 1. In this case, the sum over spins does not remove any graphs, and
all choices of distributing bonds at random on the lattice are acceptable.

(a) Including a magnetic field h ), 05,1, show that the partition function takes the form

ZaKm= Y [T [ (amree)]

all graphs  clusters ¢ in graph

where ny and n{ are the numbers of bonds and sites in cluster c. This is known as the
random cluster expansion.
e Including a symmetry breaking fiela along direction 1, the partition function

Z2 =S T] 1+ v(K)d(si.55)] Hehasi,l,

{si} (i5)



can be expanded in powers of v(K) as follows. As usual, if there is a total number Np
of nearest neighbor bonds on the lattice, the product over bonds generates 2V2 possible
terms. Each term may be represented by a graph on the lattice, in which a bond joining
sites ¢ and j is included if the factor vd(s;,s;) appears in the term considered. Each
included bond carries a factor v(K), as well as a delta function enforcing the equality of
the spins on the sites which it connects. In general, these bonds form clusters of different
sizes and shapes, and within each cluster, the delta functions force the spins at each vertex
to be the same. The sum ) {s;} therefore gives a factor of (g —1) + e for each cluster c,
where n¢ is the number of point in the cluster. The partition function may then be written

Zgv.) = Y [T [y (a—1+em)].

all graphs  clusters in graph

as

where nj is the number of bonds in cluster ¢, and the sum runs over all distinct cluster
collections. Note that an isolated site is also included in this definition of a cluster. While
the Potts model was originally defined for integer ¢, using this expansion, we can evaluate

Z for all values of q.
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(b) Show that the limit ¢ — 1 describes a percolation problem, in which bonds are randomly
distributed on the lattice with probability p = v/(v+1). What is the percolation threshold
on the square lattice?

e In the problem of bond percolation, bonds are independently distributed on the lattice,
with a probability p of being present. The weight for a given configuration of occupied
and absent bonds bonds is therefore

ng
W (graph) = (1 —p)*" I1 (L) .

1—p

clusters in graph

The prefactor of (1 — p)*V is merely the weight of the configuration with no bonds. The

above weights clearly become identical to those appearing in the random cluster expansion
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of the Potts model for ¢ = 1 (and h = 0). Clearly, we have to set p = v/(v + 1), and
neglect an overall factor of (1+v)", which is analytic in v, and does not affect any singular
behavior. The partition function itself is trivial in this limit as Z(1,v, h) = (14 v)*N eV,
On the other hand, we can obtain information on the number of clusters by considering
the limt of ¢ — 1 from

0lnZ(q,v)

dq

= Z [probablility of graph] Z e~ hme,
g=1  all graphs clusters in graph

Various properties of interest to percolation can then be calculated from the above
generating function. This mapping enables us to extract the scaling laws at the percolation
point, which is a continuous geometrical phase transition. The analog of the critical tem-
perature is played by the percolation threshold p., which we can calculate using duality as
pe = 1/2 (after noting that v* = 1).

An alternative way of obtaining this threshold is to find a duality rule for the percola-
tion problem itself: One can similarly think of the problem in terms of empty bonds with
a corresponding probability q. As p plays the role of temperature, there is a mapping of
low p to high q or vice versa, and such that ¢ = 1 —p. The self-dual point is then obtained
by setting p* = 1 — p*, resulting in p* = 1/2.

(c¢) Show that in the limit ¢ — 0, only a single connected cluster contributes to leading
order. The enumeration of all such clusters is known as listing branched lattice animals.

e The parition function Z(q,v,h) goes to zero at ¢ = 0, but again infomration about
geometrical lattice structure can be obtain by taking the limit ¢ — 0 in an appropriate
fashion. In particular, if we set v = g%z, then

Z(q,v=xq"h=0) = Z gNegNetale,
all graphs

where N, and N, are the total number of bonds and clusters. The leading dependence
on q as ¢ — 0 comes from graphs with the lowest number of N. + aNp, and depends on
the value of a. For 0 < a < 1, these are the spanning trees, which connect all sites of the
lattice (hence N, = 1) and that enclose no loops (hence N, = N —1). Such spanning trees

have a power of z#(N—1) gaN—a+1

, and all other graphs have higher powers of ¢q. For a =0
one can add bonds to the spanning cluster (creating loops) without changing the power,
as long as all sites remain connected in a single cluster. These have a relation to a problem

referred to as branched lattice animals.
ok ok ok Kok

4. Potts duality: Consider Potts spins, s; = (1,2,---,q), placed on the sites of a square
lattice of N sites, interacting with their nearest-neighbors through a Hamiltonian

_BH =K Z 651‘753“

<ij>
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(a) By comparing the first terms of high and low temperature series, or by any other
method, show that the partition function has the property

K _
Z(K):quNKE[e_K]:q_N[eK—f—q—l}zNE[ ¢ L },

eX+(qg—1)

for some function =, and hence locate the critical point K.(q).
e The low temperature series takes the form

Z = qe?NE [1 + N(qg—1)e K 1 .. ] = qe?NE = [e_K] ,
while at high temperatures

2N
Z = [LJrq_l} gV

; 1—|—N(q—1)<7EK—1 )4+--~

eK+q—1
e —1
eK 4+qg—11|

=q N [6K+q_1]2NE[

Both of the above series for = are in fact the same, leading to the duality condition

K el —1

eK +q—1’
and a critical (self-dual) point of

K.=K., =  K.=l(J/g+1).

