8.333: Statistical Mechanics 1 Fall 2007 Test 3

Review Problems & Solutions

The third in-class test will take place on Wednesday 11/28/07 from
2:30 to 4:00 pm. There will be a recitation with test review on Monday 11/26/07.
The test is ‘closed book,’ but if you wish you may bring a one-sided sheet of formulas.
The test will be composed entirely from a subset of the following problems. Thus if you
are familiar and comfortable with these problems, there will be no surprises!
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You may find the following information helpful:

Physical Constants

Electron mass me ~ 9.1 x 1073 kg Proton mass m, ~ 1.7 x 10727 kg
Electron Charge e~ 1.6 x 1071°C Planck’s const./2m ha 1.1 x 10734 Js~1
Speed of light c~3.0x10%ms™! Stefan’s const. o~5.7Tx 108 Wm2K~*

Boltzmann’s const. kg ~ 1.4 x 10723JK~! Avogadro’s number Ny ~ 6.0 x 10%3mol~!

Conversion Factors

latm = 1.0 x 10°Nm~2 1A=10""m leV = 1.1 x 10°K
Thermodynamics
dE =TdS+dW For a gas: dW = —PdV For a wire: dW = Jdx

Mathematical Formulas

J)S dx am em T = s ()= @

[ dvexp | —ike — 5| = V2roTexp [~ L | limy—oo InN! = NIn N — N
() = X0 S (o) In {e=h) = 3200, SRS G,
cosh(x)=1+§+%+--- sinh(x):x+”§—f+ﬂg—f+---
Surface area of a unit sphere in d dimensions Sa = ((12/7;701_/;!



1. Debye—Hiickel theory and ring diagrams: The virial expansion gives the gas pressure
as an analytic expansion in the density n = N/V. Long range interactions can result
in non-analytic corrections to the ideal gas equation of state. A classic example is the
Coulomb interaction in plasmas, whose treatment by Debye—Hiickel theory is equivalent
to summing all the ring diagrams in a cumulant expansion.

For simplicity consider a gas of N electrons moving in a uniform background of positive
charge density Ne/V to ensure overall charge neutrality. The Coulomb interaction takes

the form )

e
= — h 7 .
Ug = Z§<J V(G —q;), with V(7) = 7] —c

The constant ¢ results from the background and ensures that the first order correction
vanishes, i.e. [d*qV(7) =0
(a) Show that the Fourier transform of V(¢') takes the form

)}(@»):{62/(.«)2 ford#0
0 for =0

e The Fourier transform of V(§) is singular at the origin, and can be defined explicitly as

V(@) = lim / d2qV(q)e’? 759,

The result at & = 0 follows immediately from the definition of ¢. For & # 0,

- 2 o 2N
V(J) = lim d3 (e— — C) Wi — lim d3q’(e_) R

s—»O 471'(] e—0 47Tq

™ o0 2
= lim |:27T/ sin ede/ qu< € ) eiwq cos 0—5q:|
e—0 47rq
qu €q __ —zwq eq
_.e / B

1 1 . e? e?
= lim + =lm|(—-——= ) =—.
e—0 2uu iw—¢ dw+te e—0 \ w2 + g2 w?

0
(b) In the cumulant expansion for <I/{€2> , we shall retain only the diagrams forming a

ring; which are proportional to

d>q y dgt]e

R p—
¢ v vV

V(G — @)V(@2 — G3) - V(Ge — q1)-

Use properties of Fourier transforms to show that

I R
R, = = / @n) V(o).
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e In the cumulant expansion for <I/{€2> , we retain only the diagrams forming a ring. The
contribution of these diagrams to the pcartition function is

d3q, d3q d3q N N . . .
Rz:/ 11 QQ-- qev(éh_Q2>V(Q2_QS>"'V(QZ_Q1>

v
-1
= o / / BE BT - BT ATV (E) V() - V(Fer)V <— ; f) ,
where we introduced the new set of variables {#; = ¢; — 41}, for i =1,2,---,£—1. Note

that since the integrand is independent of ¢,

Ry = = 1/ /d3$1d3$2 A>T 1 V() V( ( Zx,)

Using the inverse Fourier transform

1 ~ L
V() = /d?’u'j V(@)e P,
the integral becomes

exp< sze :z:k)dwl A3

Since

BT .-
—idq _ 53 -

{—1
1 ~
Ri= oo / : / (H (@ — @)V(@)cl%k) 4’3y,
(2m)3V bt

resulting finally in

we have

1 3G -, .,
Rg— Vﬁ—l/(er)SV(w> .

0
¢) Show that the number of ring graphs generated in { 4% is
(c) g graphs g 0

C

N (=) ((—1)!
N—0 "2 T

Sy = Nt
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e The number of rings graphs generated in <Z/{€2> is given by the product of the number
of ways to choose ¢ particles out of a total of N, ‘

N!

(N —0)!
multiplied by the number of ways to arrange the ¢ particles in a ring

¢!
ﬂ.

The numerator is the number of ways of distributing the ¢ labels on the ¢ points of the
ring. This overcounts by the number of equivalent arrangements that appear in the denom-
inator. The factor of 1/2 comes from the equivalence of clockwise and counterclockwise
arrangements (reflection), and there are ¢ equivalent choices for the starting point of the
ring (rotations). Hence

G __ M e N ()
TN T2t (N =0 2

For N >> /, we can approximate N(N —1)---(N — £+ 1) ~ N*, and

G

Sg% 5

Another way to justify this result is by induction: A ring of length ¢ + 1 can be created
from a ring of ¢ links by inserting an additional point in between any of the existing /¢
nodes. Hence Sp11 = Sy x (N — ¢ —1) x £, leading to the above result, when starting with
Sy =N(N-1)/2.

(d) Show that the contribution of the ring diagrams can be summed as

(=B)*
/!

In Zyings =InZo + ) SeRy

=2
V[ dnwidw K\ 2 K2
~1n ~Z — —] =1 1+ —
n 2o+ 2 /0 (2m)3 {(w) n( + wQ)} ’

where k = \/[Be2N/V is the inverse Debye screening length.
(Hint: Use In(1 + ) = =Y ,2, (—x)*/¢L.)




e The contribution of the ring diagrams is summed as

(=B)*
17

I Zeings =0 Zo + S¢Ry
£=2

:1n20+i(_6)€ (=Dl e _1 /<d34f2(u7)£
(=2

02 VT | (2n)3
:1n20+g/000%:% (—ﬂTNWw))e
:1n20+g/0m4?;;)i” {61/]2622 —1n(1+ﬁ%622)},

where we have used In(1 + z) = — 3,2, (—x)*/¢. Finally, substituting x = \/B3e2N/V,
leads to
V[ drwidw [ kN2 K2
In Zyings = In Zo + — (5) =m(1+5)]
i =it [ (5) (10 5|

(e) The integral in the previous part can be simplified by changing variables to x = k/w,

and performing integration by parts. Show that the final result is

I Zyings = In Zg + —— K°
™

e Changing variables to x = k/w, and integrating the integrand by parts, gives

[l o [ e

K3 /°° dx 2r 23 /°° dx KRS
= — _— 23’/’ —_ = = 3
3 Jo a3 1+ 22 3 Jo 1+a2 3

Vo ok V 3
h’eringS:h’lZ()'i‘m . T :h’lZ()'i‘ﬁ/ﬁ} .

resulting in

(f) Calculate the correction to pressure from the above ring diagrams.
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e The correction to the ideal gas pressure due to the Debye—Hiickel approximation is

1 Zrin S
P =kgT anig
T,N

v
0 Vvlﬂl3 kBT
— P T 2 (A —p,— B2 ,3
0+ ks av(127r)m " 2 ”
_p _keT (&N 3/2
07 o4r \kpTV ‘

Note that the correction to the ideal gas behavior is non-analytic, and cannot be expressed
by a virial series. This is due to the long range nature of the Coulomb interaction.

