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12.3 Problem Set 3 Solutions

Feynman rules:

. Pubo ab
( 0 pQ )pg

u,a v,b
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—

p

Figure 12.1: Feynman Rules (Equation 12.99).

Fermion:

Ghost:

Figure 12.3: Ghost (Equation 12.101).
Scalar:

i
Eéik
gfl(k —p)°g" + (p — q)"g"" + (g — k)" g™

_292 [fabCfcde (g,uzzgua o g,ul/gup) 4
facefbde (guugpo . g/w'gup) +
fcdefbce (gm/gpa . g,upguo)]

(12.99)

(12.100)

(12.101)

(12.102)

(12.103)

(12.104)
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gyt tre (12.105)
gfeep (12.106)
ig(p + ") (tr");; (12.107)
ig? (trotr® + trbtr®),; (12.108)
1.
log par 4 i A
gi)t _9202(FF)5ab§<guup2 - p,upu)iﬁ log(;)2 (12109)

where A is cut-off scale, p is renormalization scale, and €23 is 3D surface area.

log div.part 2 1 2 1 Qg A 2
— ['s)0ao—(9uwp” — puby) = —— log(— 12.110
- g 02( ) b4(g/.t p Pup )2<27T)4 Og(,u> ( )
logpart () (12.111)
Similarly all tadpoles have no log div. part.
log div. 2 1.1 1 Qg A 2
— dab= (=G — Pubv) = = log(— 12.112
- g 02<G) ab6(2gu bub )2 (27T)4 Og(,u) ( )
log div. 2 1 2 19 (0% 11 (62NN Qg 2
— - — 4+ =)= pp(—+ =)= log(—)* (12.113
logdip- (12.114)
Add up all contributions to get:
1 3 Aoy o
N 1 - v v
220 og(u) 9" (P"Gpw — DPubv)
e 4 1
{(g + 5)02(G) - 502(FF) - 502(F5)} (12.115)

= 03, (12.116)
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Figure 12.4: Scalar (Equation 12.102).
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Figure 12.5: Equation 12.103.

Figure 12.6: Equation 12.104.

T

Figure 12.7: Equation 12.105.
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Figure 12.8: Equation 12.106.
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Figure 12.9: Equation 12.107.
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Figure 12.10: Equation 12.108.
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Figure 12.11: Equation 12.109.

>
na / . v.b

VWV MV

P et

Figure 12.12: Equation 12.110.
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Figure 12.13: Equation 12.111.

pa o v,b
VAR ANV

B

Figure 12.14: Equation 12.112.

—
p

Figure 12.15: Equation 12.113.

7

Figure 12.16: Equation 12.114.
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e Note that inclusion of ghost contribution was crucial to get right tenser —
structure (p*g,, — pupy)-

e We only evaluate log div. parts, since linear and quadratic divergence of
the term aA + bA? will not yield and contribution to S—function as 3 gets
contributions from 8%51 and 8%53.

2. (a)
logdi_'u.p;art _Z-g3fabc[(k_p)pg,u0+(p_q)ugyp+(q_k>vgpu]
1 i Qs A
—(13 = 9a)C5(G) = — log(—)? 12.117
§(18 —90)Ca(G) 5 5 S low () (12.117)
| K
P~ ~4

+ permutations

Figure 12.17: Equation 12.117.

log par . abe 1% v
BPUEigP F(k — p)P g™ + (p — q)"g" + (g — k)" g™
13 i Qs A,
e : log(= 12.11
s 204)02(0)2(%)4 og(ﬂ) (12.118)
I
P ~1

v.,b p.c
+ permutations

Figure 12.18: Equation 12.118.

log div.part . abe v v
ST g Fl(k = p)Pgte + (p— @) g + (¢ — k) g™
2

(
! OQ(G)%(;):’)4 log(%) (12.119)

24
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log div.par . abe v v
BEURE i g? (K — p)Pg + (p — q)"g”" + (q — k)" g™
Q A

4 ? 9
lowt fabc[<k p) guo + (p q),ugup + (q o k)l/gpu]
1 ) Qg A
logpart (12.122)
Adding all up we get
. 3 rabe 2 3 4
~ig* OG5 + ) — 5Callr) = 3Co(T))
[(k—=p)°g" +(p—a)'9" + (¢ — )gm
[
2 2y 1og(u) = 2 (12.123)
Therefore,
0 3
b= u@(—él +50) (12.124)
Therefore,
3
p 11 4 1

Note that a—dependence has cancelled out.

