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THE FORMULA SHEETS ARE AT THE END OF THE EXAM.

Problem || Maximum Score
1 30
2 20
Your Name 3 20
4 30
TOTAL 100

* The errors that were corrected on the blackboard during the quiz are incorporated
here into the text.



8.07 QUIZ 1, FALL 2012 p. 2

PROBLEM 1: SOME SHORT EXERCISES (30 points)

(a) (10 points) Use index notation to derive a formula for V x (sA), where s is a scalar
field s(7) and A is a vector field A(7).

(b) (10 points) Which of the following vector fields could describe an electric field in
electrostatics? Say yes or no for each, and give a very brief reason.

(i) E(F) =xé, —yé, .
(i) E(F) =yé. +xé, .
(ili) E(F) =yé, —zé, .
(c) (10 points ) Suppose that the entire z-z and y-z planes are conducting. Calculate the
force F' on a particle of charge q located at x = xq, y = yo, 2 = 0.

PROBLEM 2: ELECTRIC FIELDS IN A CYLINDRICAL GEOMETRY (20
points)

A very long cylindrical object consists of a solid inner cylinder of radius a, which has
a uniform charge density p, and a concentric thin cylinder, of radius b > a, which has an
equal but opposite total charge, uniformly distributed on the surface.

(a) (7 points) Calculate the electric field everywhere.

(b) (6 points) Calculate the electric potential everywhere, taking V' = 0 on the outer
cylinder.

(¢) (7 points) Calculate the electrostatic energy per unit length of the object.

PROBLEM 3: MULTIPOLE EXPANSION FOR A CHARGED WIRE (20
points)

A short piece of wire is placed along the z-axis, centered at the origin. The wire
carries a total charge @, and the linear charge density A is an even function of z: A(z) =
A(—z). The rms length of the charge distribution in the wire is lg; i.e.,

_ 1
Q wire

12 22 XN2)dz .

(a) (10 points) Find the dipole and quadrupole moments for this charge distribution.
Note that the dipole and quadrupole moments are defined on the formula sheets as

Di = /d?’xp(F) T,
Qij = /dgl'p(?T)(:gl'zQ?] — 52)‘F‘2> .

(b) (10 points) Give an expression for the potential V (r, @) for large r, including all terms
through the quadrupole contribution.



8.07 QUIZ 1, FALL 2012 p. 3

PROBLEM 4: A SPHERICAL SHELL OF CHARGE (50 points)

(a) (10 points) A spherical shell of radius R, with an unspecified surface charge density,
is centered at the origin of our coordinate system. The electric potential on the shell

is known to be
V(0,¢) = Vysinfcos ¢ ,

where Vj is a constant, and we use the usual polar coordinates, related to the Carte-
sian coordinates by
x =rsinfcos¢ ,

y =rsinfsin¢ ,
z=rcosf .

Find V(r,0,¢) everywhere, both inside and outside the sphere. Assume that the
zero of V is fixed by requiring V' to approach zero at spatial infinity. (Hint: this
problem can be solved using traceless symmetric tensors, or if you prefer you can
use standard spherical harmonics. A table of the low-/ Legendre polynomials and
spherical harmonics is included with the formula sheets.)

(b) (10 points) Suppose instead that the potential on the shell is given by
V (6, $) = Vysin? fsin? ¢ .

Again, find V(r, 0, ¢) everywhere, both inside and outside the sphere.

(¢) (10 points) Suppose instead of specifying the potential, suppose the surface charge

density is known to be
o (0, ) = ogsin® fsin? ¢ .

Once again, find V(r, 0, ¢) everywhere.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Physics Department

Physics 8.07: Electromagnetism II October 18, 2012
Prof. Alan Guth

FORMULA SHEET FOR QUIZ 1
Exam Date: October 18, 2012

*** Some sections below are marked with asterisks, as this section is. The asterisks
indicate that you won’t need this material for the quiz, and need not understand it. It is
included, however, for completeness, and because some people might want to make use
of it to solve problems by methods other than the intended ones.