(g) We can introduce an effective potential V(7 — ¢’) between two particles by integrating
over the coordinates of all the other particles. This is equivalent to an expectation value
that can be calculated perturbatively in a cumulant expansion. If we include only the
loop-less diagrams (the analog of the rings) between the particles, we have
oo
V((-4q') = )+ (BN [ - - V( V(@ — @) V(@ — 7).
=1
Show that this sum leads to the screened Coulomb interaction V() = exp(—«|q7])/(47|q7]).
e Introducing the effective potential V(§ — ¢’), and summing over the loop-less diagrams
gives

we can write

Vig = Vi — ﬁn/d?’f:avlsvz’,z + (6n)? /d353d354V13V34V42 -

—

Using the inverse Fourier transform (as in part (a)), and the notation #;; = #; — &,
d3
(2m)°

f}( 513) V(zg) e (Fra-rat@arGaz) 35, 2 3550 - -

V12 = V12 —ﬁn/



and employing the delta function, as in part (a)

= d3&13d3332 5, N L. oL
Viog = Vi — An Wd (D13 — Ws2) V(W13)V(W32) exp|Zy - W3 — To - Wag| + -+
d3u_j Ny — 2 — —
=Vio — ﬁn/ E [V(w)} exp[d - F1a] + - -.

Generalizing this result and dropping the subscript such that ¥ = 7o,
) - (_ﬂn)z / |:~ — :|Z+1 T 33 =
— N =7 1 Cdd .
Vi = Vi2 + ZE_I CE V(J) e W

Finally, including the Fourier transform of the direct potential (first term), gives

— > dgu_j 62“_2 Y an - dg("—j (_1)862m2€ 1TW COS

2012 3 2012
prd 27) — 27) w
o 1

_ Oodeﬂ E 20 eimwcosedcose
- 272 w

0 —o —1

& €2 2sin Tw ~— K\ 2¢

— | dw= _1)! (-) .

0 Yo aw g( ) w

Setting y = w/k, gives

VIQZ_

2 ) 2m2" T izry P+ 1

1 /OO 62 eimmy_e—im/@y -1
dy.

Intergrating in the complex plane, via the residue theorem, gives

. e2 e~ RT e KT eZe—nx
V12 + ST = :

T arz \ 2z 2x dmx
Recalling our original notation, x = |¢ — ¢’| = |¢|, we obtain the screened Coulomb
potential P
Y= T
skokokskoksk sk ok
2. Virial coefficients: Consider a gas of particles in d-dimensional space interacting

through a pair-wise central potential, V(r), where

+oo for0<r<a,
V(r):{—e for a <r <0,
0 for b < r < oc.
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(a) Calculate the second virial coefficient Bo(T'), and comment on its high and low tem-
perature behaviors.
e The second virial coefficient is obtained from

By = —% /ddTlg {exp[—0BV(r12)] — 1},

where r15 = |7} — 73], as

where

Sd d 27Td/2
Valr) =" = Tajz=i "

is the volume of a d—dimensional sphere of radius r. Thus,
1 1
By(T) = 5 Va(b) — 5 exp(Be) [Va(b) — Vaa)].

For high temperatures exp(fe) ~ 1 4 ¢, and

Be

Bﬁmz%wmyug

[Va(b) — Va(a)].
At the highest temperatures, ¢ < 1, the hard-core part of the potential is dominant, and
1
Bo(T) =~ 5Vd(a)'

For low temperatures 3 > 1, the attractive component takes over, and

1
By = —5 {Va(a)(=1) + [Va(b) = Va(a)] - [exp(Fe) — 1]}
1
~ =2 Va(b) = Vala) exp(52),
resulting in By < 0.
(b) Calculate the first correction to isothermal compressibility

="y op N



e The isothermal compressibility is defined by

1 0V
K = —— —— .
V OP TN
From the expansion
P N n NZB
kpT — V' vETP

for constant temperature and particle number, we get

1 N N2
P = =37 dV = 2BypdV.
Thus
vy ___1 1 v 1
OP|;yn  kpT N/V2+2B,N2/V3 — NkgT \1+2BoN/V )’
and

v 1 LV (N
"= NkgT \1+ 2B.N/V ) ~ NkgT v )

(c) In the high temperature limit, reorganize the equation of state into the van der Waals
form, and identify the van der Waals parameters.
e Including the correction introduced by the second virial coefficient, the equation of state
becomes

PV N

— 14+ = By(T).
NkpT Ty 2(T)

Using the expression for Bs in the high temperature limit,

PV
NkgT

L 25 (Vi) - BelVah) = Ve

and

P+ 2N—Wa[vd(b) —Vi(a)] = k:BT% (1 + %Vd(a)) |

Using the variable n = N/V, and noting that for low concentrations
n n -1 N -1
1 =+ EVd(a) ~ <1 — EVd(a)) =V (V — 5Vd(@)) N
the equation of state becomes
2 N
(P4 %57 al0) = Vi@l ) - (V = G Vala) ) = NaT:

9



This can be recast in the usual van der Waals form
(P —an?)-(V — Nb) = NkpT,

with

a=SWVad)~Val@)], and b= %Vd(a).