(b) Starting from the duality expression for Z(K), derive a similar relation for the internal
energy U(K) = (fH) = —0In Z/0In K. Use this to calculate the exact value of U at the
critical point.

e The duality relation for the partition function gives

K_q
InZ(K) =Ing + 2NK + mZ[e %] = ~Nlng+ 2N [eX +¢ 1] +In= {7&’54-61—1} |
The internal energy U(K) is then obtained from
U(K) 0 K1 o~ —K
_Tza—Kan(K):ﬂV—e InZ’ [e }
K K K_1
—ON—— ¥ [76 }
e tg—1 " (eK4q-1) efHa-l
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" is the derivative of InZ with respect to its argument, whose value is not known in

In=
general. However, at the critical point K., the arguments of InZ’ from the high and low
temperature forms of the above expression are the same. Substituting effc =1 + V4, we
obtain _, _,

oy M= NV = e _atly

and,

ok sfok ok Kok

5. Anisotropic Random Walks: Consider the ensemble of all random walks on a square
lattice starting at the origin (0,0). Each walk has a weight of ¢, x tyz"’, where ¢, and ¢,
are the number of steps taken along the x and y directions respectively.

(a) Calculate the total weight W (x,y), of all walks terminating at (x,y). Show that W is
well defined only for ¢ = (t, +1t,)/2 < t. = 1/4.

e Defining (0,0| W (¢) |x,y) to be the weight of all walks of ¢ steps terminating at (z,y),
we can follow the steps in sec. VL.F of the lecture notes. In the anisotropic case, Eq.(VI.47)
(applied ¢ times) is trivially recast into

@,y T e qy) = @yl TN, y) (@, Y] ger qy)
m/7y/
= (2t cos g5 + 2t cos qy)Z (@, Y| 4z, qy)

where (z,y| ¢z, q,) = ==Y /\/N. Since W (z,y) = >, (0,0 W (¢)|z,y), its Fourier
transform is calculated as

W (qerqy) = YD (0,0[ T |, y) (x, Y| ¢us qy)
L xy

1
1 —(2tycosqy + 2t, cosqy)’

= Z (2t cos g + 2t cos qy)£
¢

Finally, Fourier transforming back gives

by d2q ) ) ™ d2q e—iqzx—iqyy
w 9 = w T T Ty Y — .

Note that the summation of the series is legitimate (for all ¢’s) only for 2¢, +2t, < 1, i.e.
for t = (t, +1ty) /2 <t.=1/4.
(b) What is the shape of a curve W (z,y) = constant, for large = and y, and close to the

transition?
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http:Eq.(VI.47

e For x and y large, the main contributions to the above integral come from small ¢’s. To
second order in g, and g, the denominator of the integrand reads

1—2(tp +ty) + tods + tyq,.

Then, with ¢, = v/t;q;, we have

oo d2q/ e—iq'~v

w x, %/‘ ’
(@) oo (2m)? Tty 1 — 2 (te + 1) +q

o . . P e
where we have extended the limits of integration to infinity, and v = ( N \/E) As the

denominator is rotationally invariant, the integral depends only on the magnitude of the
vector v. In other words, W (x,y) is constant along ellipses
2?2

—+
te

= constant.

(c) How does the average number of steps, (¢) = (¢, + £,), diverge as t approaches t.7?
e The weight of all walks of length ¢, irrespective of their end point location, is

> {0,0|W (0) [z, y) = (0,0| T*|qz = 0,q, = 0) = (2t, +2t,)" = (4£)" .

T,y

Therefore,

<£>:2ﬁ£(4t>€=4t‘ 6)1n[2(45)1:4568 In— 4t
J4

Y uf) o (ar) "1—4t  1-4p
1.€. ;
() = ——
< > tc _ t,
diverges linearly close to the singular value of ¢.
skokokskokosk sk ok

6. Anisotropic Ising Model: Consider the anisotropic Ising model on a square lattice with
a Hamiltonian

_/BH = Z (K$Ux7y0-x—|—1,y + Kyaxyyaxa?ﬂ‘l);

.y
i.e. with bonds of different strengths along the x and y directions.

(a) By following the method presented in the text, calculate the free energy for this model.
You do not have to write down every step of the derivation. Just sketch the steps that
need to be modified due to anisotropy; and calculate the final answer for In Z/N.
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e The Hamiltonian
—BH = Z (K02 40041,y + Kyoz y0uyt1)
m7y
leads to
y )

Z = Z (2 cosh K, cosh Ky)N thetly

where t; = tanh K;, and the sum runs over all closed graphs. By extension of the isotropic

case,
InZ thety’
f= HW = In (2 cosh K cosh K)) + Z ; x+y£ (0| W* (£y, £y)0),
Loy F Y
where )
* 1 number of crossings
OIW™ (£, £)[0) = 5 > (1) =,

and the primed sum runs over all directed (¢, ¢, )-steps walks from (0,0) to (0,0) with
no U-turns. As in the isotropic case, this is evaluated by taking the trace of powers
of the 4N x 4N matrix described by Eq.(VI.66), which is block-diagonalized by Fourier
transformation. However, unlike the isotropic case, in which each element is multiplied by
t, here they are multiplied by ¢, and t,, respectively, resulting in

