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Lecture 3

We begin with some comments concerning gauge-symmetric theories:

1.
2.
3.

A U(1) local symmetry leads to the field A, (), mediating interactions between the charge fields ;(z).
No mass term is allowed for A, or the gauge symmetry is broken.
It is possible to construct theories using other gauge invariant terms, for example
PN Ey By, (B2, GFu "0 1)

All of these terms can be written as a total derivative, or are non-renormalizable.
Some of the terminology and constructs associated with gauge theories includes:

U(y, z) : Parallel transport,

A, (x) : Connection,

F,,(z) : Curvature,

D, (z) : Covariant derivative.

These objects form the mathematical framework of the fibre bundle.

Gauge symmetry is not really a symmetry. The phase of ¢ (and part of A,) does not carry physical
information; there is a redundancy in our variables.

Figure 1: Dividing the path v into infinitesimal segments.

Finally, we consider the explicit form of the finite parallel transport, U(y,z): choose a path 7 from
x — y. We split the path into infinitesimal segments:

U"/(yax) = U(y7$n)U(xnaxn—1)"'U(xlax)a (2)
where, from our result from the previous lecture for the infinitesimal parallel transport,
U(zq,x) ~ exp [ied, (z1 — x)!], (3)

and hence
U, (y, ) = exp {ie /y Au(x)dx“] . @)

Note that U, (y, x) is not necessarily path-independent: in general, U,, (y, ) # Uy, (y, z). Let

Ur(z,2) = U_r, (y,2)Us, (y, 7) (5)
be the parallel transport associated with the closed loop shown in figure 2. By (4),
Ur(z,z) = exp [ie&éAudaj“] , (T=7 —72)- (6)
Using Stoke’s theorem, we will see in the problem set that
Ur(z,z) = exp {ie/EFde"dx”} . (7)

Ur(x) is the Wilson loop, and it is associated with phenomena such as the Aharonov-Bohm effect, and
Berry’s phase.
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Figure 2: Paths 71 and 7, from = to y, and the enclosed area 3.

1.3: NON-ABELIAN GENERALIZATIONS: YANG-MILLS THEORY

1
Now consider ¥ = and search for a theory invariant under
Un
U(z) — V'(z) = V(x)¥(z), (8)
or, with indices restored, ‘
Ui(x) — Ti(z) = V! ()T, (x). (9)

Here, V(z) is an n x n unitary matrix of unit determinant, that is, V(x) € SU(n). Let us construct the non-Abelian
generalizations of the objects we studied in the Abelian case.

A. Covariant derivative:

Introduce Uy, z) € SU(n), transforming as
Uly,z) — V(y)U(y,z)V'(x). (10)
Again, for y* = x* 4 en”, taking the limit e — 0, we expand U(z + en, x) :
Ulx +en,z) =1+ igent A (x) + .. ., (11)

where g is a constant, and A,(z) is an n x n matrix. As U(y,z) € SU(n), A,(x) is also necessarily traceless
and hermitian; A,(z) = AL(I) Inserting this expansion into the transformation law (10), we obtain the gauge
transformation law for the connection:

Au(x) — V(2)Au(2)V(z) — g(auV(I))VT(I)- (12)

As before, we define the covariant derivative by
n*D, VU = ll_r}(l)% [Y(z+en)—U(x+en,z)¥(z)]. (13)

Hence, we have, with indices written explicitly,
(Dp¥)i = 0,9 — ig(Au)ij\I}j' (14)

From (8) and (12), we have that, under a gauge transformation, D, ¥(z) — V(z)(D,¥)(x), and so, the Lagrangian
£ = -1V (y*D,, — m)V is invariant.

B. Kinetic term for A, :

We note that under a gauge tranformation,
[D,,D,|]¥ — V [D,,D,] ¥, (15)
and that
[D,,D,] =[0, —igA,, 0, — igA,]
=—1i9(0 A, — 0, A, —ig[Au, AY))
=—igl,,, (16)
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with F,, an n x n matrix satisfying F,, = F):V and TrF),, = 0. Under a gauge transformation, from (8), we have
that

F,¥ — Fl'W\If’ =VF,9, (17)
and, as ¥/ = V¥, we have that

Fp (x) = V(2)F (2)V (@), (18)

%

and so F,, is gauge covariant, as can be checked directly from (12). Hence, Tr(F),, F*¥) is invariant under gauge
transformations.