(d) For b = a (a hard sphere), and d = 1, calculate the third virial coefficient Bs3(T).
e By definition, the third virial coefficient is

1

By =3 [ dird® o 0") £ =),

where, for a hard core gas

V(T)) -1 for 0<r<a,
r) =ex — —1= .
J) p( kT { 0 for a<r<oo

In one-dimension, the only contributions come from 0 < r, and r’ < a, where f(r) =
f(r") = —1. Using the notations |z| =r, |y| =7’ (i.e. —a < x, and y < a),

1 [ “ 1 16
Bom—z [ do [ ayfe-ny =3 [ [ (1) = 3 020 = *
3 —a —a 3 —a<z,y<a,—a<zr—y<a 3 8

where the relevant integration area is plotted below.

y
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3. Dieterici’s equation: A gas obeys Dieterici’s equation of state:

P(v—>5) =kpTexp (— k:BaTv) )

where v = V/N.
(a) Find the ratio Pv/kgT at the critical point.
e The critical point is the point of inflection, described by

oP o%pP

= d _— = U.
0, an 902 0

9 |1, N T.,N

Pe

pressure P

specific volume Vv

The first derivative of P is

B_P _2 kBTeX _a _kBTeX _a a 1

ov TN “ovlv—bp P kgTv)| wv—50 P kgTv kgTv? wv—0»

a 1
iy —
(kBTU2 v— b) ’
while a second derivative gives
0 a 1

- —|P —

T.N ov [ (k:BTv2 v—b)}

_OP( a1\ (2 1
~ Ov \kgpTv? wv—1b kgTvd: (v—0)2)"

Therefore v. and T, are determined by

op
ov?

a 1 0. and 2 1 o,

kpT.v? v.—b -




with the solutions
a

v = 2b, and kgT,. = e

The critical pressure is

kBTc a a o
Pc = - = 715 ;
ve—b P ( k:BTCvC) 12 °¢

resulting in the ratio

P.v
2 =272~ 0.27.
kBTc ‘
Note that for the van der Waals gas
P.v, 3
=-=20.375
kT, 8 ’

while for some actual gases

(PC”C) —0.230, and (PC”C> —0.291.
kBTC water kBTC Argon

(b) Calculate the isothermal compressibility xp for v = v, as a function of T' — T..
e The isothermal compressibility is defined by
10w

T

T,N,
and from part (a), given by

6_P
ov

a 1
—p . .
TN <kBTU2 v—b)

Expanding this expression, at v = v, in terms of t = kT — kT, (for T' > T,), yields

8_P
ov

~p (@ Ly Pt 2
ron  \(a/@b+t)4? b)) b a  wvkpT.’

and thus
. kBTc 1 . b€2

"T'T 9Pt 2kp(T —T.)

Note that expanding any analytic equation of state will yield the same simple pole for the
divergence of the compressibility.

(c¢) On the critical isotherm expand the pressure to the lowest non-zero order in (v — v.).

12



e Perform a Taylor-series expansion along the critical isotherm 7' = T, as

oP 1 0?P 1 03P

f— —_— —_— _— —_— 2 —_—— —_— 3 .« ..
P(U7TC) B PC + alv TcaUc (/U UC) + 2! B/UZ Tcavc (/U UC) + 3! 6’03 Tcavc (/U UC) +
The first two terms are zero at the critical point, and
9*P __p0 2a 1
o | T %0v \ kT3 (v—10)2
6a 2
- P, —
<kBch§ (ve — b)3)
203
Substituting this into the Taylor expansion for P(v,T.), results in
(v —ve)®
Pw,T,)=P.(1-— )
which is equivalent to
P 1— 2 (v 3
P. 3\,
KKk Kok Kk
4. Two dimensional Coulomb gas:  Consider a classical mixture of N positive, and N

negative charged particles in a two dimensional box of area A = L x L. The Hamiltonian
is

2Nﬁ'2 2N

where ¢; = 4+¢o for i =1,---N, and ¢; = —¢g for i = N +1,---2N, denote the charges of
the particles; {¢;} and {p;} their coordinates and momenta respectively.

(a) Note that in the interaction term each pair appears only once, and that there is no
self interaction ¢ = j. How many pairs have repulsive interactions, and how many have
attractive interactions?

e There are N positively charged particles, and N negatively charged particles. Hence
there are N - N = N? pairs of opposite charges, and natractive = N2. For like charges,
we can choose pairs from the N particles of positive charge, or from the N particles with
negative charges. Hence the number of pairs of like pairs is

N NI
nrepulsive:2x 9 =2 X m :N(N—l)

13



(b) Write down the expression for the partition function Z(N,T, A) in terms of integrals
over {¢;} and {p;}. Perform the integrals over the momenta, and rewrite the contribution
of the coordinates as a product involving powers of {g;}, using the identity e™* = .

e The partition function is

2N
1 I pz
Z(N’T’A>:W/Hd2‘Jid2pieXp - Z +BZ%1H|@2 q;l
) =1

1<J
1 2N
W/Hdzqzexp[mnm-q o]
=1

where A = h/v/2mrmkpT. Further simplifying the expression for the partition function

Z(N,T,A) =

vty [ T T

1<)

where we have used the fact that e*% = z.

(¢) Although it is not possible to perform the integrals over {q;} exactly, the dependence
of Z on A can be obtained by the simple rescaling of coordinates, ¢;’ = ¢;/L. Use the
results in parts (a) and (b) to show that Z A2N—-BegN/2,

e The only length scale appearing in the problem is set by the system size L. Rescaling
the expression using ¢;’ = ¢;/L, then yields

1 2N 2N
2 12 = CiCj | 7. = CiCj
20T = oy [ TLE e TLeea - a0,
=1

1<J

Note that there are N2 terms for which the interaction is attractive (B3c;c; = —B¢3), and
N(N —1) terms for which the interaction is repulsive (8c;c; = Bc3). Thus

2N
2 — — C;Ci
Z(N,T,A) = L*N . LPENN-1) . [ =BeiN yero N, /Hd2 TLla:" —a; 1P

1<J
— L4N_6NC(2)Z()<N, T, A = L/2 — 1) x A2N—ﬂcoN/2’
since A = L?.

(d) Calculate the two dimensional pressure of this gas, and comment on its behavior at
high and low temperatures.
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e The pressure is then calculated from

1 81nZ 8 2
P=-= = kpT——In ( A2N-BN/2 7
BOA |y, 7 &4“( 0)
) OINkgT Nc2
= kT (2N — BciN/2) — InA = _ %
kT (2N = feyN/2) 5 n A 24
At high temperatures,
p_ 2NksT
===

which is the ideal gas behavior for 2N particles. The pressure becomes negative at tem-
perature below
0 c
T =—,
¢ 4dkp
which is unphysical, indicating the collapse of the particles due to their attractions.

(e) The unphysical behavior at low temperatures is avoided by adding a hard—core which
prevents the coordinates of any two particles from coming closer than a distance a. The
appearance of two length scales a and L, makes the scaling analysis of part (c) questionable.
By examining the partition function for N = 1, obtain an estimate for the temperature 7,
at which the short distance scale a becomes important in calculating the partition function,
invalidating the result of the previous part. What are the phases of this system at low and
high temperatures?

e A complete collapse of the system (to a single point) can be avoided by adding a hard
core repulsion which prevents any two particles from coming closer than a distance a. The
partition function for two particles (i.e. N = 1) is now given by

1 R S - 1—Bc2
Z(NZI,T,A):F/dqud2Q2'|ql—Q2| oo,

To evaluate this integral, first change to center of mass and relative coordinates

@ :% (71 +q2),
7 =01—1q>
Integrating over the center of mass gives
Z(N=1,T,A) = %/d% —Bcy 2;T_4A i dq - ¢-=0¢
_2mA g0 : 2mA [Pl — g2he
TN 2-p83] 0 M 2 — B2




If 2— Bc <0, as L — oo,
21 A a?=Bh
A2 —(3c3’
is controlled by the short distance cutoff a; while if 2— 8¢ > 0, the integral is controlled by
the system size L, as assumed in part (c). Hence the critical temperature can be estimated
by Bc3 = 2, giving
2
)

Tc = 57
2kp

which is larger than T? by a factor of 2. Thus the unphysical collapse at low temperatures
is preempted at the higher temperature where the hard cores become important. The high
temperature phase (T > T,) is a dissociated plasma; while the low temperature phase is a

gas of paired dipoles.
sk sk sk sk sk ok

5. FExact solutions for a one dimensional gas: In statistical mechanics, there are very
few systems of interacting particles that can be solved exactly. Such exact solutions are
very important as they provide a check for the reliability of various approximations. A
one dimensional gas with short-range interactions is one such solvable case.

