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QUIZ 1 SOLUTIONS
QUIZ DATE: OCTOBER 18, 2012

PROBLEM 1: SOME SHORT EXERCISES (30 points)

(a) (10 points) Use index notation to derive a formula for V x (sA), where s is a scalar
field s(7) and A is a vector field A(7).

SOLUTION:

[6 X <sff>L = €i10; (sff)k
= €k 80 A + i Ar0;s
—sVxA+VsxA.
(b) (10 points) Which of the following vector fields could describe an electric field? Say
yes or no for each, and give a very brief reason.

(i) E(F) =zé, —yé, .
(ii) E(F) =yé. +xé, .
(iii) E(F) =yé, —xé, .

SOLUTION: The curl of an electrostatic field must be zero, but otherwise there is
no restriction. So the answer follows as

e o (0B, OH,
(1)V><E(r)—<8x oy

(i) VX E(7) = (1 —1)é, = 0 . YES, it describes an electric field.

) é,+...=0. YES, it describes an electric field.

(ili) V x E (7) = (=1 — 1)é, = —2¢, . NO, it does not describe an electric field.

(¢) (10 points) Suppose that the entire z-z and y-z planes are conducting. Calculate the
force F' on a particle of charge ¢ located at x = xq, y = yo, 2 = 0.

SOLUTION: we need 3 image charges placed as:

q1 = —4dq at (_x()u Yo, 0)
q2 = —(q at (x()? —Yo, 0)
g3 =+q at (—xo,~Y0,0) .
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Note that ¢; and the original charge give zero potential on the x = 0 plane, but allow
the potential to vary with x in the y = 0 plane. The second image charge, combined
with the original charge but ignoring the first image charge, produces a potential
that is zero on the y = 0 plane, but the potential varies with y on the z = 0 plane.
The final image charge fixes these remaining problems. For any point on the y-z
plane (the x = 0 plane) the original charge and ¢; pair to give zero potential, and
similarly g2 and g3 pair to give zero potential. For points on the z-z plane (where
y = 0), the original charge and ¢, give canceling potentials, as do ¢; and gs.

Having found the image charges, we can write the force as

—

FZFQ1+ﬁQ2+ﬁQ3

where F’qi is defined as the force of charge ¢; on charge ¢q. The force exerted on the
charge ¢ is found to be as:

1 —¢* 1 —¢* 1 q° ToT + Yol

ﬁ = T+ + )
4req dad 4meg 4y Y dmeg 4(xf + y3) Vg + s

Surprisingly, this question was the one that gave the class the most trouble, with a
class average of only 51%. The problem was even illustrated in Lecture Notes 5, on
the fourth page of those notes (labeled p. 61). The moral:

‘ PLEASE REVIEW IMAGE CHARGES!

PROBLEM 2: ELECTRIC FIELDS IN A CYLINDRICAL GEOMETRY (20
points)

A very long cylindrical object consists of an inner cylinder of radius a, which has a
uniform charge density p, and a concentric thin cylinder, of radius b, which has an equal
but opposite total charge, uniformly distributed on the surface.

(a) (7 points) Calculate the electric field everywhere.

(b) (6 points) Calculate the electric potential everywhere, taking V' = 0 on the outer
cylinder.

(¢) (7 points) Calculate the electrostatic energy per unit length of the object.
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PROBLEM 2 SOLUTION:

(a)

This problem has enough symmetry to allow a solution by Gauss’s law. In particular,
symmetry considerations imply that the electric field will point radially outward, and
will have a magnitude that depends only on the distance from the axis. Following
Griffiths, we use s for the distance from the z-axis, and § for a unit vector pointing
radially outward from the axis, and of course we choose the z-axis to be the axis of
the cylindrical object. Then

E=E(s)3. (2.1)

To evaluate E(s), we apply Gauss’s law to a Gaussian cylinder of length ¢, concentric
with the z-axis. Then

fﬁ -dd = Qene _ 2wsl E(s) . (2.2)

For s < a, the Gaussian cylinder is filled with charge density p, so
ps

Que=mslp = B(s)= 3= (2.3)
For a < s < b the enclosed charge is
pa’
Qenc = Ta*lp = E(s)= 205 (2.4)

Finally, for s > b the enclosed charge is zero, so E(s) = 0. Putting this together,

s 8 if s<a
2
E=Pr 0% ifa<s<b (2.5)
2¢0 S
0 ifs>a .