(b) Courtesy of Guide Festucchia
4 Gluons vertex: We have to evaluate the following diagrams
Using mathematica we obtain:

K L KPRUKCKS
4 rfal reb ch ghdf
gL pFal peba poch ¢ / S (34 — 12a + 202) +

K*KYKPK? + K“K" g”” + KPKo g™ + K KPghe
K2

(3+2a —a?) +
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pa

1K

s,
+ permutations

v,b p.c

Figure 12.19: Equation 12.119.

+ permutations
v,b p.c

Figure 12.20: Equation 12.120.

@T %%\;ﬂ
+ permutations
v,b pc

Figure 12.21: Equation 12.121.

'
l
'
\

+ permutations

Figure 12.22: Equation 12.122.
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(9" 9" + ¢"7g"")(1 + 2a + a?))

a c 1
= g'tr(tatatats) o5

24

((¢" g™ + g"g"*) (94 + 60a + 14a?) + g g% (34 — 12a + 20?))
d'K 1

/ ) K (12.126)

c.p do

Figure 12.23: 4 Gluons Vertex (Equation 12.126).

The different permutations of the gluon vertices will be accounted for later.
d'K 1 KMrKYKFK®
4 a b 4c 4d 2
—g tT<thGthG)/ (27T)4ﬁ< K4 (—304 + ) +
KFKY g (=1 — 2a — o®) + (KYK*g" 4+ KFK°g"?)(3 + 3a) +
KPK7g" (6 — 3a — o®) + ¢" ¢ (2 + 3a + o) +
99" (=2 = 2a) + g"7g"" (1 + a))(c.p < d,0)

1
= g (tALL) 5 (9 + 97 g")) (12.127)

1
= —§94(1 + 3a)[(f* f* + F° f* ) guvGoo +
(fadefcbe 4 fabedee)gupgua + (fabefdce + facefdbe)guagyp]

/ (C;[)i [;4 (12.128)

1
B _594(1 + 3a)[fabef6de(9upg'/ff B g/wgl/p) +

facefbde (guygpa o guagup) 4 fadefbce (gm/gpo o guogup)]

/ éif; % (12.129)

(12.130)

This computation has been done with o — —a
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1 abe pcde
_594(1 - 306)[]0 b f ¢ (gupglla - g,uagyp) +

facefbde(guugpa - guagup) + fadefbce(g;u/gpa - gucgup)]

/ é;;% (12.131)

(12.132)

asbsc d*K K, KzK, K, o y "
—gtr(EtEt) / (27) [5(47 tr[y Py Py ] +

(color trace reversed)

a C 1 (0% v loa (0% v g
= =gt o (Y e Y ey T+ Y e e ] +
o y " d*K 1
trly 'y 57" )) / 2K (12.133)
84 atbycydy oy po Y 1P Ho L pY
= —ggtr{t ) (g — 279" + g"7g7) +
(i, a < v,b) + (p,a < 0,d) + (color trace reversed) (12.134)

This has exactly the same structure as before so the result is

4
_394[fabef0de(gupgua - g;wng) +
facefbde(gm/gpcr - g,ucrgup) + fadefbce(g,uugpa - guagup)]

d*K
/ Ol (12.135)
(12.136)
'K K,K,K,K
— 2 4t tatbtctd / H v P g
29T | Gy i
4
— §g4tr(tatbtctd)(gw/gpa_i_gupgua_'_guggup)
'K 1
/Wﬁ +pe7‘mutations (12137)
(s
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bv ap

g

c.p do

Figure 12.24: Equation 12.127.
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Figure 12.25: Equation 12.133.
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Figure 12.26: Equation 12.137.
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'K KK,
(2r)% K©

d*K 1
20 70 + permutationq12.138)
T

= —8g'tr({t“t"}tt") g /

= 2 ({e gy [

b,v ap

o,

cp d,o

Figure 12.27: Equation 12.138.

dK 1 .
— + permutations (12.139)

= 94t7ﬂ({tatb}{tctd})gwgpg (2m)* K4

o,

cp do
Figure 12.28: Equation 12.139.