1 [ & .
f:ln(2costhcoshKy)+§/ 5 ;’2tr1n [1-T(q)"],
T

where
trin[1 —T(q)*] =Indet [1 - T (q)"]
=1In [(1 + ti) (1 + ti) — 2t, (1 - t§> COS @z — 2ty (1 - ti) cos qy}

) cosh 2K, cosh 2K, — sinh 2K, cos ¢, — sinh 2K, cos g,
=In
cosh?2K, cosh?2K, ’

resulting in

1 d?
f=In2+ 5 / e ?2 In (cosh 2K, cosh 2K, — sinh 2K, cos ¢, — sinh 2K, cosqy) .
T

(b) Find the critical boundary in the (K, K,) plane from the singularity of the free energy.
Show that it coincides with the condition K, = K'y, where K indicates the standard dual
interaction to K.

e The argument of the logarithm is minimal at ¢, = ¢, = 0, and equal to

cosh 2K, cosh 2K, — sinh 2K, — sinh 2K,
1
= (" \/eosh 2K, =1 — e~ \feosh 2K, + 1)

13
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http:Eq.(VI.66

Therefore, the critical line is given by

9K [cosh2K, +1
@ =,/ ————— =coth K.
c cosh2K, — 1 0 Y

Note that this condition can be rewritten as

1

) 1
sinh 2K, = 3 (coth K, — tanh K)) = m,

i.e. the critical boundary can be described as K, = K, where the dual interactions, K
and K, are related by sinh 2K sinh 2K = 1.

(c) Find the singular part of InZ/N, and comment on how anisotropy affects critical
behavior in the exponent and amplitude ratios.

e The singular part of In Z/N for the anisotropic case can be written as

1 d2q K K. 2 qz2 .
fS:5 In <e v\/cosh2K, —1—e “\/coshQKy+1> + ESIHhQKz‘

2
(27) i=z,y

In order to rewrite this expression in a form closer to that of the singular part of the free

. — 2 /
@ = \ sinhQKiqi’

ot = er\/COShQKy —-1- e_K”\/CoshQKy +1

(0t goes linearly through zero as (K, K,) follows a curve which intersects the critical

energy in the isotropic case, let

and

boundary). Then

1

d*q 2 2
= In (6t + .
Is \/sinhQKm sinh 2K, / (27r)2 n( 1 )

Thus, upon approaching the critical boundary (sinh 2K, sinh 2K, = 1), the singular part
of the anisotropic free energy coincides more and more precisely with the isotropic one,
and the exponents and amplitude ratios are unchanged by the anisotropy. (The amplitudes

themselves obviously depend on the locatio
skokokskokoskk ok
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7. Miiller—Hartmann Zittartz estimate of the interfacial energy of the d = 2 Ising model

on a square lattice:

(a) Consider an interface on the square lattice with periodic boundary conditions in one

direction. Ignoring islands and overhangs, the configurations can be labelled by heights

hy, for 1 < n < L. Show that for an ansiotropic Ising model of interactions (K, Ky ), the

energy of an interface along the x-direction is

—BH = —2K,L — 2K, ¥ |hni1— byl .

e For each unsatisfied (+—) bond, the energy is increased by 2K; from the ground state

energy, with ¢ = x if the unsatisfied bond is vertical, and 7 = y if the latter is horizontal.

Ignoring islands and overhangs, the number of horizontal bond of the interface is L, while

the number of vertical bonds is ), |hy41 — hy|, yielding

L
—BH = —2K,L — 2K, Y |hns1 — hnl.

n=1

(b) Write down a column-to—column transfer matrix (h|7T'|h’), and diagonalize it.

e We can define

(h|T|h"y = exp (2K, — 2K, |h" — h]),

or, in matrix form,

1 e—2Ko  o—4K,
T = e 2Ky | o—2K. 1 —2K,

—-HK,

e ~HEK,
o 2(H-1)Ka

e
o 2(H+1)Ks

15
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where H is the vertical size of the lattice. In the H — oo limit, T is easily diagonalized since
each line can be obtained from the previous line by a single column shift. The eigenvectors
of such matrices are composed by the complex roots of unity (this is equivalent to the
statement that a translationally invariant system is diagonal in Fourier modes). To the

eigenvector
<61k,62k2,62k3~",62k(H+1)),

is associated the eigenvalue

H+1
—_ 27—
R D )
n=1

Note that there are H + 1 eigenvectors, corresponding to k =1,---, H + 1.

(c) Obtain the interface free energy using the result in (b), or by any other method.
e One way of obtaining the free energy is to evaluate the largest eigenvalue of T'. Since all
elements of T" are positive, the eigenvector (1,1,---,1) has the largest eigenvalue

H+1 H/2
)\1 — €_2Ky E Tln — 6_2Ky 1 + 2 E e—QKzn
n=1 n=1

H/2
—e 2Ky | 9 E e 2Kan 1| = 72K coth K,
n=0

in the H — oo limit. Then, F' = —LkgT In \;.

Alternatively, we can directly sum the partition function, as

I L
Z = e 2Kl Z exp (—QKQC Z [Pt — hn|> = e 2Ky L [Z exp (—2K, |d|)]
d

{hn} n=1
L

— | 2Ky | 9 Ze—ﬂ(md 1 = (6_2Ky coth Kx)L ,
d>0

yielding
F = —LkgT [In(coth K,) — 2K,] .