Index Notation:
A-B= AzBZ y A x Bi = eijkAjBk y eijkequ = 5ip6jq — 5iq5j
det A= 61;17;2...2'”14171'1142’1'2 s An,in
Rotation of a Vector:

Al» = RijAj s Orthogonality: RURZ;@ = 5jk (RTT = I)

(2

j=1 j=2  j=3
i=1 (cos¢p —sing 0

Rotation about z-axis by ¢: R,(¢);; = i=2 | sin¢g cos¢ 0
i=3 0 0 1

Rotation about axis n by ¢:***
R(’fb, gb)w = 6ij COS(ZS + ﬁzﬁj(l — COS (;5) — ez‘jkﬁk sin<;5 .

Vector Calculus:

- 0
dient: s — 0;, —
Gradien (Ygol Oip 0 oz,

Divergence: V-A=09;A;
Curl: (6 X ff)z = einGjAk

. 2 = = 82()0
Laplacian: Véip =V - (Vp) =
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Fundamental Theorems of Vector Calculus:

Gradient: / Vgo dﬁ— E) p(a)

Divergence: / V- -AdPz = ]{ A da
1% S

where S is the boundary of V

Curl: /(ﬁxj)-da:]{fi’-di
s P
where P is the boundary of S

Delta Functions:

/ o(@)d(z — ') dz = (o), / P(F)(F — ) 43 = ()

2 _ 3 =
\Y T —4An§? (F — 7"
Electrostatics
- 1 (=7 q 1 (7 —7") 3
E(r) = = d°z
(T) 47T€0 ; ‘77\— 77\/‘3 47T€0 / ’T ‘3 p( )
V(F) =V (Fo) — LAl = d3 /
(7) (7o) /F ( 47eq / |7 — 7
V.E=F, VxE=0, E=-VV
€0
vy = -2 (Poisson’s Eq.), p=0 = V?V =0 (Laplace’s Eq.)

€o
Laplacian Mean Value Theorem (no generally accepted name): If V2V = 0, then
the average value of V' on a spherical surface equals its value at the center.

Energy:

ZQng . /d3 d3z , p(7)p(7")
) 47T60 2 47reo |7 — 7|

)= geo [ 1B %

S
—
o
w
8
=
‘i
=
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Conductors:

- O
Just outside, £ = —n
€0

Pressure on surface: %a!ﬁ loutside
Two-conductor system with charges Q and —Q: Q =CV, W = %CV2

N isolated conductors:

Vi, = E P;;Q;, P;; = elastance matrix, or reciprocal capacitance matrix
Q; = E Ci;Vj, C;; = capacitance matrix

CL2

Image charge in sphere of radius a: Image of Q) at R is ¢ = —}%Q, r= ¥l

Separation of Variables for Laplace’s Equation in Cartesian Coordinates:
v = J cosax cos By cosh vz where 72 = a2 + 32
~ | sinax sin By sinh vz 7=
Separation of Variables for Laplace’s Equation in Spherical Coordinates:

Traceless Symmetric Tensor expansion:

1 0 [ 5,09
VQQO(T,07¢> = 7“_25 ( 37") + VQ =0 ’

where the angular part is given by

1 0 dp 1 9%
2 = g 0
Vor= 000 (Sm ae)  SinZg 992

v@ C( ) gﬁilﬁiz . 'ﬁie - —E(f + )C( ) éﬁhﬁiz .. -ﬁig ,

11%2. 11%2.

¢ . .
where Ci(1 32““ is a symmetric traceless tensor and

n =sinfcos ¢ é; +sinfsin ¢ éy + cosb es .
General solution to Laplace’s equation:

oo

" B A . L

V(r) = E (A rf + Zfl) Cff; iy Wiy iy - - . N, ,  wWhere 7" =717
=0
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Azimuthal Symmetry:

oo
B
R Y ¢ N N N N
V(’I“) = ;_O (Ag?" + m) Cg{ Ziq - Ziy }ni1 NN
where { ...} denotes the traceless symmetric part of ... .

