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Physics Department

Physics 8.07: Electromagnetism II December 18, 2012
Prof. Alan Guth

FORMULA SHEET FOR FINAL EXAM
Exam Date: December 19, 2012

*** Some sections below are marked with asterisks, as this section is. The asterisks
indicate that you won’t need this material for the quiz, and need not understand it. It is
included, however, for completeness, and because some people might want to make use
of it to solve problems by methods other than the intended ones.

Index Notation:

A-B=A;B;, AxBi=e;zAjBr,  €ijxepgk = Oipdjq — 0igl;
det A = €4y, A1, Agiy - A,
Rotation of a Vector:
Al = R;;A;,  Orthogonality: RijRy, =d;,  (RTT =1)

j=1 j=2  j=3
i=1 (cos¢p —sing 0
Rotation about z-axis by ¢: R,(¢);; = i=2 | sing cos¢ 0
i=3 0 0 1

Rotation about axis n by ¢:***
R(ﬁ, (b)lj = 52’3’ COS(b + ﬁzﬁj(l — COS (b) — eijkﬁk sin¢ .

Vector Calculus:

=~ 0
G d. t: i = 61 , 82 =
radien (le ® o2,
Divergence: V-A=0A;
Curl: (6 X ff)z = eijkﬁjAk
Laplacian: 20 =V - (V) = =2
aplacian Vip=V-(Vy) 92,07

Fundamental Theorems of Vector Calculus:

b
Gradient: / Vo dl = gp(l;) — (@)
Divergence: / V- -AdPz = 7{ A da
1% S
where S' is the boundary of V

Curl: /(%uf)-da’:]{/f-di
s P
where P is the boundary of S
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Delta Functions:

. _ D
\ r3 - —?(d-V)(S (7’)
- d-#)f—d 41— =
V x % = —?ﬂd x V&3 (7)
Electrostatics:

ﬁzqﬁ,where
= 1 ’F—’Fl q; 1 ’F—?" 5
E(?") Z( ) _ / ( lp( /)d3 /

fmeo S =P~ dmeo ) |77

€0 :permittiwty of free space = 8.854 x 10712 C2/(N-m?)

— 8.988 x 10° N-m?/C?

TEQ
_, _ E —»/ dg/ _ dS /
V(r) / 47eg / |7 — 7"
V.-E=L, VxE=0, E=-VV
€0
V3V = _r (Poisson’s Eq.), p=0 = V?V =0 (Laplace’s Eq.)
€0

Laplacian Mean Value Theorem (no generally accepted name): If V2V = 0, then
the average value of V' on a spherical surface equals its value at the center.

Energy:

ZQng . /d3 d3z , p(7)p(7")
247reo 247T€0 |7 — 7|

)= geo [ 1B %

S
—
(oW
w
&
=
;
=



8.07 FORMULA SHEET FOR FINAL EXAM, FALL 2012 p-3

Conductors:

- O
Just outside, £ = —n
€o

Pressure on surface: %J|E\Outside

Two-conductor system with charges Q and —Q: Q =CV, W = %C’V2

N isolated conductors:

V.= Z Pi;Q;, P;; = elastance matrix, or reciprocal capacitance matrix
J
Q; = Z CiiVj, C;; = capacitance matrix
J
: . _ a a?
Image charge in sphere of radius a: Image of Q) at R is ¢ = _}_%Q’ r= il

Separation of Variables for Laplace’s Equation in Cartesian Coordinates:

V:{cosax}{cosﬁy}{cosh'yz} where 72:042+ﬁ2

sin ax sin Jy sinh vz

Separation of Variables for Laplace’s Equation in Spherical Coordinates:

Traceless Symmetric Tensor expansion:

10 Op 1
2 _ - 2¥Yr SN2 ., —
VSO(T797¢)—T2(% (T‘ 67‘)+r2v9¢ 07

where the angular part is given by

o L 0 (. ,0p L 9%
Vo p = sin 6 00 sm989 + sin? 0 0¢?