(d) Find the condition between K, and K, for which the interfacial free energy vanishes.
Does this correspond to the critical boundary of the original 2d Ising model?
e The interfacial free energy vanishes for

coth K, = *Kv,
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which coincides with the result from an earlier problem. This illustrates that long wave-

length fluctuations, such as interfaces, are responsible for destroying order at criticality.
oKk Kok ok K

8. Anisotropic Landau Theory: Consider an n—component magnetization field m(x) in

d—dimensions.

(a) Using the previous problems on anisotropy as a guide, generalize the standard Landau—
Ginzburg Hamiltonian to include the effects of spacial anisotropy.

e Requiring different coupling constants in the different spatial directions, along with
rotational invariance in spin space, leads to the following leading terms of the Hamiltonian,

d

PV 7 B R K; om om L4
B”H-/dw[Qm(x) —1—2222 2 Oa, axi—l—um(x)

(b) Are such anisotropies “relevant?”

e Clearly, the apparent anisotropy can be eliminated by the rescaling

x/ — Ex

In terms of the primed space variables, the Hamiltonian is isotropic. In particular, the
universal features are identical in the anisotropic and isotropic cases, and the anisotropy
is thus “irrelevant” (provided all K; are non-vanishing).

(¢) In LayCuOy, the Cu atoms are arranged on the sites of a square lattice in planes,
and the planes are then stacked together. Each Cu atom carries a “spin”, which we
assume to be classical, and can point along any direction in space. There is a very strong
antiferromagnetic interaction in each plane. There is also a very weak interplane interaction
that prefers to align successive layers. Sketch the low—temperature magnetic phase, and
indicate to what universality class the order—disorder transition belongs.

e For classical spins, this combination of antiferromagnetic and ferromagnetic couplings is
equivalent to a purely ferromagnetic (anisotropic) system, since we can redefine (e.g. in
the partition function) all the spins on one of the two sublattices with an opposite sign.
Therefore, the critical behavior belongs to the d = 3, n = 3 universality class.

Nevertheless, there is a range of temperatures for which the in-plane correlation length
is large compared to the lattice spacing, while the interplane correlation length is of the
order of the lattice spacing. The behavior of the system is then well described by a d = 2,

n = 3 theory.
skokokskokoskskok
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9. Anisotropic nonlinear o model: Consider unit n-component spins, §(x) = (s1,- -, Sn)
with 3°_ s2 =1, subject to a Hamiltonian

1
B”H:/ddx [ﬁ (Vs*)z-l-gs%} .

For g = 0, renormalization group equations are obtained through rescaling distances by

a factor b = €, and spins by a factor ¢ = b¥%s with y; = —(n4_7r1)T, and lead to the flow
equation
— = —T+~—2T T
dl T 21 +O(T),
where e = d — 2.
(a) Find the fixed point, and the thermal eigenvalue y7.
e Setting dT'/dl to zero, the fixed point is obtained as
2Te
T = O(e?).
— T o)
Linearizing the recursion relation gives
n—2
yr = —€+ 7( - )T>k = +e+ O(?).

(b) Write the renormalization group equation for g in the vicinity of the above fixed point,
and obtain the corresponding eigenvalue y,,.
e Rescalings © — bx’ and 5 — (57, lead to g — ¢’ = b%2g, and hence

1 n—1 1

yg:d+2yszd—n;T*:2+e— €=2—
2w

2
o n_26+0(€>.

(c) Sketch the phase diagram as a function of T and g, indicating the phases, and paying
careful attention to the shape of the phase boundary as g — 0.
[ ]

The term proportional to g removes full rotational symmetry and leads to a bicritical
phase diagram as discussed in recitations. The phase for ¢ < 0 has order along direction
1, while g > 0 favors ordering along any one of the (n — 1) directions orthogonal to 1. The

phase boundaries as g — 0 behave as g &< (6T7)?, with ¢ = y,/y; ~ 2/e + O(1).
ok kK

10. Matriz models: In some situations, the order parameter is a matrix rather than
a vector. For example, in triangular (Heisenberg) antiferromagnets each triplet of spins
aligns at 120°, locally defining a plane. The variations of this plane across the system are

18



m(x) = meéix1 1 /—>
continuous

. . phase transitions
discontinuous

phase transition

disordered
phase
.

T

described by a 3 x 3 rotation matrix. We can construct a nonlinear ¢ model to describe a
generalization of this problem as follows. Consider the Hamiltonian

BH = %/ddx tr [VM(X) . VMT(X)} )

where M is a real, N x N orthogonal matrix, and ‘tr’ denotes the trace operation. The
condition of orthogonality is that MMT = MTM = I, where I is the N x N identity
matrix, and M7 is the transposed matrix, Ml:g = Mj;. The partition function is obtained

by summing over all matrix functionals, as

Z = /DM(X)6 (M(X)MT(X) — [) o~ BHIM (%))

(a) Rewrite the Hamiltonian and the orthogonality constraint in terms of the matrix ele-
ments M;; (i, =1,---,N). Describe the ground state of the system.
e In terms of the matrix elements, the Hamiltonian reads

K
BH = /dd:cZVMij -V M,j,
2%}

and the orthogonality condition becomes

Z M My, = 045.
%

19



Since VM;; - VM;; > 0, any constant (spatially uniform) orthogonal matrix realizes a
ground state.