To find the potential from the electric field, we can use

V(7)) = V(Fy) — / ' E(7) - dl (2.6)

from the formula sheet. Since the line integrals that define the electric potential are
path-independent, we can choose to integrate only over radial paths. For s > b we
clearly have V(s) = 0, since the absence of an electric field in this region implies
that V = const, and V =0 at s = b. Then, for a < s <b,

- P b 2 pa® b
dl=— [ —ds="—In-. (2.7

2¢0 J4 S 2¢g S

—

V(s):V(s:b)—/:E-dZ=0+/st
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2
This is valid down to s = a, so V(a) = #’M, and then for s < a,

S

2 a
V(s):V(s:a)—/ E-dsz—FL/ sds

a 2¢0In(b/a 2¢
, on(b/a) ’ (2.8)
= In(b/a) + L(CLQ —s%) = P [2a° In(b/a) + a® — s*] .
2€0 4eg deg
Putting these together
0 if s >b
V(s) = 4i 2021n £ ifa<s<b (2.9)
€
0 2a%In(b/a) + a® — s? ifs<a.
(c) To find the electrostatic energy, we can use either
1 L2
W = 560/ E| &z (2.10)
or
1
W= /p(F)V(F) SE (2.11)

1 “( )\ b p\at
W=§€0 /0 (%) s 27rsds—|—/a (%) 8—227rsds ¢, (2.12)

SO

i“4+a4 In (2)} (2.13)
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By using Eqgs. (2.11) with (2.9), we first note that V' = 0 on the outer cylinder, so
we get a contribution only by integrating over the inner cylinder:

2 ra b
w_r 2¢°In  — ) +a® — 2| 27sds
g 860 0 a

2 {frnt) o] [ [0}
S SOOI (NG R

2 4
Tpoa b
= 1+4In( -
16¢€o [ i n(a)}

PROBLEM 3: MULTIPOLE EXPANSION FOR A CHARGED WIRE (20
points)

A short piece of wire is placed along the z-axis, centered at the origin. The wire
carries a total charge @), and the linear charge density A is an even function of z: A\(z) =
A(—z). The rms length of the charge distribution in the wire is ly; i.e.,

1
lg:@/' 22Az)dz .

(a) (10 points) Find the dipole and quadrupole moments for this charge distribution.
Note that the dipole and quadrupole moments are defined on the formula sheets as

pi — / Bz p(F) @i

Qij = /d?’xp(f’)(?)xzxj — (SZJ|’F|2) .

(b) (10 points) Give an expression for the potential V' (r, §) for large r, including all terms
through the quadrupole contribution.
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PROBLEM 3 SOLUTION:

(a) (10 points) The dipole moment is defined as

pi = /d?’xp(F) x; .

In this case the x and y components are zero, since x1 = x5 = 0 for the wire which
runs along z-axis. The z component of the dipole moment is p,, given by

D :/ Az) zdz

where d®z p(7) from the general formalism was replaced by A(z) dz. This integration
also yields zero since A(z) being an even function makes A(z)z an odd function.
Therefore the integral gives zero. The dipole moment is found to be

7=0.

The quadrupole moments are defined as,

Qij = /dgxp(F)(Sa:za:J — 5”’7?‘2> .

Since the wire runs along z-axis we again have 7y = 0 and x2 = 0, and we
also have || = |z| on the wire. Using the rms length of the charge distribution,
fwire 2’ \(2)dz = QI2, we find the quadrupole moment as

Que=Qu= [ deAG)(-) = Qi

Q.. = / dz)\(z)(322 —2%) = 2ng ,
Qxy:ny:sz:sz:Qyz:szZO.

(b) (10 points) We use the formula for the multipole expansion of the potential on
formula sheet,

1 gt 17T

V(f‘) — [Q + p_2 R

dmeg L r r 2 r3

Qi+,
where @), p; and @);; are given in part (a). The 7 direction is

7 = sin 0 cos ¢pé, + sin@sin ¢pé, + cos0é, = r,& +ryj+r,2
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Then performing the sum, we find the potential V' (r, ) as

1 1Q 1rgry Lry
47T€0[ + r3 @ + 2 73

1r,r, ]
r 2

—3sz~--

T
yny 2 r

V(r,0) =

Up to the quadrupole term,
1 [Q Ql3 Wig

41eg 23
1 [ Q | Qi

.2 2
= Ine +ﬁ(_ sin” 0 + 2 cos 9)]

V(r,0) = (—sin? @ cos® ¢ — sin? fsin? ¢ + 2 cos? 9)}

1 1Q QI3
47T€0[ +2—7§(300829—1)].

