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PROBLEM 1: THE MAGNETIC FIELD OF A SPINNING, UNIFORMLY
CHARGED SPHERE (25 points)

This problem is based on Problem 1 of Problem Set 8.

A uniformly charged solid sphere of radius R carries a total charge @, and is set
spinning with angular velocity w about the z axis.

(a) (10 points) What is the magnetic dipole moment of the sphere?

(b) (5 points) Using the dipole approximation, what is the vector potential A(7) at large
distances? (Remember that A is a vector, so it is not enough to merely specify its
magnitude.)

(¢) (10 points) Find the exact vector potential INSIDFE the sphere. You may, if you wish,
make use of the result of Example 5.11 from Griffiths’ book. There he considered a
spherical shell, of radius R, carrying a uniform surface charge o, spinning at angular
velocity & directed along the z axis. He found the vector potential

poRwo

rsinf¢ , (ifr <R)

A(r,0,¢) = (1.1)

Riwo sing -
Ho®t wo 3“’"—81;12 6, (ifr>R) .

PROBLEM 2: SPHERE WITH VARIABLE DIELECTRIC CONSTANT (35
points)

A dielectric sphere of radius R has variable permittivity, so the permittivity throughout
space is described by
R/r)? ifr <R
e(r) = {60( /) nr (2.1)
€ , ifr>R.

There are no free charges anywhere in this problem. The sphere is embedded in a constant
external electric field £ = EyZ, which means that V() ~ —Eyr cos @ for r > R.

(a) (9 points) Show that V(7) obeys the differential equation

dlne 0V B

2
1% -
ViV + dr Or

for all 77, as a consequence of the laws of electrostatics.

(b) (4 points) Explain why the solution can be written as

V(r,0) =Y Vo(r){zi, .. 2, } i, .74, (2.3a)
{=0
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or equivalently (your choice)

V(r,0) =Y Vi(r)Py(cosb) , (2.3b)
=0
where { ...} denotes the traceless symmetric part of ... , and Py(cosf) is the Leg-

endre polynomial. (Your answer here should depend only on general mathematical
principles, and should not rely on the explicit solution that you will find in parts (c)
and (d).)

(¢) (9 points) Derive the ordinary differential equation obeyed by V;(r) (separately for
r < R and r > R) and give its two independent solutions in each region. Hint: they
are powers of . You may want to know that

d ( _dPy(cos )

T B ) = —4(L+1)sinOPy(cosh) . (2.4)

The relevant formulas for the traceless symmetric tensor formalism are in the formula
sheets.

(d) (9 points) Using appropriate boundary conditions on V(r,0) at r = 0, r = R, and
r — 00, determine V (r,0) for r < R and r > R.

(e) (4 points) What is the net dipole moment of the polarized sphere?

PROBLEM 3: PAIR OF MAGNETIC DIPOLES (20 points)

Suppose there are two magnetic dipoles. One has dipole moment m; = mgZ and
is located at 71 = —|—%a Z; the other has dipole moment ms = —mgZ, and is located at

7?2 = —%aé’.

(a) (10 points) For a point on the z axis at large z, find the leading (in powers of 1/z)
behavior for the vector potential A(0,0, z) and the magnetic field B(0,0, z).

(b) (3 points) In the language of monopole (¢ = 0), dipole (¢ = 1), quadrupole (¢ = 2),
octupole (¢ = 3), etc., what type of field is produced at large distances by this
current configuration? In future parts, the answer to this question will be called a
whatapole.

(¢) (8 points) We can construct an ideal whatapole — a whatapole of zero size — by
taking the limit as a — 0, keeping mga'™ fixed, for some power n. What is the correct
value of n?