(b) Define the symmetric and anti-symmetric matrices

021(M+MT):UT

\)

mwm =

LN GV Ve —
5 (

Express fH and the orthogonality constraint in terms of the matrices o and 7.
e As M =o+mand MT =0 —,

K K
BH =T /dda:tr Vio+m)-Vie—m] =7 /ddm [(vo—f . (W)Q] ,
where we have used the (easily checked) fact that the trace of the cummutator of matrices
Vo and Vr is zero. Similarly, the orthogonality condition is written as

where [ is the unit matrix.

(c) Consider small fluctuations about the ordered state M (x) = I. Show that o can be
expanded in powers of 7 as

1
J:I—§7T7TT—|—'~'.

Use the orthogonality constraint to integrate out o, and obtain an expression for SH to
fourth order in w. Note that there are two distinct types of fourth order terms. Do not
include terms generated by the argument of the delta function. As shown for the nonlinear
o model in the text, these terms do not effect the results at lowest order.

e Taking the square root of

ol=I+72=1—7n?,

results in ]
T 4
U:I—§7T7T —l—(’)(w),

(as can easily be checked by calculating the square of I — w7 /2). We now integrate out
o, to obtain

Z = /m (x) exp {% /ddxtr {(W)Q — i (V (mT))Q} } ,

where Dr (x) = [[;5; Dmij (x), and 7 is a matrix with zeros along the diagonal, and
elements below the diagonal given by m;; = —m;;. Note that we have not included the
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terms generated by the argument of the delta function. Such term, which ensure that the
measure of integration over 7 is symmetric, do not contribute to the renormalization of K
at the lowest order. Note also that the fourth order terms are of two distinct types, due
to the non-commutativity of 7 and V. Indeed,

[V (7 7)])* = [V (=2)]* = [(V7) 7 + 7 V)2
= (Vm)7- (Vr)m+ (V)72 - Va4 7 (Vr)’n+ 7 (V)7 -V,

and, since the trace is unchanged by cyclic permutations,
tr [V (7T7TT)]2 = 2tr [(WV?T)z + 72 (Vr)?

(d) For an N-vector order parameter there are N — 1 Goldstone modes. Show that an
orthogonal N x N order parameter leads to N (NN — 1)/2 such modes.

e The anti-symmetry of m imposes N (/N 4 1) /2 conditions on the N x N matrix elements,
and thus there are N2 — N(N +1)/2 = N (N — 1) /2 independent components (Gold-
stone modes) for the matrix. Alternatively, the orthogonality of M similarly imposes
N (N +1) /2 constraints, leading to N (N — 1) /2 degrees of freedom. [Note that in the
analogous calculation for the O (n) model, there is one condition constraining the mag-
nitude of the spins to unity; and the remaining n — 1 angular components are Goldstone
modes.]

(e) Consider the quadratic piece of SH. Show that the two point correlation function in
Fourier space is

(2m)46(q + q')
Kq?

(mij(@)mr(d')) = (05651 — 0itdj] -

e In terms of the Fourier components 7;;(q), the quadratic part of the Hamiltonian in (c)

Ep) [ Sk

has the form

leading to the bare expectation values

, 2m)? 54 !
(ri (@) (@) = 2D,

and
(mi5 (a) T (d)) = 0, if the pairs (ij) and (kl) are different.

Furthermore, since 7 is anti-symmetric,
<7Tij (q) i (ql)>o = - <7fz‘j (a) Tij (ql>>0,
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and in particular (m;; (q) 7j; (q')), = 0. These results can be summarized by

d /
(mij (@) T (d)) = (2r) ii;g ~d) (05051 — 0310j) -

We shall now construct a renormalization group by removing Fourier modes M~ (q),
with q in the shell A/b < |q| < A.

(f) Calculate the coarse grained expectation value for (tr(c)); at low temperatures after
removing these modes. Identify the scaling factor, M'(x') = M<(x)/(, that restores
tr(M') = tr(o’) = N.

e As a result of fluctuations of short wavelength modes, tr o is reduced to

2 >
1
(tro)y = <tr <I+%+---)> %N+§<tr7r2>§
0

> >
1 1 1
:N+§<Zmﬂji> :N_§<Z7Tz'2j> =N -5 (N* = N)(nf),
0 0

i#] 1]
N—1 [ qd¢g 1 N-—1
—N([1- / 4 :N[l— Id(b)}
2 Jan (2m)° Kq 2K

To restore tr M’ = tro’ = N, we rescale all components of the matrix by

N -1
2K

(=1- I (D).

NOTE: An orthogonal matrix M is invertible (M~ = MT), and therefore diagonalizable.
In diagonal form, the transposed matrix is equal to the matrix itself, and so its square is
the identity, implying that each eigenvalue is either +1 or —1. Thus, if M is chosen to be
very close to the identity, all eigenvalues are +1, and tr M = N (as the trace is independent
of the coordinate basis).