Special cases:

A A A A A A 174 ~ ~
{ZiZjZk } = ZiZjZk — & (Zz(sjk + zjéik + zkém)

55 5 5 55 5 2 1
{2:22k2m } = 2i2;212m — 5 (zzzjékm + 2i2k0m; + Z2iZm0jk + 2 2k0im

+ éjém(szk + 2k2m51j) + (5Zj 6km + 6zk5jm + 6zm63k>
Legendre Polynomial / Spherical Harmonic expansion:

General solution to Laplace’s equation:

3 :i i (Amr +%> Yom (0, ¢)

=0 m=—/¢

27 ™
Orthonormality: / d¢ / sin0do Yy, (0,0) Y (0, 0) = dp00mm
0 0

Azimuthal Symmetry:

V(F) = g (Agr + il) Py(cos0)

Multipole Expansion:

First several terms:

1 [Q FF 1y
V) = e T e T e Qut ] where
Q= [@apr). pi= [@rpya Q= [ Eape)ri—b,lP).
- 1 1 1
Ez —a F—p| — — 153 o
aip = =3 [3(0" F)F — 7] 5e P (7)
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Traceless Symmetric Tensor version:

1 < 1
— l ~ ~
V(T) = Z Té‘f'l Ci(l.)..ignil <Ny

4re
0 v=o

where
(0) o (2£ - 1)” —f — —/ 3
Cil...ig =T a p(7") {7“1‘1 - Ty, }d°z
Griffiths version:

L, 1 1 .
- 47eg Z NS /7’/ p(7) Py(cos0') d*x
=0

where 0 = angle between 7 and 7.

cosQ )\eP
Z r ) 1—2)\x—|—)\2 Z la

=0 ">

1 /dY
Py(z) = — (—) (2 — 1), (Rodrigues’ formula)

Pg(l) =1 Pg(—x) = (—1)£Pg(:1:) /1 dx Pg/(l’)Pg(aj) = 251 1(5@/5

Spherical Harmonic version:***

4dm QKm
47reo Z Z 20+1r ”1 em(0,9)

=0 m=—4¢

where qg, = /Yé’%r'ép(F') d3a’

Connection Between Traceless Symmetric Tensors and Legendre Polynomials
or Spherical Harmonics:

Py(cosf) = 2g(€|)) { %, Zi, Yy o1y

For m > 0,

Yo (8, 0) = O™ g, iy,

£

(€,m) -t At s 5
where C; 7 = dem {0, ... 0] 2. 2, ),

(—1)™(2¢)! 2m (204 1)
240! A (0 +m)! (0 —m)!’

with dy,, =
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X ..
and ot = ﬁ(ex +iéy)

Form m <0, Yy _n(0,¢) = (—1)"Y,: (6, 9)

More Information about Spherical Harmonics:***

20+1 (£ —m)! ’
Yom (0, ¢) = \/ 447; EK n :Z;, P} (cos f)e™?

where P;"(cosf) is the associated Legendre function, which can be defined by

—1)ym l+m
(242; (1 —a?)m/? .

P (x) = (2® = 1)f

dx£+m

Legendre Polynomials:

Py(x) =1

Pi(x) = x

Py(x) = 3(3x* = 1)

Py(x) = 3(5x° — 3x)

Py(x) = §(35x* — 30x* + 3)
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SPHERICAL HARMONICS Y| (6, )
I = O YOO = 1—
o
( 3
Y, = - sin Bel¢
1 o
=1 3
Yig = cos 6
10 4n
( 1 [15 . 5ao
= = sin2 Be2i¢
Y22 7 [, e
| =2 < Yy = - 15 sin @ cosBei®
8n
_ |5 (3 20 1
Y20 = (5 cos20-3
4n
( Y33 = - L 35 Sln3 9e3iq’
4 4n
Y3, = 1 105 Gin2 6 cos Be2ie
4 2n
=3
1 21 . ;
Yy =-— sin@ (5cos28 -1)el®
s =- 3 [lsine ( )
Y3q = 7 (2 cos30- 2 cos )
\ 30 . > -5
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