(d) (4 points) Given the formula for the current density of a dipole,
Jaip (F) = =1 x Vpd®(F — 74) (3.1)

where 74 is the position of the dipole, find an expression for the current density
of the whatapole constructed in part (c¢). Like the above equation, it should be
expressed in terms of d-functions and/or derivatives of d-functions, and maybe even
higher derivatives of d-functions.
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PROBLEM 4: UNIFORMLY MAGNETIZED INFINITE CYLINDER (10
points)

Consider a uniformly magnetized infinite circular cylinder, of radius R, with its axis
coinciding with the z axis. The magnetization inside the cylinder is M = Myz.
(a) (5 points) Find H(F) everywhere in space.
(b) (5 points) Find B(F) everywhere in space.

PROBLEM 5: ELECTRIC AND MAGNETIC UNIFORMLY POLARIZED
SPHERES (10 points)

Compare the electric field of a uniformly polarized sphere with the magnetic field of
a uniformly magnetized sphere; in each case the dipole moment per unit volume points
along 2. Multiple choice: which of the following is true?

(a) The E and B field lines point in the same direction both inside and outside the
spheres.

(b) The E and B field lines point in the same direction inside the spheres but in opposite
directions outside.

(¢) The E and B field lines point in opposite directions inside the spheres but in the
same direction outside.

(d) The E and B field lines point in opposite directions both inside and outside the
spheres.

No justification needed. (But if you give a justification, there is a chance that you might
get partial credit for an incorrect answer.)
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Physics Department

Physics 8.07: Electromagnetism II November 13, 2012
Prof. Alan Guth

FORMULA SHEET FOR QUIZ 2, V. 2
Exam Date: November 15, 2012

*** Some sections below are marked with asterisks, as this section is. The asterisks
indicate that you won’t need this material for the quiz, and need not understand it. It is
included, however, for completeness, and because some people might want to make use
of it to solve problems by methods other than the intended ones.

Index Notation:

A-B=A;B;, AxDBj=¢juAjBr,  €ijkepqr = 0ip0jq — Oigljp
det A = €;,iyiy, A1y Agiy - A,
Rotation of a Vector:
A; = Ri;A;,  Orthogonality: Ri;jRix =d;  (RTT =1)

j=1  j=2  j=3

i=1 (cos¢p —sing O
Rotation about z-axis by ¢: R.(¢);; = i=2 | sin¢ cos¢ 0
i=3 0 0 1

Rotation about axis n by ¢:***
R(’ﬁ,, ¢)zy = 52’]’ COS¢ + ﬁzﬁj(l — COS ¢) — eijkﬁk sin¢ .
Vector Calculus:

- 0
Gradient: i = 0ip, 0; =
radien (le ® o2,
Divergence: V-A=09;A;
Curl: (ﬁ X 14))1 = éijkajAk
Laplacian: V2p=V- (V)= Oy

Fundamental Theorems of Vector Calculus:

b
Gradient: / Vg -dl = o(b) — (@)
Divergence: / V-AdPz = j{ A da
1% S
where S is the boundary of V
Curl: /(ﬁxﬁ)-dazj{/idz
S

P
where P is the boundary of S
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Delta Functions:

dz rx=x’
§(x — x;)
6(g(z)) = , g(zi) =0
Xi: |9/ (i)
ﬁ F—F/ . V2 1 _4 53(7—,*_7;»/)
7 — 3 P
P\ T 1 0;7 — 3147 41 3
o (3)=0() a0 (2) - 4525 S
- 3(d-P)p—d 8T, =
V- .3 = —E(d-V)é (7)
- 3(d-P)F—d  Am o =4,
VXT—3:—?dXV5 (7")
Electrostatics:

ﬁ:qE,where
Lo 1 (7 —7")q 1 (7 —7")
E(r) = Z - g p(7) '

fro S fF =P~ dmeo ) |77

€0 :permittiv1ty of free space = 8.854 x 10712 C2/(N-m?)

— 8.988 x 10° N-m?/C?