(a) Show that for a potential with a hard core that screens the interactions from further
neighbors, the Hamiltonian for N particles can be written as

N p2
H:Z;mZn
=

The (indistinguishable) particles are labelled with coordinates {x;} such that

N
+ Z V(QZZ — xi—l)-
(=2

1=

0<z;<a<---<ay <L,

where L is the length of the box confining the particles.

e FEach particle ¢ interacts only with adjacent particles « — 1 and ¢ + 1, as the hard cores
from these nearest neighbors screen the interactions with any other particle. Thus we
need only consider nearest neighbor interactions, and, included the kinetic energies, the
Hamiltonian is given by

(b) Write the expression for the partition function Z (T, N, L). Change variables to §; =
r1, 00 = Tg —T1,--+,0N = TN — xN_1, and carefully indicate the allowed ranges of
integration and the constraints.
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e The partition function is

1 L L L N
Z(T, N, L) = h—N/O dJJl/ d(]jQ/ dJJN exp [—ﬂZV(.’BZ —{Zli_l)]

=2

o) 0o 2
b;
./;oodpl.../;oodeeXp [—ﬂZN%]
1 L L L N
= )\—N/O dw1/ dl’z"'/ dx exp [—BZV(% —xi—l)] :
Z1 TN-—1 i=2

where A = h//2mmkpT. (Note that there is no N! factor, as the ordering of the particles
is specified.) Introducing a new set of variables

o0y =x1, O2=mx2—1T1, -+ O0p=oTN—TN_1,
or equivalently
N
ry =101, T2=201+0d, - CE‘NZE di,
i—1

the integration becomes

1 L L—6; L—(51+32) L-3"" 4 N |
Z<T7N7L) = /\—N/O d(51/(; d52/0 d(53~-~/0 ' d(SNe_ﬁEizzv(él),

This integration can also be expressed as

Z(T,N, L) = ALN [/ d51d52.-~d6N]/exp [—ﬂZV(ai)] :

with the constraint

N
0<> 6 <L
=1

This constraint can be put into the equation explicitly with the use of the step function

0 for <0
@(.’13) = )
1 for z >0

as
1 %) %) e N N
Z(T,N,L):)\—N/ d61/ daz---/ ddn exp [—ﬂZV(éi) @(L—Zéi)
0 0 0 i=2 i=1
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(c) Consider the Gibbs partition function obtained from the Laplace transformation
Z(T,N, P) :/ dLexp(—BPL)Z(T,N, L),
0

and by extremizing the integrand find the standard formula for P in the canonical ensemble.

e The Gibbs partition function is
Z(T,N, P) :/ dLexp(—pBPL)Z(T,N, L).
0
The saddle point is obtained by extremizing the integrand with respect to L,

2 exp(—BPL)Z(T,N, )

oL . 0
which implies that
AP = a% In Z(T, N, L) R P =kpT 8(1;22 .
From thermodynamics, for a one-dimensional gas we have
dF = —-SdT' — PdL, =— P =— g—}; T’N.

Further noting that
F=—kgTlnhZ,

again results in
0lnZ

Pcanonica = kT
1 B OL

TN

(d) Change variables from L to dx41 = L— vazl d;, and find the expression for Z(T, N, P)
as a product over one-dimensional integrals over each ;.

e The expression for the partition function given above is

oo oo 0. @] N
Z(T,N,L) = )\LN/O d61/0 dag---/o dén exp [—ﬂzv(éi)
=2

18
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The Laplace transform of this equation is

Z(T,N,P) = ;N/ dLexp(—ﬂPL)/ d51/ d62~-~/ don
0 0 0

N N
- exp [—ﬁZV((S o (L—Z&)
1=2 {
[e’e) e o0 N
:ﬁ/o dél/o d52~-~/0 dd exp [—ﬂZV ]exp

(2

(0]

1 o) [e’e) N
:W/o d52"'/0 d5NeXp{—;[ﬁV(5¢)+ﬁP5¢]}.

Since the integrals for different d}s are equivalent, we obtain

N-1

Z(T,N,P) = — ) {/Ooodaexp[—ﬁ(wa)+m)]}

AN (BP)2
This expression can also be obtained directly, without use of the step function as follows.

N

1 L—6; L—(51+82) L-y"" &
Z(T,N, P) —N/ dél/ dég/ d63~-~/ don
0

/0 dL exp —ﬁPL—ﬁ(ZV(6)>]
L— 51 L=3"" 5 0o N
_ dél/ / déN/_ZLéid<L—¥6i>
> 6+ (L—Z&)] .G (Zwm)}.

Change variables to dy+1 = L — vazl 0;, and note that each of the ¢’s indicates the
distance between neighboring particles. The size of the gas L, has been extended to any

- exp {—ﬂP

value, hence each 6 can be varied independently from 0 to co. Thus the Gibbs partition
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function is

Z(T,N,P):ALN/OOOd(sl/OOOd(SQ /OoodaN/OOOd(sNH
N+1
(3 o (3w
=2

(/OOO dé - exp [-BV(5) — ﬁPé])N 1 /Ooo do, exp(—BP6,)

- exp

1
AV

[ dorss exp(-BPav)
0

_ W {/OOO dd exp [—B (V(0) + Pé)]}N_l |

(e) At a fixed pressure P, find expressions for the mean length L(T, N, P), and the density
n = N/L(T, N, P) (involving ratios of integrals which should be easy to interpret).
e The mean length is

0
L(T,N,P) = —kgT In Z(T, N, P)
d(BP) TN
ds- S —BV(8) — BP§
2y e V) - 6P
8P Jo dé-exp[-BV(5) — BPI]
and the density n is given by
-1
do -5 - V(6
b N et e 0 < PO
L(T,N, P) P Jo dd-exp[-B(V(0) — PJ)]
Note that for an ideal gas V; (0) =0, and
Lig(T,N,P) = W7
P
leading to
o - NP
Pl = N kT

Since the expression for n(T, P) in part (e) is continuous and non-singular for any
choice of potential, there is in fact no condensation transition for the one-dimensional
gas. By contrast, the approximate van der Waals equation (or the mean-field treatment)
incorrectly predicts such a transition.
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(f) For a hard sphere gas, with minimum separation a between particles, calculate the
equation of state P(T,n). Compare the excluded volume factor with the approximate
result obtained in earlier problems, and also obtain the general virial coefficient B,(T).

e For a hard sphere gas
d; > a, for 1=2,3,---, N,

the Gibbs partition function is

Z(T,N,P) = W l / " dbexp (—BV(6) — ﬁPé)} o
_ W Uoo d6 exp (—ﬁPd)} o
_ ALN (ﬁiP)NH exp (—3Pa)N~1 .