(g) Use perturbation theory to calculate the coarse grained coupling constant K. Evaluate
only the two diagrams that directly renormalize the (Vm;;)? term in S, and show that
N A qiq 1

K=K+ — —
2 Jap 2m)¢ ¢

e Distinguishing between the greater and lesser modes, we write the partition function as
Z = /Dw< D> e~ PHs —BHG +U[r=77] /Dw< eI (V)
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where H denotes the quadratic part, and

v=-% % / A4 [(Vsg) i - (V) mi + iy (Vi) - (V)
,7,k,l
dq,dgod?
:—Z/ o q2 qg[(Ql'Q3+Q2'Q3)'
©,5,k,1

“TTij (ql) Tk (d2) Tt (93) T (—a1 — d2 — q3)] -

To first order in U, the following two averages contribute to the renormalization of K:

' dd dd dd >
0 By [ (e ), (o a0 )
4,7,k,1

A A gdg
8 \Jaspw (2m)* K¢ 0 d > i

diq,d* q dq -
(i) Z/ N B2 G <Z T (a2) 7 ( QI—Q2_Q3)> (a2 - a3) 75, (a2) ™y (a3)
0

J,k,l i#g,l
- <N—1>/A e /A/b DR ~q)
8 A (2m)* Kq” 0 o i

Adding up the two contributions results in an effective coupling

and

1
- + -,
4 8 Jap (2m)* K¢?

K K K A gd - N
T N a ie. K=K+ L.

(h) Using the result from part (f), show that after matrix rescaling, the RG equation for

Kr:bd—le_N__Q/A d’q 1]

K’ is given by:

2 Jap (2m)4

e After coarse-graining, renormalizing the fields, and rescaling,

K' =122 K = b2 {1 - N}; 1Id (b)} K [1 + ﬁId (b)}

2K
N -2

_ i lK N2 w4 O(l/K)} ,
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1.e., to lowest non-trivial order,

N—2 [ qig 1
_ pd—2
K,—b K— 2 / d_2 .
A/b (2m)7 4

(i) Obtain the differential RG equation for T = 1/K, by considering b = 1 + §¢. Sketch
the flows for d < 2 and d = 2. For d = 2 4+ ¢, compute T, and the critical exponent v.
e Differential recursion relations are obtained for infinitesimal b = 1 + 6/, as

K =K+ %55 =[1+(d—2)d/ {K — ?Kd/\d_zéﬁ} ,
leading to
dK N -2 d—9
v (d—2)K 5 KA~

To obtain the corresponding equation for T = 1/K, we divide the above relation by —K?2,
to get

dT N -2

— = (2-d)T + — KA1
For d < 2, we have the two usual trivial fixed points: 0 (unstable) and oo (stable). The
system is mapped unto higher temperatures by coarse-graining. The same applies for the

case d =2 and N > 2.

For d > 2, both 0 and oo are stable, and a non-trivial unstable fixed point appears at
a finite temperature given by dT'/dl = 0, i.e.

2(d—-2) _ dme

T — -
(N—2)K4AT2~ N -2

—|—(’)(62).

In the vicinity of the fixed point, the flows are described by

d /dT
/_ - -
0T = {H dT(dZ)

= (1+ €60) 6T.

54 6T = {1+ [(2—d) + (N — 2) KaA">T*] 6¢} 6T
T

Thus, from
6T = b¥70T = (1 + yrdl) 0T,
we get yr = €, and

1
v=—.
€

(j) Consider a small symmetry breaking term —h [ d%x tr(M), added to the Hamiltonian.
Find the renormalization of h, and identify the corresponding exponent yy,.
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e As usual, h renormalizes according to

h =beCh = (1 + dor) (1 — %Kd/\d—%z) h

N-1 _
= [1 + (d— WKdAd 2) 5+ 0O (562)] h.

From h' = b¥"h = (1 + y,0¢) h, we obtain

N -1 N -1 €
KiN™2=d— ——(d-2)=2—
oK+ 4 N—2( ) N —2

yn =d — + 0O (62) .

Combining RG and symmetry arguments, it can be shown that the 3 x 3 matrix model
is perturbatively equivalent to the N = 4 vector model at all orders. This would suggest
that stacked triangular antiferromagnets provide a realization of the O(4) universality class;
see P. Azaria, B. Delamotte, and T. Jolicoeur, J. Appl. Phys. 69, 6170 (1991). However,
non-perturbative (topological aspects) appear to remove this equivalence as discussed in
S.V. Isakov, T. Senthil, Y.B. Kim, Phys. Rev. B 72, 174417 (2005).

ok sfok ok ok

11. The roughening transition:  Consider a continuum interface model which in d = 3 is
described by the Hamiltonian

BHo =~ [ x(VH?

where h(x) is the interface height at location x. For a crystalline facet, the allowed values
of h are multiples of the lattice spacing. In the continuum, this tendency for integer h can
be mimicked by adding a term

—BU =y /d2x cos (2mh) ,

to the Hamiltonian. Treat —BU as a perturbation, and proceed to construct a renormal-
ization group as follows:

(a) Show that
) 1
<exp [z; qah(xa)] >0 = exp [7d ;qaqgc‘(xa —xg)

for Y go = 0, and zero otherwise. (C(x) = In|x|/27 is the Coulomb interaction in two

dimensions.)
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e The translational invariance of the Hamiltonian constrains (exp[i}_, ¢ah (Xa)]), to
vanish unless ) ¢o = 0, as implied by the following relation

exp <i52a:qa) <exp [@'Za:qah(xa)] >0 = <exp {iza:(_h [h (xa) + 5]}>0

:<exp iZQQh(Xa>]> :