TEQ
E ) LAl = d3 !
vi(r) / 47eq / |7 — 7
V E=L  VYxE=0, E=-VV
€0
vy =L (Poisson’s Eq.), p=0 = V?V =0 (Laplace’s Eq.)
€0

Laplacian Mean Value Theorem (no generally accepted name): If V2V = 0, then
the average value of V on a spherical surface equals its value at the center.

Energy:

ol Ly L g g 00
2 4meg 7 Tij 2 4meg |T /‘

i#]

W= - /dep(F)V(F) = %eo/}E}Qde
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Conductors:

- 0
Just outside, £ = —n
€0

Pressure on surface: %a@\outside
Two-conductor system with charges Q and —Q: Q =CV, W = %C’V2

N isolated conductors:

V= Z Pi;Q;, P;; = elastance matrix, or reciprocal capacitance matrix
Q; = Z Ci;iVj, C;; = capacitance matrix
: . , a a?
Image charge in sphere of radius a: Image of Q) at R is ¢ = —EQ, r= 7

Separation of Variables for Laplace’s Equation in Cartesian Coordinates:
v = J cosazx cos By cosh vz where 72 = a2 + 2
~ | sinax sin By sinh vz v
Separation of Variables for Laplace’s Equation in Spherical Coordinates:

Traceless Symmetric Tensor expansion:

10 50
VZQO(’I“,¢97¢) = T’_2§ ( af) + VZ =0 )

where the angular part is given by

2
Vip= ! g(suﬁaw)—f— L Oy

sin 6 06 00 sin? 0 0¢?
¢ A . A .
01(122 ilnilnh Ny, = (6 + 1)01(122 iznilnh <M,
where C\Y) . isa symmetric traceless tensor and

2112 (7

n = sinfcos ¢ é; + sinfsin ¢ é; 4 cosb é3 .

General solution to Laplace’s equation:

00 Cl(f)
V(7)) = C(f) ) ivin..ie | A A . I L
(r) - ilig...igr + /r.e_;’_l r’LlTZQ . 'TZZ 9 wnere r =rr
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Azimuthal Symmetry:

V(F) :Z (A T +W) {2’21...,7:’7;[}722'1...72”

£=0

where { ...} denotes the traceless symmetric part of ... .

Special cases:
{1}=1
{Z2i}=4%
{22} = 2% — 3055

{222k } = 222, — 1 (zﬁjk + 250 + Zk5zg)

A A oa & _ aaaon 1/2 2 A A A A A A
{222k 2m } = 2i2212m — 5 (zizj(5km + 2i2k0m; + ZiZm0jk + 2 2k0im

+ 2i2m0ik + 2k2m0ij) + 35 (0i50km + 6ik0jm + Gimdjk)

Legendre Polynomial / Spherical Harmonic expansion:

General solution to Laplace’s equation:

0o l
H=>" (Aemr +%ﬁ) Yo (6, 0)

=0 m=—4¢

27 ™
Orthonormality: / de¢ / sinf0do Yy, (60,90) Yem(0,0) = 00 60mim
0 0

Azimuthal Symmetry:
- By
V(r) = Z <A rt + W) Py(cos )
(=0

Electric Multipole Expansion:

First several terms:

Vi) = 4meg

- 1 =(p-7 1 3(p-r)yr—p 1

Eg; v = — 5 pid
aip(7) 47eg ( 72 ) 4reg 73 360p

V X Egip(7) =0, V- Egp(F) = —paip(¥) = ——p- V&*(7)
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Traceless Symmetric Tensor version:

" 1 <~ 1 0 . .
V(T): Z Té-i-l 011 uml...ril,

4eg P
where
¢ (2¢ — 1! . o
C'Z(l) . 7 p(F){ iy ...z, } Az (7 =ri =x;6;)
[ee]
26— ! r't . . R
Z ! r“_l{?“zl- .m}r;l...r;e, for r' <r
£=0
(20)!

(20— =(20-1)(20—3)(20—5)...1= with (—1)l1=1.