From the partition function, we can calculate the mean length

::(PJ%—l)kBJj4_(DJ__1)a’

T.N P

which after rearrangement yields

(N+1) n+1/L
L—(N—-1a 1-(n—-1/L)a

BP = ~(n+1/)1+n—1/L)a+ (n—1/L)%a*+---).

For N> 1,n> 1/L, and
BP ~n(l+na+n’a®+---) =n+an®*+a’n®+- -,

which gives the virial coefficients
By(T) = a* L.

The value of B; = a? agrees with the result obtained in an earlier problem. Also note
that the exact ‘excluded volume’ is (N — 1)a, as opposed to the estimate of Na/2 used in

deriving the van der Waals equation.
sk sk sk sk sk sk ok

6. One dimensional chain: A chain of N+1 particles of mass m is connected by N massless
springs of spring constant K and relaxed length a. The first and last particles are held
fixed at the equilibrium separation of Na. Let us denote the longitudinal displacements
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of the particles from their equilibrium positions by {u;}, with ug = ux = 0 since the end
particles are fixed. The Hamiltonian governing {u;}, and the conjugate momenta {p;}, is

N—-2

2 2 2

ui 4+ > (i —ui)® +ud | -
=1

(a) Using the appropriate (sine) Fourier transforms, find the normal modes {7}, and the
corresponding frequencies {wy}.
e From the Hamiltonian

p?

the classical equations of motion are obtained as

d2u
dt; = —K(uj —uj—1) = K(uj —uj1) = K(uj—1 — 2u; + ujt1),
for j =1,2,---, N — 1, and with up = uy = 0. In a normal mode, the particles oscillate

in phase. The usual procedure is to obtain the modes, and corresponding frequencies,
by diagonalizing the matrix of coefficeints coupling the displacements on the right hand
side of the equation of motion. For any linear system, we have md?u;/dt* = K;;u;, and
we must diagonalize KC;;. In the above example, IC;; is only a function of the difference
i — 7. This is a consequence of translational symmetry, and allows us to diagonalize the
matrix using Fourier modes. Due to the boundary conditions in this case, the appropriate
transformation involves the sine, and the motion of the j-th particle in a normal mode is

i) = | 2o sin () )

The origin of time is arbitrary, but to ensure that uy = 0, we must set

given by

3

k(n) = — for n=12---,N—1.

Larger values of n give wave-vectors that are simply shifted by a multiple of 7, and hence
coincide with one of the above normal modes. The number of normal modes thus equals
the number of original displacement variables, as required. Furthermore, the amplitudes
are chosen such that the normal modes are also orthonormal, i.e.

N-1

> i) (7) - ) () = G-

Jj=1
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By substituting the normal modes into the equations of motion we obtain the dispersion

w2 =2 [1 — cos (7;\7;” = w? sin? (E) ,

2N
where wg = /K/m.

The potential energy for each normal mode is given by

relation

U, = gz; Jui — i |* = %; {sin (1) —sin [ -0 }2
- (3) oo [ (1 1)

Noting that

>t 17 (- 3)| S S (v -]} -5

we have

nmw
Uk(n) = 2K sin? <2N>

(b) Express the Hamiltonian in terms of the amplitudes of normal modes {7}, and evaluate
the classical partition function. (You may integrate the {u;} from —oo to 4+00).

e Before evaluating the classical partition function, lets evaluate the potential energy by
first expanding the displacement using the basis of normal modes, as

N—-1
uj = Z Qnp - ﬂk(n)(j)
n=1

The expression for the total potential energy is

d N-1 2
UZEZ(W Ui—1) Z{Zan [ty (4 >—ﬂk(n)(j—1)]} :
i=1 —1 Ln=
Since
N-1 N-1
Z U(n) (J) - Uk(m) (G — 1) On.m Z {=cos[k(n)(2j —1)] + cosk(n)} = 0y m cos k(n),
7j=1 =1
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the total potential energy has the equivalent forms

K N N-1
EZ —ui)’ =K a? (1 — cosk(n)),
=1 n=1
N-—1 N-1 i
- — 9K 2 ( )
£ CL (n)gk(n) ; ak(n) Sln 2N

The next step is to change the coordinates of phase space from u; to a,. The Jacobian
associated with this change of variables is unity, and the classical partition function is now
obtained from

e [ [ [ e (2]

— 00

where A = h/\/2mmkpgT corresponds to the contribution to the partition function from
each momentum coordinate. Performing the Gaussian integrals, we obtain

1 N-—1 %)
s I ool ()

(c) First evaluate <|ﬂk|2>, and use the result to calculate (u?). Plot the resulting squared
displacement of each particle as a function of its equilibrium position.
e The average squared amplitude of each normal mode is

(a2) = [2_ dan(a?)exp [—28Ka? sin® (2%)]
" [ day exp [—28K a2 sin® (££)

[46K sin (

mr)} -t kT 1
2N 4K gin? (Zmy

The variation of the displacement is then given by
N-1 2
2 ~ .
<uj>—<[Zanun ] > Z<a >u
n=1
N-—-1 . 2

’I’Lﬂ' ;
nm Sin” | w7
s (775 = | 5F9)
n_
2N

n=

Hmz

[y
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The evaluation of the above sum is considerably simplified by considering the combi-
nation

k N=l 9 cos [207 5] — cos [ 207 —cos [227 (5 —1
() + i) —28) = g2 5 2oLl e EEU o (0 )

kpT = 2cos (375) [1 —cos (BF)] kT

1—Cos(”

2KN —~ 1 — cos (%F) KN’
where we have used S0 1 "cos(mn/N) = —1. It is easy to check that subject to the
boundary conditions of (u) = (u%/) = 0, the solution to the above recursion relation is
< 2> _ k?BTJ (N =)
= N
NKT/K
o
o
@
>
o
(2]
<5}
= free enc{j}/,,«'
£
<
fixed end
%6 N2 N
Position |

(d) How are the results modified if only the first particle is fixed (ug = 0), while the other
end is free (uy # 0)? (Note that this is a much simpler problem as the partition function
can be evaluated by changing variables to the N — 1 spring extensions.)

e When the last particle is free, the overall potential energy is the sum of the contributions
of each spring, i.e. U = KZ;-V:?(UJ — uj—1)?/2. Thus each extension can be treated
independently, and we introduce a new set of independent variables Au; = u; —u;j—1. (In
the previous case, where the two ends are fixed, these variables were not independent.)
The partition function can be calculated separately for each spring as

o N-1

1 [ K
Z:W/_mdu1~-/_mdu1\;_1exp _2I<;BTZ(U I 1)2
- N—1 (N-1)/2
1 K 27kaBT
Zm/_mdml”'/_ dAuy—1 exp _2kBTZA :< MK ) '
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For each spring extension, we have