0
The last equality follows from the symmetry # [h(x) +d] = H[h(x)]. Using general

properties of Gaussian averages, we can set

<exp [ianh(XQ)]> =exp |—3 ZQaQB h(x5))o

~ oxp i azﬁqaqﬁ ((h(xa) = h(xs))")

Note that the quantity (h(x.)h(xg)), is ambiguous because of the symmetry h(x) —
h(x)+9d. When ) g, = 0, we can replace this quantity in the above sum with the height
difference <(h (xa) — h (X@))2> which is independent of this symmetry. (The ambiguity,
or symmetry, results from the kernel of the quadratic form having a zero eigenvalue, which
means that inverting it requires care.) We can now proceed as usual, and

. [ o d2 eiq.xa _ eiq.xﬁ e_iCI'xa . e_iQ'xﬁ
N Sy
@ 0

d?’q 1—cos(q-(xq — X
o [ 2 )

2
a<,3 Kq

1
= €exp EZQQQBC@{CX_X,B) )

a<p
where P
1— .
Ot - [ Loz 1,
er)) & e

is the Coulomb interaction in two dimensions, with a short distance cutoff a.

(b) Prove that
(hG) = h¥)P) = = 25Crx=y)|



where G (x —y) = (exp [ik(h(x) — h(y))])-
e From the definition of G, (x —y),

Setting k to zero results in the identity
2

(1069~ R (3)2) = = 553G ()

k=0

(c) Use the results in (a) to calculate Gi(x — y) in perturbation theory to order of yZ.
(Hint: Set cos(2wh) = (€™ + ¢=2i7") /2. The first order terms vanish according to the
result in (a), while the second order contribution is identical in structure to that of the
Coulomb gas described in this chapter.)

e Following the hint, we write the perturbation as

-U = yo/d% cos (2h) = y2_0 /d% [e2imh 4 ¢=2imh]

The perturbation expansion for Gy (x —y) = (exp [ik (h(x) — h(y))]) = (G (x —y)) is
calculated as

<gk> = (gk>0 - (<gkU>0 - (gk>0 <U>0)
42 ((GU2)y — 2(Gu)y U+ 2(Gedo (U — (Ged (U),) + O (U7).

From part (a),
<U>0 = <gkU>0 =0,

and

Furthermore,

W= [t o in )~ 0 ),

2 2 2 2
— %/d2X1d2X/l <927r (X, . X”)>O — y?() /d2xld2xu exp [_( ;;) C (X/ . X”)] ,

and similarly,

(exp ik (h(x) = h(y)]U?), =

2 2 2
_ % /dzx'dQX" exp{ — %C (x—y)— (2m) Cx'—x")

9 K
+$[C(X—X’)+C’(Y—X’/)]—$[C(X—X//)+C(y—xl)]}'
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Thus, the second order part of G (x —y) is

2 2 2
% exp [——C (x — y)] /d2x’d2x" exp [—4%0 (x' — x”)} .

27Tk / 12 12 /
P | (Cx=x)+ 0y —x") -Cx-x")-Cy—-x))| -1,
and
2 2 42 — 27
Grp(x—y)= e~ KCOGx=) {1 + :%O /d2x’d2x”e_70(x —x") <eTkD - 1) +0 (yé)} ,

where

D=Cx-x)+C(y—x")-C(x—x")-C(y—x).

(d) Write the perturbation result in terms of an effective interaction K, and show that
perturbation theory fails for K larger than a critical K..
e The above expression for G (x —y) is very similar to that of obtained in dealing with
the renormalization of the Coulomb gas of vortices in the XY model. Following the steps
in the lecture notes, without further calculations, we find

> 21 /27k\? rln(r/a
Gk(X—}’):e_k?C(x_y){l—l—y—Ox—(i) XC(X—Y)X27r/drr3e_2 1;{/)}

4 2\ K
37.2
= 6_%0(’(_” {1 + WK]Z yoC (x —y) /drrge_ . } :

The second order term can be exponentiated to contribute to an effective coupling constant
K, according to

1 1 3 °
- == - %GQW/K?JS/ drr3—27/ K
e a

Clearly, the perturbation theory is inconsistent if the above integral diverges, i.e. if

T
K>—-=K..
~ 3

(e) Recast the perturbation result in part (d) into renormalization group equations for K
and o, by changing the “lattice spacing” from a to ae’.

e After dividing the integral into two parts, from a to ab and from ab to oo, respectively,
and rescaling the variable of integration in the second part, in order to retrieve the usual

limits of integration, we have

1 1 7732 K_ 2 ab 3—27/K 7T32 K 214—27/K > 3—27/K
KH:E—ECL“/ yO/ dry3=2m/ —ﬁa”/ x y2pt=2r/ ></ drr3=2m/ K
€ a a
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(To order y2, we can indifferently write K or K’ (defined below) in the last term.) In
other words, the coarse-grained system is described by an interaction identical in form,
but parameterized by the renormalized quantities

11 3 ab
== %GQW/K:US/ drrs—zw/K,

and
y62 _ b4—27r/Ky§'

With b = e &~ 1+ ¢, these RG relations are written as the following differential equations,
which describe the renormalization group flows

dK

W = 71'3a4y8 + O (yg)

dy T '
SR IR )

(f) Using the recursion relations, discuss the phase diagram and phases of this model.

e These RG equations are similar to those of the XY model, with K (here) playing the
role of T" in the Coulomb gas. For non-vanishing ¥y, K is relevant, and thus flows to larger
and larger values (outside of the perturbative domain) if yo is also relevant (K > 7/2),
suggesting a smooth phase at low temperatures (T ~ K~1). At small values of K, yq is
irrelevant, and the flows terminate on a fixed line with yg = 0 and K < 7/2, corresponding
to a rough phase at high temperatures.