PROBLEM 4: A SPHERICAL SHELL OF CHARGE (30 points)

(a) (10 points) A spherical shell of radius R, with an unspecified surface charge density,
is centered at the origin of our coordinate system. The electric potential on the shell
is known to be

V(0,¢) = Vysinfcos ¢ ,

where Vj is a constant, and we use the usual polar coordinates, related to the Carte-
sian coordinates by
x =rsinfcos¢ ,

y =rsinfsin¢ ,
z=rcosf .

Find V(r,0,¢) everywhere, both inside and outside the sphere. Assume that the
zero of V is fixed by requiring V' to approach zero at spatial infinity. (Hint: this
problem can be solved using traceless symmetric tensors, or if you prefer you can
use standard spherical harmonics. A table of the low-¢ Legendre polynomials and
spherical harmonics is included with the formula sheets.)

(b) (10 points) Suppose instead that the potential on the shell is given by
V (6, $) = Vysin? fsin? ¢ .
Again, find V(r, 0, ¢) everywhere, both inside and outside the sphere.

(¢) (10 points) Suppose instead of specifying the potential, suppose the surface charge
density is known to be
o(6,¢) = ogsin? fsin® ¢ .

Once again, find V(r, 0, ¢) everywhere.
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PROBLEM 4 SOLUTION:

This problem can be solving using either traceless symmetric tensors or the more standard
spherical harmonics. I will show the solution both ways, starting with the simplier
derivation in terms of traceless symmetric tensors.

(a) (10 points) We exploit the fact that the most general solution to Laplace’s equation
can be written as a sum of terms of the form

1
(rz or m) O iy, (4.1)

where Cz(f) -

;, 1s a traceless symmetric tensor. In this case we only need an £ = 1
term, since

F.(0,¢) =sinfcos¢ = % = T;N; . (4.2)

For ¢ = 1 the radial function must be r or 1/r2. For r < R the 1/r? option is
excluded, since it is infinite at » = 0, so the solution is

V() = Vo Fa(6, 9)

A o,
Ty or Vo = sinf cos ¢ .

Note that the factor (1/R) was chosen to match the boundary condition at r = R.
For r > R the term proportional to r is excluded, because it does not approach zero
as 1 — 00, so only the 1/7? option remains, and the solution is

R

r

2 2
= W (5) Ty | or | Vo (?) sin 0 cos ¢ .

Vm:w( f&&@

(4.4)

(b) (10 points) This is in principle the same problem as in part (a), with a slightly more
complicated angular pattern. In this case

Fy(0,¢) =sin®0sin ¢ = = = (§-1)* = 9,9, 7 - (4.5)
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This is not quite the expansion in traceless symmetric tensors that we want, because
U:y; is not traceless, but instead has trace 4;;7;9; = -y = 1. However, we can easily
make it traceless by subtracting %(L-j, writing

. 1 o 1
Fy(6,¢) = lyiyj - 55@} Riftj + 3 - (4.6)
To simplify the notation of what follows, I define
1 1
Fy(0,¢) = [yyj — g%} fin; = sin® sin® ¢ — 3 (4.7)
and .
SO
Fb(97 §b) :F2(97 ¢)+F0(97 §b) ) (49)

where Fy and Fj refer to the / = 2 and ¢ = 0 parts. To construct the potential, the
¢ = 2 term can be multiplied by 72 or 1/r3, where the second is excluded for r < R
and the first is excluded for » > R. The ¢ = 0 term can be multiplied by 1 or 1/r,
where the second is excluded for » < R and the first is excluded for r > R. Thus,
for r < R we have

V() =V {(%)2 F(0, 6) + Fy (0, ¢)} (4.108)
= V {(%)2 (9:9; — 505) Rty + %] or (4.10Db)
Vo {(}%)2 (sin®Osin® ¢ — 1) + g] . (4.10¢)

For r > R we have

v =v| (2 meo+ (5) Fo<e,¢>] (4-112)
= V (?)3 (950 — 50i5) Mt + 3 (?) or (4.11Db)
Vo (—)3 (sin®fsin® ¢ — 1) + 3 (?) (4.11c)
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(c) In this case we are given o(f,¢) instead of the potential at r = R, so we need to
make use of the fact that the surface charge density is related to the discontinuity
in the radial component of the electric field. From Gauss’s law, we know that

E,(r=R+) — E.(r=R—) = Z . (4.12)

€0
From the previous part, we know that we can write the potential as

wv:{A(
A (

)? Fy(6,9) + BFy(6, ¢) for r < R
)’ Fa(6,0) + B (&) Fo(8,¢) forr>R,

=l

(4.13)

<5

where A, B, A’, and B’ are as yet unknown constants. For the potential to be
continuous at 7 = R (potentials are always continuous if the electric fields are finite),
we require A’ = A and B’ = B; the terms must match individually, since Fy and Fj
are orthogonal to each other.