(Auf) = ((u; —uja)*) = kB?T

The displacement

J
Uu; = E Aui,
i=1

is a sum of independent random variables, leading to the variance

- ((on) - i,

=1

The results for displacements of open and closed chains are compared in the above figure.
ok Aok Aok K

7. Black hole thermodynamics:  According to Bekenstein and Hawking, the entropy of a
black hole is proportional to its area A, and given by

k‘BC3

S_4Gh

(a) Calculate the escape velocity at a radius R from a mass M using classical mechanics.
Find the relationship between the radius and mass of a black hole by setting this escape
velocity to the speed of light c¢. (Relativistic calculations do not modify this result which
was originally obtained by Laplace.)

e The classical escape velocity is obtained by equating the gravitational energy and the

kinetic energy on the surface as,

GMm _ mvs,
R 2

[2G M
VE = .
’

Setting the escape velocity to the speed of light, we find

leading to

For a mass larger than given by this ratio (i.e. M > ¢?R/2G), nothing will escape from
distances closer than R.
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(b) Does entropy increase or decrease when two black holes collapse into one? What is the
entropy change for the universe (in equivalent number of bits of information), when two
solar mass black holes (Mg ~ 2 x 103%kg) coalesce?

e When two black holes of mass M collapse into one, the entropy change is

AS = Sy — 25 = KB (4, _ga) = KB 4 (R2 —2R?)
I Te7 A e 2o
kg [ (2G, \° 2G  \?|  8nGkpM>
~ Gh (?QM) _2<c_2M) a7

Thus the merging of black holes increases the entropy of the universe.

Consider the coalescence of two solar mass black holes. The entropy change is

87TG]€BM%
= =20
81 -6.7 x 107 (N -m?/kg?) - 1.38 x 1073(J/K) - (2 x 10%°)?kg?
- 3 x 108(m/s) - 1.05 x 10-34(.J - )
~ 3 x 10°4(J/K).

AS

In units of bits, the information lost is

_ASln2_
== =

N; 1.5 x 1077,

(c) The internal energy of the black hole is given by the Einstein relation, E = Mc?. Find
the temperature of the black hole in terms of its mass.
e Using the thermodynamic definition of temperature % = %, and the Einstein relation

E = Md?,

T 20M

4 Y _ 1
a2 hes T = 87kpG M

1 19 [kBCS (@M)Ql _ 87kpG p_ 1

(d) A “black hole” actually emits thermal radiation due to pair creation processes on its
event horizon. Find the rate of energy loss due to such radiation.

e The (quantum) vacuum undergoes fluctuations in which particle-antiparticle pairs are
constantly created and destroyed. Near the boundary of a black hole, sometimes one
member of a pair falls into the black hole while the other escapes. This is a hand-waving
explanation for the emission of radiation from black holes. The decrease in energy E of a
black body of area A at temperature T is given by the Stefan-Boltzmann law,

27.4
T°kp

60732

LoE
A Ot

= —oT* where o=
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(e) Find the amount of time it takes an isolated black hole to evaporate. How long is this
time for a black hole of solar mass?

e Using the result in part (d) we can calculate the time it takes a black hole to evaporate.
For a black hole

he? 1

M?, E=Md d T= —.
: ¢, an 87kpG M

2
A=4rR? = Ar <§M> _ 167G

c? ct

Hence

214 1 2 3 4
d (MCZ) _ T IZB 67G e he? 1 ,
dt 60h° 2 ct SrkgG M

which implies that

dM hct
M?*—— = — = —
dt 15360G2
This can be solved to give

M(t) = (M - 3bt)"/°.

The mass goes to zero, and the black hole evaporates after a time

Mg 5120G*M&? 74
T n P x 10%s,

which is considerably longer than the current age of the universe (approximately x10'8s).

(f) What is the mass of a black hole that is in thermal equilibrium with the current cosmic
background radiation at T' = 2.7K?

e The temperature and mass of a black hole are related by M = hc?/(87kpGT). For a
black hole in thermal equilibrium with the current cosmic background radiation at T =
2.7°K,

1.05 x 10734(J - 5)(3 x 10%)3(m/s)?

M~ ~ 4.5 x 10%%kg.
87 -1.38 x 10-23(J/K) - 6.7 x 10-1L(N -m2/kg?) - 2.7°K S

(g) Consider a spherical volume of space of radius R. According to the recently formulated
Holographic Principle there is a maximum to the amount of entropy that this volume of
space can have, independent of its contents! What is this maximal entropy?

e The mass inside the spherical volume of radius R must be less than the mass that would
make a black hole that fills this volume. Bring in additional mass (from infinity) inside
the volume, so as to make a volume-filling balck hole. Clearly the entropy of the system
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will increase in the process, and the final entropy, which is the entropy of the black hole is
larger than the initial entropy in the volume, leading to the inequality

k‘BC3

S T

A,

where A = 47 R? is the area enclosing the volume. The surprising observation is that the
upper bound on the entropy is proportional to area, whereas for any system of particles
we expect the entropy to be proportional to N. This should remain valid even at very
high temperatures when interactions are unimportant. The ‘holographic principle’ is an
allusion to the observation that it appears as if the degrees of freedom are living on the
surface of the system, rather than its volume. It was formulated in the context of string
theory which attempts to construct a consistent theory of quantum gravity, which replaces

particles as degrees of freedom, with strings.
sk sk sk sk ok sk ok

8. Quantum harmonic oscillator: Consider a single harmonic oscillator with the Hamil-

tonian ) 5 o
P mw<q ) h d

= — W th = — —

H 2m + 2 ! P=3 dq

(a) Find the partition function Z, at a temperature 7', and calculate the energy (H).
e The partition function Z, at a temperature 7', is given by

Z =trp= Ze_BE".
n

As the energy levels for a harmonic oscillator are given by

1
en—hw<n+§),

1
7 = Zexp l—ﬁhw (n + 5)] _ o Bhe/2 | 30hw/2

1 1

T ePhw/2 _ o=Bhw/2 ~ 2sinh (Bhw/2)

the partition function is

The expectation value of the energy is
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(b) Write down the formal expression for the canonical density matrix p in terms of the
eigenstates ({|n)}), and energy levels ({¢,}) of H.
e Using the formal representation of the energy eigenstates, the density matrix p is

In the coordinate representation, the eigenfunctions are in fact given by

(n|q) = (7:;_:)1/4 %exp <—§> )

where

with
Ho(€) = (—1)" exp(€?) (d%) exp(~€2)

= %@2) /OO (—2iu)" exp(—u2 + 2i€u)du.