(g) For large separations |x — y|, find the magnitude of the discontinuous jump in
(|h(x) — h(y)|?) at the transition.
e We want to calculate the long distance correlations in the vicinity of the transition.
Equivalently, we can compute the coarse-grained correlations. If the system is prepared at
K =7/27 and yo ~ 0, under coarse-graining, K — 7/2~ and yy — 0, resulting in
2k?
Gi.(x = y) = Gy = exp |- 2-C x - ).

From part (b),

2

()~ () =~ T5Gi(x—y)| = C(x—y)= -yl

k=0

On the other hand, if the system is prepared at K = /2%, then K — oo under the RG
(assuming that the relevance of K holds also away from the perturbative regime), and

(In)=h ) = 0.
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Thus, the magnitude of the jump in <[h (x)—h (y)]2> at the transition is

2 lnjx—y|

— In | X — .

2 y
Skok skok skok sk k

12. Roughening and duality: ~ Consider a discretized version of the Hamiltonian in the
previous problem, in which for each site ¢ of a square lattice there is an integer valued
height h;. The Hamiltonian is

K [o.@]
5H=§Z|hi—hg‘\ ,
<t,7>
where the “co0” power means that there is no energy cost for Ah = 0; an energy cost of

K/2 for Ah = £1; and Ah = 42 or higher are not allowed for neighboring sites. (This is
known as the restricted solid on solid (RSOS) model.)

(a) Construct the dual model either diagrammatically, or by following these steps:

(i) Change from the N site variables h;, to the 2N bond variables n;; = h; — h;. Show
that the sum of n;; around any plaquette is constrained to be zero.

(ii) Impose the constraints by using the identity fo% dfe?" /21t = 8,9, for integer n.
(iii) After imposing the constraints, you can sum freely over the bond variables n;; to

obtain a dual interaction ¥(6; — 6;) between dual variables §; on neighboring plaquettes.
e (i) In terms of bond variables n;; = h; — h;, the Hamiltonian is written as

K o0
—PH=- > lnal>
(24)
Clearly,
Z nij; = hiyy — iy +hiy — hyy +---+hy, | —h;, =0,

any closed loop

since h;, = h;, for a closed path.

(ii) This constraint, applied to the N plaquettes, reduces the number of degrees of freedom
from an apparent 2N (bonds), to the correct figure N, and the partition function becomes

Z = P ) o 0

Z H Z<ij> nij,O
{nis} o

where the index « labels the N plaquettes, and nj; is non-zero and equal to n;; only if

the bond (ij) belongs to plaquette . Expressing the Kronecker delta in its exponential
representation, we get

_K . |oo 27 d@ i0 Z @
7 = e 2 Z<z-j>|””| (/ e <z‘j>"ij) )
{nzij} 1;[ 0o 27
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(iii) As each bond belongs to two neighboring plaquettes, we can label the bonds by af
rather than ij, leading to

(%) 5

K o .
exp Z{_Emam +Z(9a_95)naﬁ}

{nas} (aB)
() e ({5 v o))

Note that if all plaquettes are traversed in the same sense, the variable n,z occurs in
opposite senses (with opposite signs) for the constraint variables 6, and 3 on neighboring
plaquettes. We can now sum freely over the bond variables, and since

K K
Z exp <—5 In|+1i (0, — 95)11) =1+2e 2 cos (0, —63),
n=0,+1,—1

we obtain
27 de
H exp Zln [1+2€ 2 cos (0o — 03)
(aB)

(b) Show that for large K, the dual problem is just the XY model. Is this conclusion
consistent with the renormalization group results of the previous problem? (Also note the
connection with the loop model.)

e This is the loop gas model , and for K large,

In [1 +2e7% cos (0 — 95)] ~ 2e” % cos (0o —65),

27 _K
— H/ dby eme 2e” % cos(6a—5)
- Jo 2T

This is none other than the partition function for the XY model, if we identify

and

_K
Kxy =4e” 2,

consistent with the results of another problem, in which we found that the low temperature
behavior in the roughening problem corresponds to the high temperature phase in the XY
model, and vice versa.

(¢) Does the one dimensional version of this Hamiltonian, i.e. a 2d interface with
K oo
_ﬂH:—EZVLi—hH_ﬂ ,
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have a roughening transition?
e In one dimension, we can directly sum the partition function, as

7 = Zexp <—§Z|hi—hi+l|m> — exp (—%ZMAOO)
i {ni} ¢

{h:}

TS () -T2 - (e20)

(n; = hy — hix1). The expression thus obtained is an analytic function of K (for 0 < K <
o0), in the N — oo limit, and there is therefore no phase transition at a finite non-zero

temperature.
sk
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