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5.1: RENORMALIZATION GROUP FLOW

Consider the bare action defined at a scale Ag :
hoog 1o e (©)
S[AO]:/ a's = (09) —|—§i:gi 0., (1)

where O; is a complete set of local operators formed from ¢. The theory is specified by the set { gEO)} . As explained

in the previous lecture, we can change the cutoff scale to some A < Ay by integrating out the degrees of freedom in
the interval (A, Ag) . This gives

A 4 1 )
siaj= [ a3 @007 + Lo, &)

after redefining ¢ to absorb the field renormalization factor Z. This theory is specified by the set {g;(A)} . Similarly,
at another scale A’ < A, we obtain S [A’], described by {g;(A’)}. These three actions, Sa,, Sa and Sys, should
all describe the same physics at an energy scale E < A’ < A < Ag. The relations between them can be found by
integrating out the degrees of freedom explicitly in the path integral, giving

gi(A) = gi(g!”, Ao M),
g() = (g Ag; N)
= gi(gi(A), A;A).

This process describes the renormalization group transformations, or the renormalization group flow: transforma-
tions between couplings at different scales to ensure they describe the same low energy physics. If we consider, for
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Figure 1: The renormalization flow as the flow in the space of all possible coupling parameterizations to ensure the
same low-energy physics at different scales.

simplicity, the dimensionless couplings {\;(A)} defined by \; = g;A~%, differentiating gives

d\;
AT = BN ()} 3)
where 8; ({A\;(A)}) = dh%/\i({)\j(/\)},Z)’Z:l. It is important to note that the f; are only functions of the

dimensionless coupling constants {A;(A)}: they do not depend on A explicitly, as can be seen by considering
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integrating out a fraction of the highest-energy modes in the path integral. The S-functions give the tangent vector
of the flow, and depend only on the values of {)\;}. Under a relabeling of couplings,

5\1‘ = S\i({)‘j})v (4)
we have that -
=3 D, (5)
The S—functions can be computed explicitly from the path integral:
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Now, if we let A’ — A —dA, S[A —6A] = S[A] + 5S[A], we have

dSa
Ay = F(Sy) (6)
Expanding
Sa=Y_gi0i = > NAYO;, (7)

(6) gives us the S-functions for all couplings. As an example, let us consider the case of a free scalar field in four
dimensions, with a cut-off at a scale A. Then, we have

d*k .
Sxldl = [ < F (R)6a (k) 8
k<A (27)
We expand f(k) as a power series in k:
flk) = md+E +rk*+...
Fa(A
= An(MAZ 4+ K2+ 4/52)1@4+...,
where the coefficient of k% can be chosen to one with a suitable normalization for ¢a. Here, A\, (A), F4(A),...
are dimensionless couplings: [d)Q] = 2, [(62¢)2} = 6, and so 4,, = 2, d,, = —2, for example. We now let
oA (k) = s (k) + ¢(k) with ¢(k) supported for k € (A, A) and ¢, supported for k € (0, A’). Then we have that
~ d*k ~
Sal6a) = Salo]+ 5x [6] +2 | T Fkow (R0, (9)

where the last term is zero as ¢/ and ¢y have disjoint support. Integrating out QNS only generates an overall constant
for the path integral, and so

d*k .
S fow) = Salox] = [ 5 F00k (Wen (b (10)
kenr (27)
where f(k) has not changed. That is,
fk) = m2+k>+rk* 4 ...
Fa(A)
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and we conclude that

AN AN
Am (A) = X\ (A) (A’) =Am (A) (A’) is a relevant operator,
AN P AN
e (A) = 74(A) (A’) =74 (A) (A’) is an irrelevant operator.
Similarly,
/
B, = N Lm(f‘ ) — 9\ = =G A < O,
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We note that dimensional quantities like m? and r4 do not change at all in this instance, but that the dimensionless
couplings flow as they are defined with respect to the cut-off scale. This does reflect the right physics: the relative
importance of each term in f(k) as we go to lower energies, or smaller k. That is,
mg
=
7'4k4
k2

becomes larger as k becomes smaller,

becomes smaller as & becomes smaller.

We will now derive the full flow equation for Sy [¢]. For this purpose, we write it as

16,0 = 5 [ 255 G0 + 511641+ U(H) )

where U(A) is a cosmological constant, and the propagator G (k) satisfies

L k<A
Gpa(k) =4 ’ 12
A(k) {o k> A. (12)
We have that
7 = /@gb(k) e—So[¢7A]—§1[¢,A]’ (13)

where S; = S; + U. There is now no need to impose an explicit cut-off when integrating over ¢ (k). It is clearly

K (k)
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Figure 2: The propagator Ga (k) = 7 #4(k) has a cut-off around k ~ A.

very complicated to obtain the flow equation for S; [¢, A] by evaluating the path integral directly. We will instead
require

AN
A2 "
which is an equivalent statement. From this, we have
1 [ d% _g,\ L dG}! _§,
5/ - (s(-RpokyeS ) ATA = (haper). (15)
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Here, (...) = Z%) [D¢ ...e~%, with Zy = [Dge 0. We would like to express the left-hand side of (15) more

directly in terms of S. For this purpose, consider

0= /ms&j(k) (¢>(k)e—so—5'f).

From this, we have that

(2m)" 6D (0) (=) = G3* (o(k)d(—k)e ™" ) + <¢>(/~c> i e—51> 0,
The last term in this equation is still complicated. Consider further
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From this, we have

(27r)4 5(4)(0)G/_x1 <675‘I> . (le)z <¢(/€)¢(fk)efs"> - Qle <¢(k)(w6(k)€5‘1> + <5<Mk)52

If we multiply 17 by 2G,* and add the result to (19), we obtain

(2m)* 600063 (e=5) = (611) (ek)o(~k)e ") + <52 s> o

Eliminating <q§(k)¢(fk)e’51> between (15) and (20) gives

d g v\ _ 1 [ d% ,dG, 52 s
<AdAe > - ‘5/ ent dA <6¢<k>6¢<k>e >

1 d*k | dlogG _g, _
5 am" 000 [ 5 AT ().

Here, the second term is a constant, and so we have

d 1 d d*k

where Vj = (27)* 6@ (0), and so
1

UA) =Up + 2%/(;{:;4 log Ga (k)

where Up is independent of A, and

d _g 1 [ d*% dGa(k) & s,
A =3/ @nf " dA 56R)Ie(—R)

or, equivalently,
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