C. The Lagrangian:

We can now write down an invariant .£:

&= —gTr(FWF’“’) —iW(y* D, — m)V, (19)

(0

with ¥ = | , Dy =08, —igAy, Fuy = 0,A, — 0,A, —ig[A,, A)], and Af, = A,,, TrA,, = 0. Explicitly, this
Un

Lagrangian is invariant under the local gauge transformation:

U(z) —V'(z) = V(x)¥(z),

Au(z) — Ay () = V() Ay (2)V (x) §'<aﬂv<x>>v*<m>7
Fp (&) — Ely (2) = V(&) Fa )V (2),

pv

where V(z) = exp [{A*(2)T,], and T, are the generators of the Lie algebra, satisfying [Ty, Tp] = @ fapeTe.

Remarks:
1. A, is massless; introducing a mass term breaks gauge invariance.
2. It is convenient to expand A, as A, = AT, witha =1,2,--- n? —1. Here, A, is an n X n matrix, and
A are n? — 1 ordinary functions of z. Similarly, F,, = F, v La. We have that
F3 Ty = 0,ALT, — 0,A4T, —ig [ALT,, AST.] (20)
and so, explicitly,
FY, = 0,A% — 0,A% + gfapcAD AL, (21)
3. There is another gauge invariant term which can be constructed out of F' at the quadratic level:
Eurp Tr(FH FAP). (22)
However, this term breaks CP-symmetry, and is also a total derivative. Nevertheless, this term is
important at a non-perturbative level, as we will see in 8.325.
4. Non-Abelian gauge fields are associated with fibre bundles.

1.3.2: The Wilson loop

U’Y(yvx) = li)m U(ya'rn)U(xn7xn—1) cee U(l‘l,l‘) (23)

— - NA M
_Alcljlr—l>0‘ O(l—i—ngu(xj)ij),
j=
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with Azl = 2%, | — 2%, 20 = @, 2,41 = y. Note that the ordering is important in (23), as A, is a matrix, and so
[A,(z;), Ay(xr)] # 0 in general.

n n j—1
Uy(y, ) =1+ig»_ Au(ay) Azt + (ig)* Y Y Au(a;)Axk Ay (z) A} + ... + . (24)
j=0 §=0 k=0
Now, we introduce z*(s) to parameterise :
z*(0) =0, z*(1) = y*, s € [0,1]. (25)
Then
/ da* ro7 da d
. T . T v
Uy(y,z) =1+ zg/dslAH(:c(sl))— + (19)2/d51 /dszA#(x(sl))—Av(:r(SQ)) + ...+ (26)
dsy dsy dss
0 0 0
o 1 S1 Sn—1 d u d u
. n €T 1 xrHn
= (ig) /dsl/dSQ... / dspA,, ((s1)) A (2(8n))—— (27)
dsy ds,,
n=0 0 0 0
!
) dxt
=Pexp zg/dsd—A#(x(s)) (28)
S
L o
=P exp ig/A#(x)dx“ . (29)
L~
By construction, under a gauge transformation,
Uy (y,2) — V(U (y, 2)V'(2). (30)

To prove this directly using (12) is slightly non-trivial. As in the Abelian case, in general U, (y,z) # U,,(y, x). For
a closed loop T, Ur(x, x) is nontrivial. The non-Abelian generalisation of Stokes’ theorem can be used to relate the
parallel transport around the loop to the flux passing through the loop. For an infinitesimal loop,

1
Ur(z,z2)¥ — ¥ = 3 o, (31)

where o"” is the area element encircled by the loop. Under a gauge transformation,
Ur(z,z) — V(2)Up(z,z)Vi(x), (32)

and hence,
Wr(z) = Tr(Up(z,z)) = Tr(Pexp igyg A, dz") (33)
r

is gauge invariant. This is the non-Abelian Wilson loop. It is a very important object.
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