The surface charge density can be written as

0(97 ¢) = JOFb(97 ¢> = 0o (F2(07 ¢) + F0(97 ¢>) ) (414)
so we can write the discontinuity equation (4.12) as

ov ov

=, (r=04) + 5 (r=R-) =
3A B 2A o (4.15)
— I2(0,0) + S Fo(0,0) + — F2(0,¢) = — (F2(0,0) + Fo(0,9)) .
R R R €0
Again, since Fjy and F5 are orthogonal, the coefficients must match for each of them,
leading to
RO’O RO’O
A= — B=——. 4.16
Sey o (4.16)
Inserting these coefficients into Eq. (4.13), we find
Vi - Boo (£)* (sin?Osin? ¢ — 1) 4 2 for r < R (417
€0 (%)3 (sin*fsin®¢p — 2) + 2 (&) forr>R.

>33k 3k ok ok sk koK >k ok ok sk koo sk skok sk ok sk sk kookoskoskokok sk sk sk skosk sk sk skoskoskoskok kR skoskoskoskoskokokosk
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For those who enjoy looking up functions in tables and manipulating complicated ex-
pressions involving factors or /4w, the method of spherical harmonics is the ideal choice.
Most students in the class chose this option.

(a) This part is pretty straightforward, whether one uses traceless symmetric tensors or
spherical harmonics. Using the table in the formula sheets, and the relation

Yo, -m(0,¢) = (=1)"Y, (6, 6) (4.18)
from the formula sheet, one can see immediately that
ip —ip 9
F,(0,¢) =sinfcos¢ = sinf (%) = — ;T Y11 —Y1,-4] . (4.19)

The logic is the same as above, and the answer can be written as Egs. (4.3) and

(4.4), or as
- r 27
V() =—Vo () /5 Ma(0,6) — Vi, 1(6,0)]  forr <R (4.20)
R 3
and
- R 27
V(F) = -V, 7 5 Yi1(0,¢) — Y1, _1(0,¢)] forr>R. (4.21)
(b) This time more work is required to express the angular function in terms of spherical
harmonics:
pi® _ o—it]?
Fy(, ¢) = sin® fsin® ¢ = sin* @ {T}
= 1 sin” [2 — 2 _ e—2i¢]
4
27 1.,
= \'1 (Yoo + Yo o] + 5 sin 0
(4.22)
_ 27T[Y Ly ]+1(1_ 29)
= 15 122 22|t 3 cos
27 1

1 1
= — Yoo 4 Yo o] — 20—~ ) + -
15[ 29 + Yo 2] 2 (COS 3)+3

2m 1 V4
= — Y- Y- \/ Y R .
15[ 20 + Yo o] — 3 5 20 + 3 Yoo
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As before one can separate the £ = 0 and ¢ = 2 components, writing Fy(0, ¢) =
F3(60,6) + Fol6, 6), where

2 1 /4r
Fr=—4/ —=1Y- Yo o] — =4/ =—Y- 4.23
2 15[ 92 + Yo o] 3\/ 5 120 ( )
and
V4
Fo = 37TY00 . (4.24)

The calculation is then the same as before, so Egs. (4.10a) and (4.11a) hold for these new
expressions for F, and Fy. We then conclude that

S 7\ 2 2T 1 /4rn Var
V(r) =V {— <}_{> 5 <Y22 + Y2,—2> + 3 €Y20 TYOO} (4.25)
for r < R, and
. R\’ | [ox 1 [ar Vir (R
V(T)ZVO{_<7) 5 (e vaca) gy ) + 57 () YOO}
(4.26)

for r > R. Of course the answers in Eqs. (4.10c) and (4.11c) are still correct, and can be
found by replacing the Yp,,’s by their explicit forms.

(c) The calculation is the same as above, except that this time we use Egs. (4.23) and
(4.24) for Fy and Fy. The result is

Rog r\ 2 2T 1 /4m
V*:——(—) T Yoo + Yo o] + =1/ 2,
(") = 3o R ( 15 Y2 T2l 5y 20)
(4.27)
5v4m
Yoo
3
for r < R, and
. Roy R\’ 2w 1 /4r
S Y 2T Yoo + Yoo] + =1 =Y
V(7) 5eo (r) ( 15[22+ 2, 2]+3 5 20)
(4.28)

5v4 R
+ 3 z (7) Yoo

for r > R. Eq. (4.17) is still a valid answer, and is what one would find by replacing
the Yy,,’s by their explicit values.
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