— 0o

For example,

Ho€) =1, and H1<£>=—exp<§2>d%exp<—£2>=25,

result in the eigenstates

(Olg) = (?)1/4 exp (—@(f) ,

0 = ()" B ().

Using the above expressions, the matrix elements are obtained as

and

/ . !y (0’ 1oln) (n _ Zn €xXp [_ﬁhw (n+ %)} : <q/|n> <n|Q>
(I = 3 ) k) ) = ==

_ 9sinh (ﬁ%) S exp {—ﬁnw (n + %)] ) (nlg)

n
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(c) Show that for a general operator A(x),

0 0A 0A
3 P [A(z)] # 55 OXP [A(z)], unless [A, %} =0,
while in all cases 5 94
Py tr{exp[A(x)]} = tr {% exp [A(IE)]} .
e By definition
e = l'A”,
= nl
and N
Oe =1 9A"
2l or
But for a product of n operators,
0 0A 0A 0A
%(A'AWA)_%'A."A—FA'8—:cmA+m+A'Am8—:c'

The g—’;‘ can be moved through the A’s surrounding it only if [A, g—ﬁ =0, in which case

A
04 04 ! and 88% = g—i e,

However, as we can always reorder operators inside a trace, i.e. tr(BC) = tr(CB),

DA C[(0A .,

0 0A
%tr (eA) =tr (8—(1; . eA) )

can always be satisfied, independent of any constraint on [A, %} .

and

and the identity

(d) Note that the partition function calculated in part (a) does not depend on the mass
m, i.e. 0Z/0m = 0. Use this information, along with the result in part (c), to show that

PP\ mwie
2m/ 2 ‘
e The expectation values of the kinetic and potential energy are given by

P2 P2 mw?q? mw?q?
— )=tr|{ —p), and =tr pl.
2m 2m 2 2
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Noting that the expression for the partition function derived in part (a) is independent of
mass, we know that 0Z/0m = 0. Starting with Z = tr (e‘ﬁH>, and differentiating

0z 0 0
—z—tr( 5H>—tr{a (—=BH)e QH}:Q
where we have used the result in part (¢). Differentiating the Hamiltonian, we find that

e_ﬂH] =0.

2

tr [52 5 _BH]—i—tr{ ﬂmw ¢

Equivalently,
2 2 2
r {P_e—mf} o [Me—ﬁﬁ] |
2m 2
which shows that the expectation values of kinetic and potential energies are equal.

(e) Using the results in parts (d) and (a), or otherwise, calculate (¢?). How are the results
in Problem #6 modified at low temperatures by inclusion of quantum mechanical effects.
e In part (a) it was found that (H) = (hw/2) (tanh(Bhw/2))"'. Note that (H) =
(p?/2m) + (mw?q?/2) , and that in part (d) it was determined that the contribution from
the kinetic and potential energy terms are equal. Hence,

(mw?q?[2) = % (Fiw/2) (tanh(BFw/2)) "

Solving for <q2> ,

(¢*) = tanh(ﬁhw/2)) hw coth(Bhw/2).

While the classical result <q2> = kT /mw?, vanishes as T — 0, the quantum result satu-
rates at 7' = 0 to a constant value of (¢*) = %/(2mw). The amplitude of the displacement
curves in Problem #6 are effected by exactly the same saturation factors.

(f) In a coordinate representation, calculate (¢’|p|q) in the high temperature limit. One
approach is to use the result

exp(A) exp(8B) = exp [3(A + B) + 5°[4, B]/2+ O(5°)] .

e Using the general operator identity

exp(A) exp(8B) = exp [3(A + B) + 6%[A, B]/2 + O(6°)] ,
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the Boltzmann operator can be decomposed in the high temperature limit into those for
kinetic and potential energy; to the lowest order as

mw?q?
2

2
exp (—ﬂﬁ—m 5 ) ~ exp(—p2 /2m) - exp(—Bmw?e? [2).

The first term is the Boltzmann operator for an ideal gas. The second term contains an
operator diagonalized by |g >. The density matrix element

< {'|plqg > =< ¢'| exp(—pBp*/2m) exp(—Bmw?q*/2)|q >
_ / dp' < ¢ exp(=Bp%/2m)ly >< '] exp(—Bmuwa®/2)|q >

= /dp’ < ¢'|p ><p'lqg > exp(—Bp"?/2m) exp(—Bg*mw?/2).

: : : Il ~ 1 —iq-p/h
Using the free particle basis < ¢'|p/ >= WorAd ,

1 ) / /
< d'|plg >= oh dp/ e (a=4a)/he=Bp ?/2m ,—Bq*mw? /2

2
_ -wmw?/zL/d/ I O B L L _L2m e
e 57 | v exp PN 5+ om ﬂ(q q) exp 4ﬁhz(q )7,

where we completed the square. Hence

1 2w mkgT
< d|plg >= 5 7¢ Ba 12\/2rmkpT exp [— o2 (q —q')z] )

The proper normalization in the high temperature limit is
7= /dq < qle A e BmS T 2 g
= /dq/dp’ < qle™ A S < eIt 2 g >

/ kT
= /dq/dp|< alp >[* e Amem O = 20

Hence the properly normalized matrix element in the high temperature limit is

, mw? mw? mkpT g
>lim T—o0= - - -
< d'|plg >timT kT eXp( Tk )exp[ o2 (a—4q")
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(g) At low temperatures, p is dominated by low energy states. Use the ground state
wave-function to evaluate the limiting behavior of (¢'|p|q) as T'— 0.
e In the low temperature limit, we retain only the first terms in the summation

o> P2 < 4 [1 > e3/2 < | -
Plim T—0 ~ e_ﬁhw/Q + e—3ﬁhw/2

Retaining only the term for the ground state in the numerator, but evaluating the geometric

series in the denominator,
< q1plg >timT—0~< ¢'|0 >< 0lg > e /2. (eﬁh”/z - e_ﬁhm) -

Using the expression for < ¢|0 > given in part (b),

mw m
< d'|plg >timT—0~ || — [—— ] 1 — e Phwy,
qd'|plg >1im T—0 —— xXp 2h(q +q%)| (1-e ")
(h) Calculate the exact expression for (¢'|p|q).
oK

9. Relativistic Coulomb gas: Consider a quantum system of N positive, and N negative
charged relativistic particles in box of volume V = L3. The Hamiltonian is

2N

= dez |+ Z releﬁ :

1= 1<J

where e; = 4+ey for i =1,--- N, and e; = —eg for i = N 4+ 1,---2N, denote the charges of
the particles; {7;} and {p;} their coordinates and momenta respectively. While this is too
complicated a system to solve, we can nonetheless obtain some exact results.
(a) Write down the Schrédinger equation for the eigenvalues ¢, (L), and (in coordinate
space) eigenfunctions ¥, ({7;}). State the constraints imposed on ¥, ({7;}) if the particles
are bosons or fermions?
e In the coordinate representation p; is replaced by —ihV;, leading to the Schrodinger
equation

Zc| ihV,; |+Z |fle‘7rj| U, ({7}) = en (L), ({7}).