V2OY) iy i, = L DOY) Ry .,

11i2...’L 117:2...7,[

where C' ©)

i i, 1s a symmetric traceless tensor and
122...7¢

n = sin @ cos ¢ €1 + sinfsin ¢ é5 + cosf é3 .
General solution to Laplace’s equation:

00 C,/(Z)

V(7)) = C(f) ) Qi | A A . I L

(r) - i1i2...ig/r. + /r_é+1 r’Ll/r.Zg . -7/.7,[ 9 wnere r =rr
£=0
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Azimuthal Symmetry:

V(F) :Z <A T —f—w) {zzl'”éig}?gil'-'?ﬁig

(=0
where { ...} denotes the traceless symmetric part of ... .

Special cases:

{1}=1

{zi} =4

{22} = 22 — 304

{222k } = 222, — 1 (zzéjk + 20 + zkéw)

{2i2212m } = 222K 2m — %(zzzjékm + 2i2k0m; + ZiZm0jk + 2 2k0im

+ 2iZm0ik + 212m0ij) + 3= (0i50km + 6ikGjm + Sim0ijk)

Legendre Polynomial / Spherical Harmonic expansion:

General solution to Laplace’s equation:

9] 0
r :Z Z (AEmr +%) Yv@m(qus)

=0 m=—4¢

27 ™
Orthonormality: / do / sinf0do Yy, (60,0) Yem(0,0) = 00 60mim
0 0

Azimuthal Symmetry:

V(7) = i (A rt o+ %) Py(cos )

£=0

Electric Multipole Expansion:

First several terms:

V(i) =

4meq

1 p-r 1
[ Q + M TZTJ Qij + } , where

/d?’xp(F), pi = /dga:p( DET Qij:/d x p(7) (3w — 0 |7°)

B 1 = (F-7 1 3(F-A)F -5 1 B
o) = -9 (2] = MO L)

47eq r3 3eo

S N 1
Edip(’l“) =0 s V- Edip(r) Opdlp(’r) =——7p- V(;B(’r‘)
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Traceless Symmetric Tensor version:

" 1 — 1 0 . N
V(T> = 47r€0 g S} Cilmieril < Ty

e 0
1 (20— )
|77 — 7| - Z /) S {#iy o i, Y7 7“24 ; for v’ < r
£=0
20)!
(20— 1) = (20— 1)(20—3)(24 —5)...1 = % Cwith (_Dl =1,

Reminder: {...} denotes the traceless symmetric part of ... .

Griffiths version:

o

1 1

dmeg rétl
/=0

V(r) = / p( "VPy(cosd) d*x

where " = angle between 7 and 7.

0089 )\eP
Z r ) 1—2)\x+)\2 Z la

=0 ">

1 /dY
Py(x) = == (a) (% - 1), (Rodrigues’ formula)

Pg(l) =1 Pg(—x) = (—1)£Pg(l‘) /1 dz Pgl(l‘)Pg(l‘) = 251 15@/@

Spherical Harmonic version:***

(9] 0
w2 3 gy (0.9

OZ 0m=—4¢

47re

where qgmz/Yemr p(7) d3z’

Z Z 2€_|_ 17464_1 @m(el ¢/)Y£m(9, ¢) y for <r

=0 m=—/
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Electric Fields in Matter:

Electric Dipoles:
p= /d3x p(7) T

pdip(F) = _ﬁ'

T
U=—-p-
Electrically Polarizable Materials:

ﬁ(F ) = polarization = electric dipole moment per unit volume

—
~

Pbound = -V-P ) Obound = P-n

Dzeoﬁ—f—ﬁ, §~D:pfree, ﬁxE’zo(for statics)

Boundary conditions:

L +r _ 9 1 1 _
Eabove - Ebelow - g Dabove - Dbelow = Ofree
ol ll _ M Al _ pl Sl
Eabove o Ebelow =0 Dabove - Dbelow - Pabove o Pbelow

Linear Dielectrics:

P =e¢egx.F, Xe = electric susceptibility
€ = eo(1 + xe) = permittivity, D =¢€E

€
€, = — = 1 4 x = relative permittivity, or dielectric constant

€0
. . . Na / €0 .
Clausius-Mossotti equation: y,. = ~No » Where NV = number density of atoms
— N

or (nonpolar) molecules, v = atomic/molecular polarizability (P = oE)
]_ — —
Energy: W = 3 / D.-Ed3x (linear materials only)

Force on a dielectric: F = —VW (Even if one or more potential differences are
held fixed, the force can be found by computing the gradient with the total
charge on each conductor fixed.)