20017

Reminder: {...} denotes the traceless symmetric part of ... .

Griffiths version:

1 < 1
dmeg rétl
=0
where " = angle between 7 and 7.

V() = / £o(#) Py(cos 0') dz

1 f
— —P cosf’ )\éP
7 — ] Z N ‘o ), /—1_2)\$+>\2 Z o(z

=0 ">

1 /dY
Py(x) = 571 (a) (2 - 1), (Rodrigues’ formula)

P1) =1  Pi—) = (—1)'Py() /deg/(m)Pg(x):%ilég/g

—1

Spherical Harmonic version:***

0o ¢
4 qﬁm
471'60 ; Z 2€~|— 1r sl em(0,9)

where qg, = | Y7 p(F") 32’

Z Z 2(_{_ 1T£+1 Em(gl ¢,)nm(9, d)) 5 for T’/ <r

=0 m=—/
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Electric Fields in Matter:

Electric Dipoles:
S 3 RN
p= / d’z p(7) T
paip(7) = —p- Vi 63(F — 74) , where 7y = position of dipole

F=@-V)E=V(5 E) (force on a dipole)
E

(torque on a dipole)

Electrically Polarizable Materials:

ﬁ(F ) = polarization = electric dipole moment per unit volume
Pbound = -V.P ) Obound — P-n

—

Dzeoﬁ—f—ﬁ, §~D:pfree, ﬁxﬁzo(for statics)

Boundary conditions:

L +r _9 i L
Eabove - Ebelow - % Dabove - Dbelow = Ofree
ol 7l _ M Ml _ pl Sl
Eabove o Ebelow =0 Dabove - Dbelow - Pabove - Pbelow

Linear Dielectrics:

P =¢€yx.FE, Xe = electric susceptibility
€ = eo(1 4 xe) = permittivity, D = ¢E

€
€, = — = 1 + x. = relative permittivity, or dielectric constant

€0
. ) . Na/ey .
Clausius-Mossotti equation: y. = ~No » Where N = number density of atoms
— o

or (nonpolar) molecules, v = atomic/molecular polarizability (P = oF)
1 5 o
Energy: W = 3 / D.-Ed3x (linear materials only)

Force on a dielectric: F = —VW (Even if one or more potential differences are
held fixed, the force can be found by computing the gradient with the total
charge on each conductor fixed.)

Magnetostatics:

Magnetic Force:
. . L dy
F:q(E—f—ﬁxB):d—i), where p'= ymov , v =
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ﬁ:/Ideﬁz/fx§d3x

Current Density:

Current through a surface S: Ig = / J-da
s

Charge conservation: 9 _ . T

ot
Moving density of charge: J = pU

Biot-Savart Law:

E(F):@I/d?’ (F—F’):@/}?(F’)X(F—F’)da,

47 |7 — 7|3 47

oo [ I x (F =)

4 |7 — 7|3

A3z

where 119 = permeability of free space = 47 x 1077 N/A?

Examples:

. I -
Infinitely long straight wire: B = ’;LL 10)
r

Infintely long tightly wound solenoid: B = ponly zZ , where n = turns per
unit length

- IR?

Loop of current on axis: B(0,0,z) = m Z

—

oK x n, n = unit normal toward 7

N =

Infinite current sheet: B (7) =

Vector Potential:

—

7:)coul gzﬁXA, ﬁ-ffcoul:()

=

V-B=0 (Subject to modification if magnetic monopoles are discovered)

Gauge Transformations: A'(7) = A(F) + VA(F) for any A(7). B =V x A is
unchanged.