There are N identical particles of charge +eg, and N identical particles of charge —eg.
We can examine the effect of permutation operators P, and P_ on these two sets. The
symmetry constraints can be written compactly as

PP W, ({7}) =0 -0l U, ({7)),
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where 7 = +1 for bosons, = —1 for fermions, and (—1) denotes the parity of the
permutation. Note that there is no constraint associated with exchange of particles with
opposite charge.

(b) By a change of scale 7;' = #; /L, show that the eigenvalues satisfy a scaling relation
en(L) =¢e,(1)/L.

e After the change of scale ;' = 7;/L (and corresponding change in the derivative
V.’ = LV,;), the above Schrédinger equation becomes

2N e.e. 7?‘/ ,':{/
|0, (=) =en (D), (=1 ).
L) () == (7))

The coordinates in the above equation are confined to a box of unit size. We can regard it

2N

> e

i=1

/

—ih

L

as the Schrédinger equation in such a box, with wave-functions ¥/ ({7;}) = ¥,, ({7;'/L}).
The corresponding eigenvalues are €,(1) = Le, (L) (obtained after multiplying both sides
of the above equation by L We thus obtain the scaling relation

(c¢) Using the formal expression for the partition function Z(N,V,T), in terms of the
eigenvalues {e,(L)}, show that Z does not depend on 7" and V separately, but only on a
specific scaling combination of them.

e The formal expression for the partition function is

Z(N,V,T) = tr (B—BH) _ ; exp (_5n(L))

where we have used the scaling form of the energy levels. Clearly, in the above sum T and
L always occur in the combination T'L. Since V = L3, the appropriate scaling variable is
VT3, and

Z(N,V,T) = Z(N,VT?).

(d) Relate the energy F, and pressure P of the gas to variations of the partition function.

Prove the exact result £ = 3PV.

e The average energy in the canonical ensemble is given by
81nZ:kBT281nZ OlnZ

OlnZ
_ 2 2 _ 4
55 57 = keT*BVT?) = 3kpVT

b= o(VT) oVTH)
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The free energy is F' = —kpTInZ, and its variations are dF = —SdT — PdV + pudN.
Hence the gas pressure is given by
OF olnZz OlnZ

— _ 7 _ 2 4 7
P=—gv =k %y =M1 51y

The ratio of the above expressions gives the exact identity £ = 3PV.

(e) The Coulomb interaction between charges in in d-dimensional space falls off with sepa-
ration as e;e;/ |7 — 7 1972 (In d = 2 there is a logarithmic interaction.) In what dimension
d can you construct an exact relation between F and P for non-relativistic particles (ki-
netic energy » . p7/2m)? What is the corresponding exact relation between energy and
pressure?

e The above exact result is a consequence of the simple scaling law relating the energy
eigenvalues €, (L) to the system size. We could obtain the scaling form in part (b) since
the kinetic and potential energies scaled in the same way. The kinetic energy for non-
relativistic particles Y. p7/2m = =Y. h*V?2/2m, scales as 1/L? under the change of scale
7;' = 7;/L, while the interaction energy 2222; eiej/ |ri — Fj|d_2 in d space dimensions
scales as 1/L%2. The two forms will scale the same way in d = 4 dimensions, leading to

en(z) = 2.

The partition function now has the scaling form
Z(N,V =L"T)=Z2Z(N,(TL*?) = Z (N,VT?).

Following steps in the previous part, we obtain the exact relationship £ = 2PV.

(f) Why are the above ‘exact’ scaling laws not expected to hold in dense (liquid or solid)
Coulomb mixtures?

e The scaling results were obtained based on the assumption of the existence of a single
scaling length L, relevant to the statistical mechanics of the problem. This is a good
approximation in a gas phase. In a dense (liquid or solid) phase, the short-range repulsion
between particles is expected to be important, and the particle size a is another relevant
length scale which will enter in the solution to the Schrodinger equation, and invalidate

the scaling results.
oKk ok ok K

10. The virial theorem is a consequence of the invariance of the phase space for a system
of N (classical or quantum) particles under canonical transformations, such as a change of
scale. In the following, consider N particles with coordinates {g; }, and conjugate momenta
{p;} (withi=1,---, N), and subject to a Hamiltonian H ({p;}, {q:})-
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(a) Classical version: Write down the expression for the classical partition function, Z =
Z [H]. Show that it is invariant under the rescaling ¢4 — Ag1, p1 — p1/A of a pair of
conjugate variables, i.e. Z [H,] is independent of A\, where H) is the Hamiltonian obtained
after the above rescaling.

e The classical partition function is obtained by appropriate integrations over phase space

1 -
e ([t

The rescaled Hamiltonian Hy = H (p1 /A, {DPiz1}, A1, {Gi#1}) leads to a rescaled partition

1
Z[HA] = NIL3N / (H d3pzdSQZ> e_ﬁH)\v

as

function

which reduces to
1
Z [Hy] = N1V / (Nd®py) (A 3dq)) (H d?’pid?’qi) e — Z,

under the change of variables ¢’ = Aq1, p1/ = p1/A.

(b) Quantum mechanical version: Write down the expression for the quantum partition
function. Show that it is also invariant under the rescalings ¢1 — Ag1, p1 — p1/A, where
p; and ¢; are now quantum mechanical operators. (Hint: start with the time-independent
Schrodinger equation.)

e Using the energy basis

Z =tr (e‘ﬁH> = Ze‘ﬁEn,
where F,, are the energy eigenstates of the system, obtained from the Schrédinger equation
H{pi} AG}) [n) = Enthn)

where |1),,) are the eigenstates. After the rescaling transformation, the corresponding

H (/0 B} AT (D) [0) = B [

In the coordinate representation, the momentum operator is p; = —ihd/9¢q;, and therefore
Uy ({@}) = ¥ ({\g}) is a solution of the rescaled equation with eigenvalue EY = E,.
Since the eigen-energies are invariant under the transformation, so is the partition function

equation is

which is simply the sum of corresponding exponentials.

(c) Now assume a Hamiltonian of the form

75 ;
H=> 5-+V{ah.
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Use the result that Z [H,] is independent of A to prove the virial relation

B\ _ v
m - 8@3 q1 ),

where the brackets denote thermal averages.
e Differentiating the free energy with respect to A at A = 1, we obtain

OH n2 oV
—-o( 52 Y=-n(-Boa ).
A=1 A=1 m q1

A
e\ _ oV
m /] \oq T/

(d) The above relation is sometimes used to estimate the mass of distant galaxies. The

8ln23k
0= 5))

ie.,

stars on the outer boundary of the G-8.333 galaxy have been measured to move with
velocity v ~ 200 km/s. Give a numerical estimate of the ratio of the G-8.333’s mass to its
size.

e The virial relation applied to a gravitational system gives

wi1=(%5).

Assuming that the kinetic and potential energies of the starts in the galaxy have reached
some form of equilibrium gives

U2

~ G 6 10%%kg/m.

| =

Kokokokokokkok
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