Magnetostatics:

Magnetic Force:
F:q(E—f—va):E, where p'= ymov , N= —
'U2
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ﬁz/]dfxf?:/fxﬁd?’x
Current Density:

Current through a surface S: Ig = / J-da
S

— -

Charge conservation: 9P _ -V

ot
Moving density of charge: J = pu
Biot-Savart Law:

éwy_@j/dﬁxw—fq_M{/ﬁwqxw—qu,

T Ar 7 =73 4w

o [T x (F— )
 Ar |7 — 7|3

A3z

where po = permeability of free space = 4w x 10~7 N/A?

Examples:

- I -
Infinitely long straight wire: B = 'gi [0
wr

Infinitely long tightly wound solenoid: B = ponly zZ , where n = turns per
unit length
pol R? .

Loop of current on axis: E(O, 0,2) = m Z
z

Infinite current sheet: B(7) = —poK X 7, A = unit normal toward 7

Vector Potential:

— —

. J(7! Lo
A(F)coul:@/ _.(r_), d3x/’ BZVXA, V‘Acoulzo
dw ) |7 — 77|

V-B=0 (Subject to modification if magnetic monopoles are discovered)

Gauge Transformations: A'(7) = A(F) + VA(F) for any A(7). B =V x A is
unchanged.

Ampere’s Law:

VxB= /L()j, or equivalently / B-dl = olenc
P
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Magnetic Multipole Expansion:

Traceless Symmetric Tensor version:

oo

L _ Mo ©) {Piy Py }
A](T) - E ZMJ,’UZQ 1) 1T,£+]_ -
£=0
¢ (2¢— 1) .
where Mg 2112 e Bad; (M) { @i, .20, }

Current conservation restriction: / d*z Sym (g, ... xi,_,Ji,) =0
11 Zg

where ZSYIE means to symmetrize — i.e. average over all
1.--

orderings — in the indices 77 ...1%p
Special cases:

(=1 /deJi:O

0= 2: /dgac (Jﬂ?] + ijz) =0

- T X
Leading term (dipole): A(r) = Z—Om 5 L ,
T
where .
1
m; = _§€ijkM§';]z

where @ = / da for any surface S spanning P
S

+

— . Mo = m X 7 MoB(mf)f—T?L 2/1,()_, R
Bdip(r):EVx Rl 3 3 m 63 (F)

V- Baip(F) =0, VX Baip(F) = poJaip(F) = —pom x V6 (7)
Griffiths version:

I
) MO Z éHf ‘Py(cos b’ dé’
r

Magnetic Fields in Matter:

—»

Magnetic Dipoles:

1 g 1 -
mz—J/FXCw:—/d%ijzm
2" /b 2
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jdip(F) = —m X 6;63(77’ — 74), where 74 = position of dipole
F=vV(m-B) (force on a dipole)

Z=mxB (torque on a dipole)

U=-m-B

Magnetically Polarizable Materials:
M (") = magnetization = magnetic dipole moment per unit volume
Joound =V X M ) Kypouna = M X n

—

1 - - L. L.
=—B-M, VxH=Jw, V-B=0

Ho
Boundary conditions:
1L 1 1L 1 1L 1
Babove - Bbelow =0 Habove - Hbelow = _(Mabove - Mbelow)
Sl Sl _ PR ol 7l _ B -
Babove - Bbelow - IUO(K X n) Habove - Hbelow - Kfree X n
Linear Magnetic Materials:
M = Xmﬁ , Xm = magnetic susceptibility
p = po(1 + xm) = permeability, B=uH
Magnetic Monopoles:
S/ = /’I’O Qm A . — =
B(7) = 12 Force on a static monopole: F = q,, B
T

Hodeldm 7 , where 7 points
41

Angular momentum of monopole/charge system: L=
from g, to gm

Hodedm
47

1
Dirac quantization condition: = §h X integer

Connection Between Traceless Symmetric Tensors and Legendre Polynomials
or Spherical Harmonics:

20! . oy .
Pg(COSQ) = 2£(€|)2 { Ziq -+ Riy }’I’Li1 <Ny,
For m > 0,
where O™ = dy {0F . 0 Ziy -2 ) s
. (=1)™(20)! 2m (204 1)
th d m — ’
Wik e 240! 4 (0 4+ m)! (¢ — m)!
1
and 47 = —(é, + iey)

V2
Form m < 0, Yy _n(0,¢) = (—1)"Y,: (6, 9)
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More Information about Spherical Harmonics:***

m)

dr ( +

nmww):\/Q 10 -

| .
m)' P} (cos §)e™™?

where P;"(cos ) is the associated Legendre function, which can be defined by

Pém(:w — (ggl)'m

Legendre Polynomials:

df—i—m

(1 _ x2>m/2 ppocawm (1'2 o 1)£
Py(x) =1
Pi(x) = x

Py(x) = 3(3x* = 1)
Py(x) = 3(5x — 3x)
Py(x) = §(35x* — 30x* + 3)

SPHERICAL HARMONICS Y6, ¢)

-

Yoo =
I
Yy =- gﬂ sin Bei®
Yi0 = jﬂ cos O
Vo= 5 1; sin2 ge2i¢
Yy = - 15 5in 6 costei?
8n
= |2 (2 cos20-1)
Y20 = a2 -7
Y = -% 25 sin3 Ge3io
1
Y35 = % 135 sin2 @ cos Be2i®
n
Y31 = -% f i: sind (5cos26 -1)el®
7 (5 coe3p_3
Y30 = ) (3 cos?6-2 cos 0)
it

Image by MIT OpenCourseWare.
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Maxwell’s Equations:

(i) ﬁ-ﬁ:%p (iii)ﬁxﬁ:—%—f,
. .o . 10E

i) V-B=0 i)V X B = poJ + = —

(i) V)V x B =pod + 5 -

where pgeg = —
c
Lorentz force law: F = q(E + @ x B)

9 Lo
Charge conservation: 9 _ -V-J

ot

Maxwell’s Equations in Matter:
Polarization P and magnetization M:
pp=-V-P, Jy=V x M, p=pf+po, f:jJ‘+fb
Auxiliary Fields:

. B - 4 L
=—-M, D=¢FE+P
Ho

Maxwell’s Equations:

N Y 0B
- o . - - 9D
(ii)V'BZO (iV)VXHZ]f—FE
For linear media:
D=¢E, H='5
I
where € = dielectric constant, ; = relative permeability
- 9D
Jg = o displacement current

Maxwell’s Equations with Magnetic Charge:
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Current, Resistance, and Ohm’s Law:
J=0(E + ¥ x B) , where o = conductivity. p = 1/0 = resistivity
Resistors: V=1IR, P=IV=I’R=V?*/R

l
Resistance in a wire: R = 1P where ¢ = length, A = cross-sectional area, and p =

resistivity

Charging an RC circuit: I = ‘g —t/RC , Q=CV, [1 _ e—t/RC}

EMF (Electromotive force): £ = ]{ (E+7x B)- dl , where 7 is either the velocity

of the wire or the velocity of the charge carriers (the difference points along the
wire, and gives no contribution)

Inductance:

Universal flux rule: Whenever the flux through a loop changes, whether due to a
d®p

TRl where @5 is the magnetic flux

changing B or motion of the loop, € = —
through the loop

Mutual inductance: &9 = Ms11; , M>; = mutual inductance

dé; - de-
(Franz) Neumann’s formula: Moy = My = j{ 7{ 1z
P, J Py ’7”1 — 7o
. d/ .
Self inductance: ® = LI, & = _LE ;L = inductance

Self inductance of a solenoid: L = n?uyV , where n = number of turns per length,
VY = volume

v
Rising current in an RL circuit: [ = EO [1 — et t]

Boundary Conditions:

i = L 51— 5}~ - 7
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Conservation Laws:

1 a1
Energy density: ugpym = 3 |:E()|E|2 + —|B|2]
Ho

— 1 — —
Poynting vector (flow of energy): S = —F x B
Ho
Conservation of energy:

d -
Integral form: — [Ugm + Umech| = — / S - da

dt
Differential form: 8—? =-Vv.S§ , where © = ugmM + Umech
. . 15 1 . . . .
Momentum density: gem = —5 ; —S5; is the density of momentum in the ¢’th
c c

direction
Maxwell stress tensor: T'ij = €p EzEJ — 5513‘E| + % BZBJ — §6U|B|

where —T;; = —T);; = flow in j’th direction of momentum in the i’th direction

Conservation of momentum:

d 1
Integral form: — (Pmech7i+ —2/ S; d3a:) = fTij da; , for a volume V
dt C v S
bounded by a surface S

0
Differential form: e (©Pmech,i + ©EM,i) = 0;T};

Angular momentum:
Angular momentum density (about the origin): J— PEM = €T X (E X é)]
Wave Equation in 1 Dimension:
0? 1 02
a—ZJ; — Fﬁ—t{ = 0, where v is the wave velocity
Sinusoidal waves:

f(z,t) = Acos [k(z — vt) + 0] = Acos [kz — wt + 0]

where
w = angular frequency = 2mv v = frequency
w .
v=o = phase velocity d = phase (or phase constant)
k = wave number A = 27 /k = wavelength
T = 27 /w = period A = amplitude

Euler identity: e? = cosf + isiné

Complex notation: f(z,t) = Re[Ae!**~“!]  where A = Ae?; “Re” is usually
dropped.

dw

AT group velocity

.. w .
Wave velocities: v = = phase velocity; vgroup =
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Electromagnetic Waves:

Wave Equations: V2

Linearly Polarized Plane Waves:

E(F,t) = BoelF=wt)

and w/|k| = Uphase = C.
hok=0 (transverse wave)
— 1 ~ —
B=-kxFE

c

Energy and Momentum:

u=egE2cos?(kz —wt+6), (k=k3)

averages to 1/2

01 o L
S=—FExB=uc?z,
Ho
. 1 - u .,
= — = —Z
PEM c2 c
Electromagnetic Waves in Matter:
€
n= H€  _ index of refraction
Ho€o

v = phase velocity =

C
n
u— [EIEF 1312}

- 109°B
B— ——— =0

c? Ot?

I (intensity) = <|§|>

Reflection and Transmission at Normal Incidence:

where F is a complex amplitude, n is a unit vector,

= —E()Eg

Boundary conditions:

€1Ef_ = €2E§_ E’{‘ = Ey N
1 g 1 —
Bi = By —Bl=—B).
H1 H2

Incident wave (z < 0):
E](Z, t) = E()’[ gik1z—wt) €y

— 1 ~ .
Bi(z,t) = —FEg eihiz=wt ¢

E,

g

Lo

Br
. -z

Er

v

Br

L—e Interface

Image by MIT OpenCourseWare.
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Transmitted wave (z > 0):

ET(Zv t) = EO,T ei(kgz—wt) éx

— ]_ ~ .
BT(Z, t) _ U_EO,T ez(kQZ—wt) éy
2

Reflected wave (z < 0):

ER(Zv t) = EO,R ei(—klz—wt) ém

ER(z, t) = _viEO’R ei(—k1z—wt) €y
w must be the same on both sides, so

w c w c

RV BT

Applying boundary conditions and solving, approximating p; = e = g ,

~ ny —nNng ~ 2711 ~
Eor= Eor Eor = < ) Eor
n1 + ng n1 + na

Electromagnetic Potentials:

Lo~ L o - A

The fields: B=V x A, E:—VV—%—t
. i e = / aA
Gauge transformations: A=A+ VA, V' =V — v

Lo 1 .
Coulomb gauge: V-A=0 = V>V =—-—p (but A is complicated)
€0

S o 10V
Lorent VA=—gF =
orentz gauge 25
2 1 2 7 7 2 , 107
02V =——p, O°A=—pugJ , where O0°=V* - —
€0 c? Ot?

02 = D’Alembertian

Retarded time solutions (Lorentz gauge):

1 7t - 1 J(7 t,
V(F, t) _ /dgl‘/ p(?" Y ) A(F, t) o /de/ J(’I" ) )

 4reg |7 =7’ e 7 — 7|
where
-7
t=1t—




8.07 FORMULA SHEET FOR FINAL EXAM, FALL 2012 p. 16

Liénard-Wiechert Potentials (potentials of a point charge):

. 1 q

(Ir7 = 4 — — 17 A
TEo |7 — 7| (1 — 2 - &)

, 1o qUp (.