Ampere’s Law:

VxB= /Loj, or equivalently / B - dl = polene
P
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Magnetic Multipole Expansion:

Traceless Symmetric Tensor version:

Ay =25 ) {77 )
0

A = Jit1t2...i¢ rk—i—l

20 — 1!
where M‘gezm iy = %/d?’x{]j(f'){xil...xie}

Current conservation restriction: / d3x Sym (z, . . i, Ji,) =0
i1

where Sym means to symmetrize — i.e. average over all
i1
orderings — in the indices 1 ... 1%y

Special cases:

(0 =1: /dngi:O

{=2: /dg.ilf (Jl.ilfj + JJCE,) =0

Leading term (dipole): A(F) = Z_;mrj ! ,
where .
1
m; = —§€i]k./\/l§~;]z
m=—-1 [ rxdl== | d’z7 xJ=1a,
2 Jp 2
where @ / da for any surface S spanning P
s
fog M X P po3(m-F)P —m 2p0 | g
Bg; — = — )
aip(7) 7Tv x r2 47 r3 + 3 ()
V- Bap(F) =0, VX Baip(F) = poJaip(F) = —pom x V6 (7)

QGriffiths version:
~ ) I
(7) Mo Z r”l% ‘Py(cos b’ dﬁ’

Magnetic Fields in Matter:

Magnetic Dipoles:

1 o1
m:-z/deez—/d%FxJ:m
2" Jp 2

.12
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jdip(F) —m X 6;53(17’ — 74), where 74 = position of dipole
F=vV(m-B) (force on a dipole)
7=mx B (torque on a dipole)

Magnetically Polarizable Materials:
M () = magnetization = magnetic dipole moment per unit volume
Jbound =V xM ) Kbound =M xn

— -

=_B-M, VxH=Jw, V-B=0

Ho
Boundary conditions:
1 1 1 1 1
Babove Bbelow =0 Habove - Hbelow (Mabove Mbelow)
B!bove o Bl|)|elow = IUO(K X ﬁ) H(!bove o Hk|)|elow Kfree X7
Linear Magnetic Materials:
M = me[ , Xm = magnetic susceptlblhty
= po(l 4 xm) = permeability, B =pH
Magnetic Monopoles:
E(F) ZO qu : Force on a static monopole: F = g,, B
s
Hoqedm

Angular momentum of monopole/charge system: L= 7 , where 7 points

4
from ¢, to ¢,

1
HobeGm _ 2, integer

Dirac quantization condition:
41 2

Connection Between Traceless Symmetric Tensors and Legendre Polynomials
or Spherical Harmonics:

(20)!

Pg(COSH) QZ(K')2{ 11"'2i5}ﬁi1"'ﬁig
For m > 0,
Yim(0,0) = CL™) gy iy,
where C{™ = dyn {0F . 0 2oy B )
. (—1)™(20)! om (20 + 1)
th Cl m — ’
Wik e 240! 47 (0 4+ m)! (¢ — m)!
1
and it = — (&, +ié,)

V2
Form m < 0, Yy _n(0,¢) = (—=1)"Y,: (6, 0)
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More Information about Spherical Harmonics:***

20 +1 (£ —m)! .
Yemw,@:\/ R P eost)e ™

where P;"(cos ) is the associated Legendre function, which can be defined by

d£+m

Pgm(:w — (_1)m (1 o x2)m/2

201 (2* = 1)f

drl+m

Legendre Polynomials:

Py(x) =1

Pi(x) = x

Py(x) = 3(3x* = 1)

Pix) = 5x* — 3%)

Py(x) = §(35x* — 30x* + 3)

SPHERICAL HARMONICS Y6, ¢)
| =0 Yoo = —
I
Yy =- gﬂ sin Bei®
=1 3
Yig = ym cos 6
Vo= 5 1; sin2 g2
=2 Yoy = - 18?1 sin 6 cosBei®
Yy = 45171 (2 cos26-1)
Y33 = -% 25 sin3 Qe3¢
Y3, = % 135 sin2 6 cos Be2i®
=3 < "
Y31 = -% f i: sind (5cos26 -1)el®
Yan = 7 5 39_3 0
30 . (3 cos?8- 2 cos 6)

Image by MIT OpenCourseWare.
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