Summing the last three graphs together and permuting the vertices we
obtain:

1
3 g g™ gPotr (=2t et + Attt — 2e0tt°d) +
g"P gt (—2tt°t0t 4 4dtetPtt — ettt +
o v aybydyc cybydya biaydyc d4K1
g" g Pt (=20 0C 4 4ttt — 2t0t91 )}/(2 )4?1(12'140)
T

Now using
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tr( =2t 0t + 40tbrere — 2abrtet?)
= tr([a, d][b, c] + [a, c][b, d]) (12.141)
— —OQ(G) [fadefbce + faceJcbde] (12142)

and similar relocations we obtain:

1
_§g4[fabef6de(gupgua - guagl/p) + facefbde(guugpa - guagup)
d*K 1
ade pbce
+ 1 (G Gpo — GuoGvp)] / WﬁCQ(FB) (12.143)

All the calculations sum to:

94 [fabedee (g,upgl/o - guagl/p) + facefbde(g;wgpa - gucrgz/p)

S 0 = o) [ 7
{—%(1 —3a)Cy(G) — %CQ(FF) — %(FB)} (12.144)
1., 26
B = (5) (4m)?
{50 -30) = 5 + DICHG) + 3G (-1 +2) +
SCo(Ts)(~1+2)} (12.145)
= (=5 G(G) + 5C(lp) + gCQ(FB))W (12.146)

* % comes from the fact that the vertex appears at color g 2 from the log

div. of In(Z5) with respect to .

3. (a) .
= Pyt (1 = a)[(2(TF) — ;cz<c>>]; (§3)4 log<ﬁ>2 (12.147)
1 3

B P0G (3~ J0)l(2(Tr) — 5O

Ao
2 (2n) log(;) (12.148)
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na

p p

Figure 12.29: Equation 12.147.
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p P

Figure 12.30: Equation 12.148.
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From these read off (5{

. CyLe)g" 1~ 0)[(2TF) — OG5 0w )

ST

P p

Figure 12.31: Equation 12.149.

Read off 64

_ 0 L o 03
ﬁF—N@( 51+52+2)

Same as [s4.

(b)

Figure 12.33: Equation 12.152.

Read oft 43

L P (Call) = 5ClG) o+ pP(1 = )5 5 gl

=

0 a 3 np 't
=% g1 Cy(G) (1 —a)p +p)'5

99

(12.149)

(12.150)

(12.151)

(12.152)
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H.a

pz/ \\p

N

Figure 12.34: Equation 12.153.

Figure 12.35: Equation 12.154.

, < R
b + permusations SN

Figure 12.36: Equation 12.155.
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0 . .3 1 i Q
=5 g1 (p+ )" 5 20a(1) — 5Cal@) 5 7

From last 4 graphs read off §7

log
—

Figure 12.37: Equation 12.156.

Therefore,
9 o, s, 03
6s_lu’5.—u< 51+52+ 2)
Same as [s4.
) 1 Y A
log : 2 o /\ b abcg 3 1 N2
— g Ga(G) A — )+ )" f 2@@40ﬂu)
p,a
gz,«fUinfuwihfu__ﬁg
b + perturbations c

Figure 12.38: Equation 12.158.

3 () A
iSOG (1 = )+ 1) £ 1 S low ()

A 2
2 (2m) 103(5)

101

(12.155)

(12.156)

(12.157)

(12.158)

(12.159)
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Read off 47 from there.

1 « Y A
—?(=+ = Spep? = ——log(—)? 12.1
Read off 6§ from this.
Therefore,
0 03

Same as 4.
Looking back we see that

1

65— 05 =00 =6 =09 — 6§ == 6 — 03 = 5(5;*5" — J3) (12.162)
These relations show the universality at the f—function coefficients which
is a direct consequence of gauge invariance. One could have proven these
relations directly from the renormalized Lagrangian.

4. In light of problem 3, the easiest way to compute the f—function is

(a) Set a =0 (since f is independent of «).
(b) Compute 6 — 6§ (the ghost contribution).
(c) Compute ds.

Therefore,

B=—(=0]{+05+—=) (12.163)
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. + permutations

Figure 12.39: Equation 12.159.

Figure 12.40: Equation 12.160.
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