( ) ) = - = 5 V(T,t)
AT |7 — 7 |(1— 22 &) c?

where 7, and v, are the position and velocity of the particle at the retarded
time t,., and

A=T =7, r =7 =7,

E(r,t) = P A —v)i+ (F—7,) x (dxd
P20 = e (7 = 7 [ =00 = 7 > (i)
— 1/\ —
B(7,t) = — 2 x E(7,1)

c

where @ = ¢ 2 — 7,

Radiation:
Radiation from an oscillating electric dipole along the z axis:
p(t) = po cos(wt) , po = qod
Approximations: d < A < r,

Vir,0,t) = — 2% (Cosg)sin[w(t—r/c)]

4mege r

A7 1) = —HOPY Ginlw(t —r/c)] 5

4mr
— 2 i 9 ~ — ]_ —
E= —“OZ;“’ (Slff ) cosllt —r/c)] 6, B(r.t) =~ x E(F1)

Poynting vector: S = —(FE x B) = Ho {pgw (sm ) cos|w(t — r/c)]} 7
1o c 4 r

2.4\ «in? g 1
HoPow ) sin® 6 using {cos?) = 5

Intensity: [ = <§> = < 39 2c " T

2 )
ol M0p2w4

Total power: (P) = / <S> .da = 0

127c
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Magnetic Dipole Radiation:

Dipole moment: m(t) = mg cos(wt) 2z , at the origin

— 2 i 0 ~ — 1 —
E= —“OZT(;“ (Sli ) coslw(t—r/] 6, B(t) = —7 x E(F.1)
Compared to the electric dipole radiation, pg — o , 6 — —<Z>

c

General Electric Dipole Radiation:
Ho 3
[7 < P]

P x E(F,t) = ~ Tkl X

=Yg Ho (/o 3y, 3 5
E(r,t)zm[(r-p)r—p], B(Tat):

Multipole Expansion for Radiation:
The electric dipole radiation formula is really the first term in a doubly infinite

series. There is electric dipole, quadrupole, ... radiation, and also magnetic
dipole, quadrupole, ... radiation.

Radiation from a Point Particle:
When the particle is at rest at the retarded time,
= q
E =
rad dmegc? |7 — 7|

[2 X (2 Xxdp)]

‘ _ 1 - . poq?a® [sin?0\ .
Poynt tor: Syad = —|Eraa|® 2 = A
oynting vector: Syad HOC‘ rad| 1672¢ \ a2

where 6 is the angle between @, and .

pog*a’
Total power (Larmor formula): P = G
e
(valid for ¥, = 0 or |U,| < ¢)
Liénard’s Generalization if o}, # 0:
L2
p_ a5 |Txa@]"\ g dp,dp”
6c c 6rmic dr dr

For relativists only

Radiation Reaction:
Abraham-Lorentz formula:
2
= toq~ -,
F, rad — a
6mc
The Abraham-Lorentz formula is guaranteed to give the correct average energy
loss for periodic or nearly periodic motion, but one would like a formula
that works under general circumstances. The Abraham-Lorentz formula
leads to runaway solutions which are clearly unphysical. The problem of
radiation reaction for point particles in classical electrodynamics apparently

remains unsolved.
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Vector Identities:

Triple Products
A-BxC)=B-(CxA)=C-(AxB)
Ax (BxC)=B(A-C)-C(A - B)
Products Rules
v(fg)=f(vg) +g(vi)
V(A:-B)=Ax(VXB)+Bx(VxA)+ (A-V)B+ (B:V)A
V(FA)=f(V-A)+A- (V)
V(AXxB)=B-(VvxA)-A-(VvxB)
VX (FA) =f(VXA)-AXx (V)
VIAXB)=(B-V)A-(A-V)B+A(V:-B)-B(v-A)
Second Derivatives
V-(VxA)=0
vx (v =0
VX (VX A)=v (V- A)-VA

Image by MIT OpenCourseWare.
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